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1 Introduction
Now it is well-known that the variational inequality of finding x” € C such that

(Ax*,x —x*> >0, VxeC, (L1)

where C is a nonempty closed convex subset of a real Hilbert space H and A: C — H is a
given mapping, is a fundamental problem in variational analysis and, in particular, in opti-
mization theory. For related works, please see [1-20] and the references contained therein.
Especially, Yao, Marino and Muglia [21] presented the following modified Korpelevich
method for solving (1.1):

Vn = PC[xn - )"Axn - anxn]:
(1.2)
Xni1 = Pc[ %y — MAY, + W(yn —%0)], 1> 0.

Recently, Aoyama, liduka and Takahashi [22] extended the variational inequality (1.1) to
Banach spaces as follows:

Find " € C such that (Ax*,](x - x)) >0, VxeC, (1.3)

where C is a nonempty closed convex subset of a real Banach space E. We use S(C,A) to
denote the solution set of (1.3). The generalized variational inequality (1.3) is connected
with the fixed point problem for nonlinear mappings. For solving the above generalized
variational inequality (1.3), Aoyama, liduka and Takahashi [22] introduced the iterative
algorithm

X1 = Uy + (L= 0,)Qclxy — ApAx,], n=>0, (1.4)
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where Q¢ is a sunny nonexpansive retraction from E onto C and {«,} C (0,1), {A,} C
(0,00) are two real number sequences. Motivated by (1.4), Yao and Maruster [23] pre-
sented a modification of (1.4) as follows:

Xn+l = ,ann + (1 - IBVI)QC[(I - an)(xn - )"Axn)]: n= 0. (15)

Motivated and inspired by the above algorithms (1.2), (1.4) and (1.5), in this paper, we
suggest an extragradient-type method via the sunny nonexpansive retraction for solving
the variational inequalities (1.3) in Banach spaces. It is shown that the presented algorithm
converges strongly to a special solution of the variational inequality (1.3).

2 Preliminaries
Let C be a nonempty closed convex subset of a real Banach space E. Recall that a mapping
A of C into E is said to be accretive if there exists j(x — y) € J(x — y) such that

(Ax - Ay,j(x-y) =0
for all v,y € C. A mapping A of C into E is said to be a-strongly accretive if for o > 0,
(Ax - Ay, j(x - 9)) = el -y

for all x,y € C. A mapping A of C into E is said to be «-inverse-strongly accretive if for
a >0,

(Ax - Ay, j(x - 3)) > || Ax — Ay|*

forallx,y € C.
Let U = {x € E : ||x|| = 1}. A Banach space E is said to uniformly convex if for each € €
(0,2], there exists § > 0 such that for any %,y € U,

lx=yll = ¢ implies H’%H <15,

It is known that a uniformly convex Banach space is reflexive and strictly convex. A Banach
space E is said to be smooth if the limit

. X+ tyl| —[|x
e

lim ; (2.1)

exists for all x,y € U. It is also said to be uniformly smooth if the limit (2.1) is attained
uniformly for x,y € U. The norm of E is said to be Frechet differentiable if for each x € U,
the limit (2.1) is attained uniformly for y € U. And we define a function p : [0, 00) — [0, 00)
called the modulus of smoothness of E as follows:

1
p(t) = sup §(||x+y|| +le=yl) ~L:ay e X llxl =1 Iyl =7 .

It is known that E is uniformly smooth if and only if lim; .o p(t)/7 = 0. Let g be a fixed real
number with 1 < g < 2. Then a Banach space E is said to be g-uniformly smooth if there
exists a constant ¢ > 0 such that p(t) < c¢t? for all T > 0.

We need the following lemmas for the proof of our main results.
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Lemma 2.1 [24] Let q be a given real number with 1 < q < 2 and let E be a q-uniformly
smooth Banach space. Then

e+ 17 < 217 + gy, T4 () + 21 K117

forallx,y € E, where K is the q-uniformly smoothness constant of E and ] ; is the generalized
duality mapping from E into 2F defined by

Jo@) = {f €E " (xf) = Ixl% If 1l = %17}, ¥xeE.

Let D be a subset of C and let Q be a mapping of C into D. Then Q is said to be sunny if

Q(Qx + t{x — Qv)) = Qx,

whenever Qx + t(x — Qx) € C for x € C and ¢ > 0. A mapping Q of C into itself is called a
retraction if Q* = Q. If a mapping Q of C into itself is a retraction, then Qz = z for every
z € R(Q), where R(Q) is the range of Q. A subset D of C is called a sunny nonexpansive
retract of C if there exists a sunny nonexpansive retraction from C onto D. We know the

following lemma concerning sunny nonexpansive retraction.

Lemma 2.2 [25] Let C be a closed convex subset of a smooth Banach space E, let D be a
nonempty subset of C and Q be a retraction from C onto D. Then Q is sunny and nonex-
pansive if and only if

(= Qu,jly— Qu)) <0
forallue CandyeD.

Lemma 2.3 [22] Let C be a nonempty closed convex subset of a smooth Banach space X.
Let Qc be a sunny nonexpansive retraction from X onto C and let A be an accretive operator
of Cinto X. Then for all ) > 0,

S(C,A) = F(Qc - AA)),
where S(C,A) = {x e C: (Ax,J(x —x)) > 0,Vx € C}.

Lemma 2.4 [26] Let C be a nonempty closed convex subset of a real 2-uniformly smooth
Banach space X. Let the mapping A : C — X be a-inverse-strongly accretive. Then we have

| = 24)x = (1 = 2A)y|* < llx = yI* + 24 (KA — @) [ Ax — Ay]>.
In particular, if 0 <1 < 1%, then I — LA is nonexpansive.

Proof Indeed, for all x,y € C, from Lemma 2.1, we have

| = 24)x - (1 = 2A)y|* = |[(x—y) - M(Ax - Ay) |

< llx=ylI* = 2{Ax — Ay, j(x — y)) + 2K>1* | Ax - Ay|)?
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< llx = ylI* - 2hal|Ax - Ay||* + 2K*2% | Ax — Ay||?

= o=yl + 24 (K> — o) | Ax — Ay

Itis clear thatif 0 <A < %, then I — LA is nonexpansive. O

Lemma 2.5 [27] Let C be a nonempty bounded closed convex subset of a uniformly convex
Banach space E and let T be a nonexpansive mapping of C into itself. If {x,} is a sequence
of C such that x, — x weakly and x, — Tx,, — O strongly, then x is a fixed point of T.

Lemma 2.6 [28] Assume {a,} is a sequence of nonnegative real numbers such that
ani1 < (1= yu)ay +3,, n=0,

where {y,} is a sequence in (0,1) and {3,} is a sequence in R such that
() Z:io Yn =0
(b) limsup,,_, o 8,/vn <0 0r Y 2 18,] < 00.

Then lim,_, o a,, = 0.

3 Main results
In this section, we present our Korpelevich-like algorithm and consequently we will show

its strong convergence.

3.1 Conditions assumptions
(Al) E is a uniformly convex and 2-uniformly smooth Banach space with a weakly
sequentially continuous duality mapping;
(A2) Cisanonempty closed convex subset of E;
(A3) A:C — Eisan «a-strongly accretive and L-Lipschitz continuous mapping with
S(C,A) #9;
(A4) Qc is a sunny nonexpansive retraction from E onto C.

3.2 Parameters restrictions
(P1) A, ;e and y are three positive constants satisfying:
(i) y €(0,1), A € [a,b] for some a, bwithO<a< b < #;
(ii) ﬁ < Kg% where K is the smooth constant of E.
(P2) {ay} is a sequence in (0,1) such that lim, s 0, =0 and Y 2 a, = 00.

Algorithm 3.1 For given xy € C, define a sequence {x,} iteratively by

Yn = QC[(1 - an)xn - )‘-Axn],
Kp1 = (L= ¥, + ¥ Qclxy — Ay, + u(yn —x4)], n>0.

(3.1)

Theorem 3.2 The sequence {x,} generated by (3.1) converges strongly to Q'(0), where Q' is
a sunny nonexpansive retraction of E onto S(C, A).

Proof Let p € S(C,A). First, from Lemma 2.2, we have p = Q¢[p — 8Ap] for all § > 0. In
particular, p = Qc[p — AAp] = Qclap + (1 —a,)(p — ﬁAp)] for all n > 0.
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Since A : C — E is a-strongly accretive and L-Lipschitzian, it must be [;-inverse-

strongly accretive mapping. Thus, by Lemma 2.4, we have
|7 = 2rA)x - (T - )\A)y||2 <lx—y|%+2x (I(ZA - %) [ Ax — Ay|>.

Since o, — 0 and A € [a,b] C (0, 1713), we get o, <1 - @ for enough large n. Without

; K22 2
loss of generality, we may assume that forall n € N, o, <1 - =%, ice., 7~ € (0, 2373)-

€ 14,

Hence, I — ILA is nonexpansive.
i

From (3.1), we have

QC[(l — 0y) %Xy — }\Axn] -Qc |:OlnP +(1- O[n)(p 1 _)La AP):| H

1-a, 1-a,
)L A I )L A
( _1_0‘n )xn_< _l—ot,, )pH

< aullpll + (1 = an)llx. —pll. (32)

lyn —pll = ’

=

< anlpll + 1 -ay)

By (3.1) and (3.2), we have

%41 =PIl < A= Y)xn —pll + ¥ | Qc[%n = AMAyu + 1w —x0) ] - 1|

=(1-y)llx,—pll+y ”Qc[(l — W)Xy + u(yn - %Aynﬂ

—Qc[(l—u)p+ﬂ(1”‘ %A‘”)] H

<A-p)lx,-pl

+y H(l - ) (x, —p) + M[(J/n - ﬁAyn) - (p - ﬁAp)] H
w o

<A-Plx,—pll+ Q- wylx, - pll

] (o 2) (52|

< A= upy)lixn —pll + 1y lly. - pl
< A= py)lx, —pll + pyolpll + wy 1 —a,)llx, - pl
= (1 - pyo)lx, - pll + wya,lpll

=< maX{ | —P”: ||P||}

< max{|lxo - pl, Ipl}. (3.3)

Hence, {x,} is bounded.

Page 5 of 10
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Set z, = Qc[x, — Ay, + u(y, — x,)]. From (3.1), we have x,,1 = (1 — y)x, + yz, for all
n > 0. Then we have

Y1 = ynall = ” QC[(l — 0y) Xy — kAxn] - QC[(l — 1)1 — )”Axn—l] ”

A A
= H (I -op) (xn - Axn) - (1-om1) (xn—l - Axn—l) H
Op-1

1-q,
A A
Xy — Ax, )| — | %1 — Ax,1
1-o, l-«w,

+ oty = o | [ |l

=< (l_an)

< (= o)y — xuall + |ty — oty | 1% Il
and thus

lzw — zpall = H QC[xn — MYy + (Y — xn)] - QC[xn—l = Ay + 1 _xn—l)] ”

A A
< A=l =t ll + || | 70 — ;Ayn N\ Y- ;Ayn—l

< @@=l = xpall + llyn — yuill

< (1= po) oy — xpa |l + loty — ot [l |l
It follows that

lim Sup(”Zn —Zn-1 ” - ”xn - xn—l”) <0.
n—00

This together with Lemma 2.6 implies that
lim %41 — x4l = 0.
n—0o0

From (3.2), we have

() + (1—an)[(xn S Axn) - (p— — Ap)}
A A A A 2
(xn_l_an xn)_<p_1_an P)

K. «
< aulpl® + @ = a)llxy — plI* + 21 -
l-o, L

2

Iy = plI* <

< aullpl® + (1 -a)

)nAxn - Apll*. (3:4)
From (3.1), (3.3) and (3.4), we obtain

2
”xn+l —-p ”
2

<@-p)lx—pl*+ V” 1 -, —p)+ M[(ﬁ - %Ayn> - (p— %Ap)]

2

) ) A A
S@=Yxn—plI* +yQ=wllx, —pl*+yn yn—;Ayn - P—;Ap
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20 (K*\  «
<@ -ywllxa—pI* +yu|llyn —pI* + —( — - 5 ) 14y, — Ap|®
w\ u L
K o«
< yu[annpnz + (L= a) oy = pl* + 2x(1 — - §> 1A%, _Ap||2]

K*. «
+ (1= yu)llx, —pl* + ZV)»(T - ﬁ) Ay, — Apll®

2

2 2 A o 2
=a,ylpll® + (1 - yua)lx, —pll= +2yiu o L2 |Ax, — Apll
- n

K*)» « 2
+2yip| — = 5 | 1Ay, — Apll”.
w L
Therefore, we have
2

o 9 KA « 9
- lAx, — Apll” =2y Au E Ay, — Apl|
n

K2\
l-«

0= —2)/ML<

<y ullpll® + 1%, = pII* = %001 — plI?
_ 2
= ayy 1l + (1160 = pll + 1801 — pI) (150 = 2l = %001 — pII)

< auyulpl® + (160 = pll + 161 = P 1% = X -
Since «,, — 0 and ||x;, — x,,41]| = O , we obtain
lim ||Ax, — Ap|l = lim [|Ay, - Ap|| = 0.
n—00 n—0o0
It follows that
lim [|Ay, — Ax,| = 0.
n—00
Since A is «-strongly accretive, we deduce
”Ayn _Axn” > a”yn _xn”:
which implies that
lim ||y, — x|l =0,
n—00
that is,
)EEOHQC[“ — )Xy, — )»Ax,,] — X, || =0.
It follows that
lim ||Qc[xn - Mx,] —x, || =0. (3.5)
n—00
Next, we show that

limsup(Q'(0),j(x, — Q'(0))) > 0. (3.6)

n—0o0
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To show (3.6), since {x,} is bounded, we can choose a sequence {x,,} of {x,} converging

weakly to z such that

lim sup(Q/(O),j(x,, - Q'(O))) =1lim sup(Q’(O),j(x,,,. - Q/(O))>. (3.7)

n—00 i—00

We first prove z € S(C, A). It follows that
lim [Qc(l = 2A4)x; — | =0. (3.8)

By Lemma 2.5 and (3.8), we have z € F(Qc(I — AA)), it follows from Lemma 2.3 that z €
S(C,A).
Now, from (3.7) and Lemma 2.2, we have

limsup(Q'(0),j(x, — Q(0))) = limsup(Q'(0), (%, — Q'(0)))

n—00 i—00

= (Q(0),j(z - Q(0)))
> 0.

Noticing that ||x,, — y,|| = 0, we deduce that

lim sup(Q'(0),(y» - Q(0))) = 0.

n—00

Since y, = Qcl(1-a,) (%, — 2~ Ax,)] and Q'(0) = Qc[@, Q' (0) + (1-,)(Q'(0) - %-AQ(0))]
for all # > 0, we can deduce from Lemma 2.2 that

<QC |:(1 - an)(xn 1 _)\anAxn>i| - |:(1 - an)(xn - ﬁAxn)];]’(yn - Q/(O))> <0

and

<[ano’(0) f(1- an)(Q’(O) — AQ/(0)>]

1-o,
A

1-a,

-Qc [%Q’(O) +(1- an)<Q’(0) - AQ/(O)>]rj(yn - Q'(O))> =0

Therefore, we have

2

”yn - QI(O) H

B H C[(l n)< ! —}L n)i|
1-o,
A

-Qc [anQ/(O) + (1 —an) (Q/(O) "I a AQ/(O))}

2

< (en(-Q) + = (5= 2am )

A
1-q,

- <Q/(0) - AQ’(O))};‘(yn - Q’(O))>
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A
Xy — = anAx,,

- (Q/(O) . %AQ/(O)) H lys - Q)]
-

< -a,(Q(0),j (7. — Q(0))) + (1 - )

= —an(Q/(o)fj(yn - Q/(O))> +(1- O‘n)”xn - Q/(O)H ”yn -Q(0) ”

= nlQ00 - Q)] + 5 (b~ QO + 3 -Q O
which implies that
lyn = QO] < (1 = )| = QO)|* + 20{~Q(0), (3 — Q(0))). (3.9)

Finally, we will prove that the sequence x, — Q'(0). As a matter of fact, from (3.1) and
(3.9), we have

”xnﬂ -Q(0) ”2

<1-p)|x-QO)|°
2

y H (1= 1) (- Q(0)) + u[(yn - %Ayn> - (Q/(O) . %AQ’(O))]

2

<A-y)|r- QO + VMH (yn . %Ayn) . (Q’(O) - %AQ/(O))

<=y -QO)|* +yu|y. - Q)|

< (1-ypa,) |2 - QO] + 2y kan(-Q(0),j(y, - Q(0))).

Applying Lemma 2.6 to the last inequality, we conclude that x,, converges strongly to Q'(0).
This completes the proof. d
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