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AN ANALYSIS OF THE POLE PLACEMENT PROBLEM.
I. THE SINGLE-INPUT CASE *

VOLKER MEHRMANNT AND HONGGUO XU?

Abstract. For the solution of the single-input pole placement problem we derive explicit ex-
pressions for the feedback gain matrix as well as the eigenvector matrix of the closed-loop system.
Based on these formulas we study the conditioning of the pole-placement problem in terms of per-
turbations in the data and show how the conditioning depends on the condition number of the closed
loop eigenvector matrix, which is a similar to a generalized Cauchy matrix, the norm of the feedback
vector and the distance to uncontrollability.
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1. Introduction. We study single-input time-invariant linear systems
(1.1) & =dx(t)/dt = Ax(t) + bu(t), x(0) = w0,

where A € C™™(R™™), b,xz(t) € C"(R"™), and u(t) € C(R). One of the most studied
problems for such systems is the pole placement problem. Here we discuss the single-
input case:

PROBLEM 1. Single-input pole placement (SIPP):Given a set of n complex num-
bers P = {A1,...,A\n} CC, find a vector f € C™, such that the set of eigenvalues of
AMA —bfT) is equal to P. (Here we assume in the real case that the set P is closed
under complex conjugation.)

The vector f is called feedback gain vector, since if u(t) = —fTx(t), then (1.1)
is the closed-loop system and the solution is z(t) = e(A=bty0 Tt is well known
[14, 25] that the feedback gain vector f exists for all sets P C C if and only if (A, b)
is controllable, i.e.,

(1.2) rank[b, A — M| = n,VX € C,
or equivalently
(1.3) if w? A= o and wb = 0 then w = 0.

For the solution of the SIPP problem explicit formulas were introduced in [1, 3] and
numerous numerical algorithms for computing f have been devised; see for example
[15, 18, 17, 21, 24].

There are several papers that study the perturbation theory of this problem [2,
19, 22, 20] and the stability of the numerical algorithms [4, 5].

Note that it is important to distinguish between two aspects of the pole placement
problem, the computation of the feedback f and the computation of the closed loop
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matrix A — bfT or its spectrum, repectively. This leads to some confusion in the
literature. In our opinion the most important goal of the pole placement is that
the implemented poles of the closed loop system are close to the desired ones. If
the desired poles of the exact closed loop system are very sensitive to perturbations
then this ultimate goal cannot be guaranteed. And this may happen even if the
computation of f is reliable or even exact. See Example 2 below, where although the
exact f is used the desired stabilization could not be achieved, although the desired
poles were far away from the imaginary axis.

To analyze these problems and to get first order perturbation results we derive
several explicit formulas for f and for the Jordan canonical form of A —bf” in terms
of A, b, and P.

The results support the statements made in [12] that in general one cannot ex-
pect that the closed loop system has a spectrum close to the desired one, since it is
very likely that at least one of three contributing factors in the perturbation result,
the norm of the feedback vector, the spectral condition number of the closed loop
matrix, or the distance to uncontrollability, is large. Clearly there are pole placement
problems, which are well-conditioned, for example, when all the poles are moved only
slightly or not at all, and the original eigenvalues of A are insensitive to perturba-
tions. But in many practical problems, where pole placement is used, for example in
stabilization, moving the poles just slightly will not be enough and in this case it is
very likely that the problem is ill-conditioned.

Throughout this paper, AT, A¥ represent the transpose and conjugate transpose
of the matrix A, respectively; N'(A) denotes the nullspace and A(A) the set of eigen-
values of A. By 01(A4) > 02(A) > -+ > 0,(A) > 0 we denote the singular values of A
in decreasing order, e; is the ¢ — th unit vector and e := Z?zl e;. The norms used in
this paper are the Euclidian vector norm and the associated operator norm.

2. Explicit formulas for f and the Jordan canonical form of A — bf”.
We will now derive explicit formulas for the solution of the SIPP problem with closed
loop eigenvalues A1, ..., A\s having algebraic multiplicities r1,...,7s. It is well known,
that in the single input case the geometric multiplicity of the assigned closed loop
eigenvalues can be at most one. This is easily seen from the fact that if A — bf”
has two different eigenvectors corresponding to the same eigenvalue A then rank(A —
bfT — M) < n — 2 and thus rank[b, A — bfT — M| < n — 1 which contradicts the
controllability of (A4,b). Furthermore it is also well known [1, 25] that the feedback
gain vector f is uniquely determined. The Jordan canonical form of the closed-loop
matrix is

(2.1) A—bfT = Gdiag(J,, (M), ..., Jr.(Xs))GE,

where J,, ()\;) is a Jordan block to the eigenvalue \; of size r;. The explicit relationship
between the data A, b, P and the solution f has been first observed in [1], and different
formulas were obtained in [3]. Here we derive new formulas as well as a formula for
the closed-loop eigenvector matrix G.

THEOREM 2.1. Let a controllable pair (A,b) be given, and let P := {A1,...,As}

be a set of pairwise different complex numbers, and letry,...,rs > 0 with Z‘;l ri=n
be the associated multiplicities of the \;. Let vectors w; € crtl i =1,...,r, i =
1,...,s be nonzero solutions of

(2.2) b, A= NIlwh =l 4, j=1,....r, i=1,....s,
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where uly = 0, for i = 1,...,s and ué € C" 1is the lower part in the partitioning
i

wé = { ?j } . Then the eigenvector matriz of the closed loop system is
J
(2.3) G=ul,....up ... ,u, ... ul],

s W

i.e., we have the Jordan canonical form of the closed loop matrix
(2.4) A—bfT = Gdiag(J, (M), ..., Jr.(X))G! =: GIG™L.
Furthermore the feedback gain vector is
(2.5) ff=a"G™1,
where o == o} ... of ... aof ... o« |
Proof. Solutions wj of (2.2) always exist, since the system is underdetermined

and even if the right hand side is zero, they can be chosen nonzero. Note that (2.2)
can be rewritten as

(2.6) (A— /\I)u = b—l—uj 1s

and thus we have

(2.7)  A[w ..o oWl ]=blaf ook J4+[ Wb Wl ] T (),
fori=1,...,s and
(2.8) AG =ba” + GJ.

If we can show that G is nonsingular, then it is obvious that the feedback gain vector
f is as in (2.5), and the Jordan canonical form of A — bf7 is as in (2.4).

So it remains to show the nonsingularity of G. Suppose that G is singular, then
the nullspaces of G and G are nonempty. From (2.8) we obtain that

(2.9) v baTu =0,

for all u € N(G) and v € N(GH), i.e., either v b = 0 for all v € N(GH) or aTu =0
for all u € N(G). If aTu = 0 for all u € N(G), then from (2.8) we get that GJu =0
for all u € N(GQ). Thus Ju € N(G) for all u € N(G), i.e., N(G) is an invariant
subspace of J. So there exists an eigenvector ug of J in N(G). Since J is in Jordan
canonical form, we have that ug = feg with 8 # 0 and k =1 + Z] Orj for some
integer ¢ (with ro = 0). Insertmg this in a”ug = 0 and Gug = 0 we get that al =0,
ui = 0, which means that w¢ = 0. This contradicts the assumption that all w} # 0.
So there is at least one vector @ € N (G) such that a”@ # 0. But then by (2.9) we
have v = 0 for all v € N (G*). Using the same argument as before, we obtain that
Ay € N(GH) and hence there exists a left eigenvector vy of A in N(GH) such that
vdfb = 0. But this is a contradiction to the controllability of (A,b). O

This result displays the exact relationship between the solutions of the SIPP
problem f, A —bfT and the data A,b,P. We see that the matrix G plays a central
role in the SIPP problem. It is not only the eigenvector matrix of the closed-loop
system but the coefficient matrix of the linear system for f as well. We will make use
of this fact several times below.
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Note also that Theorem 2.1 gives a different proof of Wonham’s original result
that the pole placement problem is solvable for every pole set if and only if the system
is controllable [25].

If A and b are real and the set of poles is closed under conjugation then we have
the following result.

THEOREM 2.2. Let a real controllable pair (A,b) be given and let P :=
AL AL - As Asyy A2sy 41, - -5 As } e a set of pairwise different complex numbers,
where {Aas, +1,-- -, As} are real and the others are nonreal. Let
TL Ty s Pays Tay s T2sy 415 -+ -, s > 0 with 270 m+3 5 o ) = n be the associated
multiplicities. If \; is non-real, then let w; € R*12 i =1,...,5 be nonzero solutions
of the system

i i | Re(N)  Im(h) | _ 0 L ,
(2.10) [b, AJw}; — wj [ “Im(N) Re(\) =uj_q, i=1,...,81, j=1,...,m,
where uly = 0, fori=1,...,s1 and uz € R™2 is the lower part in the partitioning w; =

[ [_azil_ﬁj] . If A\; is real then let w;,ué be as in (2.2). Then the transformation

j
matriz to real Jordan form for the closed loop system is
(2.11) G:[u%,...,uil,...,u‘f,...,uﬁs],

i.e., we have the real Jordan canonical form of the closed loop matriz

(2.12) A—bfT = Gdiag(Jr, (M), .., Jrs, (Asy)s ooy Jrn(A))GTH = GIGT,

where
[ Re(N:) Im(\) 1 0 i
Re(X;))  Im(\;) 0
jr,(/\z) _ —Im()\l) Re()\z) 0
1 0
0 1
Re(X;)  Im(\;)
i —Im(\;) Re(\)
Furthermore the feedback gain vector is
(2.13) ff=a"Gct,
where o == [ o} BY ... oy B ... oo B . o B

Proof. The proof is analogous to the proof in the complex case. 0O

The exact formulas for the SIPP problem become simpler if none of the eigenvalues
of A is reassigned as a pole.

THEOREM 2.3. Let a controllable pair (A,b) be given, let P := {A1,...,As}
be a set of pairwise different complexr numbers and let r1,...,75s be the associated
multiplicities. Assume furthermore that

(2.14) (s A NA(A) = 0.
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Let e = Y _, ex,, where k; = 1+ Z;;}) rj, i =1,...,8, and ro = 0. Then we have
that

(2.15) G = [(A =MD" b, ..., (A= MI) " b, ..., (A= AJI)71b, ., (A= NJT)7"2b]

is nonsingular,

(2.16) ff=era 1,
and
(2.17) A—bfT =GJIG .

Proof. By assumption we have that A — \;I is nonsingular for all ¢, and thus by
(2.2) or (2.6) we have

ul =al(A— NI

and
uh = (A= NI) "Ml 4 o (A—NI) 7M.
Hence
[u’i, . ,uﬁ] =[(A- /\iI)_lb, ooy (A= N D)7IT,
where
aj ab a,
T, = M
oy
o

is a triangular Toeplitz matrix. We furthermore have
G = Gdiag(Th,...,Ts) =: GT.

Since A — \;I is nonsingular, the assumption that w? # 0 implies that of # 0. Thus,
we have that T1,...,Ts and hence also T are nonsingular. The nonsingularity of G
then implies the nonsingularity of G.

From (2.5) we directly obtain

fT — aTG_l _ aTT—lé—l
= [1,0,...,0,1,0,...,0,...,1,0,...,00G"t =&T'G~L.

By (2.4) and the fact that T; and J,, commute, we obtain

A—bfT = GJIGT'=GTJT'G!
= Gdiag(TyJ,, T Y, ..., T J. T, NG = GIG™

Eha-)

Again there is a real version of this result, which we omit here.
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If the n poles to be assigned are pairwise different, then the formulas simplify
even further. We have the following obvious corollaries.

COROLLARY 2.4. Let a controllable pair (A,b) be given and let P := {1, ..., \n}
be a set of pairwise different complex numbers. Let vectors w; € C™! be nonzero
solutions of

(218) [b,A — )\J]wi =0
fori=1,... n. Partition w; = [ _uqi ] with u; € C™, and define

A =diag(M1, ..., \n), G1 = [ug,...,upy].

Then

(2.19) fr=lon,...,an)GT Y,
and

(2.20) A—bfT =GAGT

Proof. Clear from Theorem 2.1. 0O
COROLLARY 2.5. Let a controllable pair (A,b) be given and let P := {1, ..., \n}
be a set of pairwise different complex numbers such that PN A(A) = 0. Let

(2.21) Gr=[(A=MD7, (A= XaD) 7 b,..., (A= N, D) 710
Then

(2.22) ff=elGrt,

and

(2.23) A—bfT =Gy AGTL.

Proof. Clear from Theorem 2.3. 0O

Both Corollaries have obvious real versions which we omit here.

The results in Theorems 2.1, 2.3 and Corollaries 2.4, 2.5 give a concrete relation-
ship between the data A, b, P and the solutions f, A—bfT of the SIPP problem. This
relationship is closely related to that described in [3] but different from the formula
in [1]. But since f is unique, all these formulas must be equivalent. For completeness
we therefore derive Ackermann’s formula from Theorem 2.1.

COROLLARY 2.6. Let a controllable pair (A,b) be given, let P := {A1,..., As}

be a set of pairwise different complex numbers and let r1,...,7rs be the associated
multiplicities. Let ®(\) := [[5_; (A = X;)™ and T := [b, Ab, ..., A1), Then
(2.24) ff=elr1'a(A).

Proof. By (2.6) we immediately obtain that

A= NIk, ul ] =[b, (A= NDb, ..., (A= NI 0T,
1

) i
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0 ... 0 o
with the Hankel matrix Ti = 0 0 :
ol . . ol
With @;(A) := [[5_y;; (A — ;)™ we have

B(A)ub, ... ul ] = B;(A)b, (A= NI)b,..., (A= NI~ ) T;.
Since the polynomials ®;(A)(A — \;)?, for t = 0,...,7; — 1 are monic, there exists an
n X r; matrix R; = [ ]gf } with S; unit upper triangular such that ®;(A)[b, (A —
K3
Ai)b, ..., (A= X)""!] = TR;. Therefore ®(A)[ul,...,ul] = I'R;T;, and hence
®(A)G = T[RiTy,...,R,T,]. The result then follows immediately from (2.5) and
the special form of R; and T,. O

REMARK 1. An immediate consequence of Ackermann’s formula [1] is that the
feedback gain vector f is a continuous function of the data, i.e., the elements of
A,b and the chosen poles A1,...,\,. This is very important from the perturbation
theory point of view, since it allows first order perturbation theory as it is carried
out in [19, 22]. An advantage of the new formulas that we have given is that we also
explicitly obtain the eigenvector matrix, which is a key in the analysis of the accuracy
of the solution of the SIPP problem.

REMARK 2. The above results can also be used to design new algorithms for
solving the SIPP problem. We may first solve the n underdetermined systems (2.2)
to form the eigenvector matrix G. These are independent linear systems which can
even be solved in parallel. After this we can compute the feedback gain f by solving
an additional linear system. This is not the best way to solve the pole placement
problem as will be demonstrated below. But by splitting the computation in these
two parts, we see explicitly the freedom that we have in designing a numerical method.
It lies in the choice of the solutions of the n independent systems, which corresponds
to the non-uniqueness of the eigenvector matrix. Any matrix that commutes with
the Jordan matrix of the closed loop matrix can be multiplied on the right to G.
As an example consider the situation of Corollary 2.5. By multiplying nonsingular
matrices from the right to the system f7G; = e we easily obtain the equivalent
system: fT[(A = MI)7 0, (A — XoD) YA — M) 7 0, ([T (A = NI) )b = eT.
The freedom amounts to the construction of different methods for the computation
of the feedback, i.e., different linear systems can be obtained in the final step, when
we use different solutions of (2.2). It is not clear, which of the different possibilities
leads to the best procedure. One possibility would be to choose those solutions of
(2.2) that lead to the best conditioned system (2.5). Another possibility is that we
first orthogonalize the matrix G (for example using the QR-decomposition). Then
we would obtain the Schur-form instead of the Jordan-form. This is the theoretical
basis of many pole assignment methods like [17, 18, 21, 24], see also [2]. But this may
not be the optimal way in general, since we obtain one well conditioned subproblem,
i.e., the inversion of the Schur vector matrix, while at the same time the computation
of its columns before orthogonalization, which is implicitely included, may be ill-
conditioned. In principle we could even try to balance the conditioning of the two
parts of the solution, i.e., the final linear system (2.5) and the computation of the
columns of G, by making the condition numbers of the subproblems roughly equal.

REMARK 3. The advantage of the given explicit formulas for f and the eigenvector
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matrix is that we immediately have a possibility to check the conditioning of the
eigenvector matrix, while in the methods based on the Schur vector matrix, this
information is not available. We have seen in this section that we can give explicit
formulas for the solution of the SIPP problem and the eigenvector matrix of the closed
loop system. Using these formulas we can now analyze the perturbation theory of the
pole placement problem in more detail than it has been done previously.

3. Perturbation Theory. In two recent papers [19, 22| first-order perturbation
results for the feedback gain f and the closed loop spectrum were given in terms of
the information of the eigenvector matrix of A — bfT. In this section we will use our
explicit solution formulas to rewrite these perturbation results directly in terms of the
original data A, b, P. It is not difficult to obtain the following perturbation theorem
by applying the results given in Section 2 to the perturbation theorem in [22], but for
completeness and simplicity we will derive the results directly. In the following we
discuss the special case that is characterized by the following assumptions.

We assume that A is diagonalizable, and we denote by 64, db and A small
perturbations of A, b and A := [A1,...,\,]T, respectively. We furthermore assume
that the elements of A and A 4+ 0\ are each pairwise different. Also we often use the
vector 6a = [da¥ ..., 6al]T, where da; is the i — th column of 6 A. Furthermore let A
have the Jordan canonical form

(3.1) A=XTX"!

with T' = diag(y1,...,7), and let bi=X"1p= [131, . ,l;n]T. Introduce the following
n X n matrices

(3.2) B = diag(by,...,b,),
1

3.3 C = ¢l :=]—],

33) ] = [

(34) Q = diag((ha ceey Qn);

where ¢7 :=[q1,...,qn] == T CL.

We have the following variation of the perturbation result in [22].

THEOREM 3.1. Consider the SIPP problem with data A,b,\ and consider a
perturbed problem with data A=A+ 5A,l; = b+ (5b,;\ = A+ 0\, where A is
diagonalizable, the elements of A, \ are each pairwise different and furthermore no
pole is reassigned, neither in the perturbed nor in the unperturbed problem. Suppose
furthermore that (A,b) and (A,b) are controllable and that ||5A]|,||6b|, |6A]] < € for
sufficiently small e. Let Gy =: [9i,;] be the eigenvector matriz as in (2.21). If f is the
feedback gain of the unperturbed problem and f = f+6f is the feedback gain of the
perturbated system, then we have f7 = q¢TB~1 X1, G1 = XBC and

(3.5) I6fl = |I6a" K4 — 6bT Ky, — AT K| + O(€?)
(3.6) < e([[Kall + 1K + [ KAl + O(e?),
where
(3.7) Ky, = 0T 'x1,
(3.8) Ky, = X TB QB 'x71,
X-TB=1QC diag(g11, - - -, 91n)
(3.9) Ky = : c'BptxL

X_TB_lQC diag(gnl, s 7g7m)
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Proof. Suppose that él and él + 5(:?1 are the eigenvector matrices of the exact
and the perturbed closed loop system, respectively. If we partition G1 = l91,- -, 9n]
and 6G1 = [6g1,. . .,dgn], then from (2.21) we obtain

gi = (A= NI)"'b, g; +0g; = (A~ \I)"1h.

This implies
8g; = —(A=NI) " ((6A = 6XiI)g; — 6b) + O(€?).
Since (Gy +6G1)~t = GTH(I — 6G1 G1Y) + O(€2), we have
ofT = TGy +0G) T -GTY
—eTGTYG G + O(2) = —fT6G1GTY 4 O(€2).
Let Z = [z1,. .., 2n), where z; = (A — \; 1)~ T f then
fTogi = fT(A—=NI)7'(0b+ 0Xigi — 6Ag:)
2l 6b+ 0Nzl gi — 2] 6 Ag;

= 00Tz + 6Nzl gi — Zgﬁzlréaj

j=1
g1,i%i
= 0Tz +6Nzlgi—od" | 1|,
9n,i%i
and thus
TGy = 0677 +0AT diag(z] g1, ... 28 gn)
Zdiag(glly cee 7gln)
— 6a” :
Zdiag(gm, cee ,gnn)
From this we obtain
—5fT = TZGTT+ 6N diag(z] g1, .., 2L ga)GT —
Zdiag(gllv s 7gln)
sa” : G+ 0(€)
Zdiag(gn17 cee 7g7m)
(3.10) = 'Ky +NTKy —da” K4+ O(€%).

Since the diagonal elements of ' = X "!AX and the elements \ are each pairwise
different, considering the form of B, we derive

1 1

T
goeoy :IXBCZ‘,
Y= Ag ’Yn_)\i]

g =XT —=NI)"'b=XB|

so G; = X BC. Furthermore from f = éfTe = X"TB~14, we obtain
2i=(A=ND)Tf=X"TT-ND)'XTf=X"TB1Qc,
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and thus Z = X" TB~1QC. Tt is well known, e.g. [8], that C~1 = [¢;;], with

oe1 Vi =) Thim (v — )
(V5 = A0) Tz ases (N = i) Tz ey (05 — )

Cij:—

and hence

HZ=1(%‘ — k)

a4 = , =1
’ szl,k;&i(% - V)

N

Thus, we obtain
ZTGy =CTQB'X'XBC = CTQC = diag(cTQcy, . .., ¢L Q).
Since 21'g; = cf' QB ' X' X Be; = ¢! Qc;, we have
diag(zF'g1,...,27g,) = Z7G,.

Inserting these results in (3.10) we have finished the proof. [

REMARK 4. The previous theorem can be easily modified also to the case of
multiple eigenvalues or pole placement problems where a number of poles stays fixed.
The formulas in Section 2 allow this.

The major difference will be that we do not have such nice explicit formulas for
Ky, Ky and K4. We would rather have to do a perturbation analysis for the linear
systems (2.2) and would obtain rather messy formulas.

On the other hand, from a perturbation theory point of view it makes no sense
to consider multiple poles with higher order Jordan blocks in the closed loop system,
since it is well known, e.g. [23], that arbitrary small perturbations destroy the Jordan
structure drastically and even the multiplicity. For non-diagonalizable matrices A the
result is easily extended.

Also the case that certain poles are kept fix in the pole placement problem can
be avoided, since via a reduction to Schur-form (as it is used in most known pole
placement algorithms) we can split the problem into two subproblems: one which is
not altered so that its poles are fixed and one where every pole is changed. For the
latter subsystem we are again in the situation of our theorem.

From Theorem 3.1 we see, and this has already been observed in [12, 22], that
several factors contribute to the conditioning of the SIPP problem. These are essen-
tially [[(XB)71|, |C~Y|| and ||q||, where the latter is again directly related to ||C~1|].
While [[C~!|| depends strongly on the choice of poles in relation to the eigenvalues of
A, the first factor relates to the conditioning of the open-loop eigenvector matrix and
the distance to uncontrollability, [11]. This distance is commonly defined, e.g. [7], as

(3.11) dyuc(4,0) := I/?\ﬂéél onlb, A — M.

Furthermore, when A — bf7 is diagonalizable, as in [6], we define k as the (scaled)
spectral condition number of A—bf7, i.e., k := ||Go||||Gy || where Gy is the eigenvec-
tor matrix of A—bfT with columns scaled to be of norm one. Analogously let & be the
scaled spectral condition number of the closed loop matrix of the perturbed problem.
Then we have the following perturbation result in terms of &, || f|| and dy.(A, b). Note
that here the assumptions are less restrictive than in the previous theorem.
THEOREM 3.2. Consider the SIPP problem with data A,b, A\ and consider a per-
turbed problem with data A := A—l—éA,B := b+4b, A= A0\, where the components of
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X and X are each pairwise different. Suppose that ||5A||, ||6b]], |6A|| < € for sufficiently
small € and that

(3.12) € < duc(A,b)/4.

Let G =: [ UL ... Up } be the eigenvector matriz of the unperturbed closed loop
system, satisfying fTG = o7, [ _gT } = [ Wy ... Wy } = W, ||lwil]| =1 and
[b, A— X\ I|w; = 0. Let analogously G=: [ Uy ... Unp ] be the eigenvector matriz of
the perturbed system, i.e., fTG =aT, [ _gT } = [ Wy ... Wy ] =: W, [l =1
and [b, A — \iI|iw; = 0. Then we have the following inequality for 6f := f — f:

154/ne
B13) 17l £ G VITTRIG

15+/mek A— NI|?
< W%(max MH) VITTTTE,

16112

where K is the scaled spectral condition number of A-— BfT

Furthermore if 15y/ne|| G| < 15/nex max; 4/ % + 1 < 4duc(A,b) then

' = Udeo(A,b) — 15/ne| G|

154/nex max; (% + 1)1+ | f]1?

Adye(A,b) — 15y/ner max; /(A5 4 1)

where k is the scaled spectral condition number of A —bfT.
Proof. Inequality (3.12) implies that

1
duc(A+ 64,04 80) > duc(A, ) = 26 > Sdue(A,0) > 0

Thus (A, b) is controllable and G~! exists. By definition we have [b, A — \iI]w; =
—[6b,0A — 6\ I]1;. Let U;3;VH be the singular value decomposition of [b, A — \I].
Then we have

Vi, = =S U (66, 6 A — S\ Ty,

and hence

3€ 3€
. Haps || < < .

H
Since w; spans the nullspace of [b, A — \;I] and has norm one, it follows that [ :ZZH }
is unitary. Thus

3€

2o VHe2>1— 2
wff il = 1= [V 0l 2 1~ (=)
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Multiplying the i-th column of G and a7 by a scalar does not change f T so we may
assume, without loss of generality, that w; > 0. Then

1—w w; =

By this inequality we obtain

and thus

[|w; — ;]

1 — (wHai;)? 3e
= (duc(A,b))2

1+w w;

= 1| Y | o)
- |en+1—[VH Ji

= v+ (

—wHw;)?

3e€ 9 3€ 4
= \/(duc(A,b)) TGt

< 15¢

T A4duc(Ab)’
_15ey/n

W =Wl< g o

Using the explicit formulas for f, f we obtain

f'T_fT:

[

(éé;T C;J‘T) } Gl — _

[1 /T ]V -w)G!

So [|8£]] < |GHIIIW =W | /T+ 77 < 24 /T AT, Since [b, A—~Ail]

0, it follows that

Using the assumption that ||@;]|? =

Let U := diag(

1
[

M-

’ Hun‘

1G]

A=A

14 ]|* + 63 [* = 1 we get

bl|2
|m”Z\/A 1
JA=XTl? + 1]

) and G := GU, then ||Go|| > 1 and hence

1
i |

IN

IT(GO)~H I < 1011 Gg

R A— NI
1G5 maey [TAAIE
VT
e A= AT
I e

[



ETNA

Kent State University
etna@mcs.kent.edu

Volker Mehrmann and Hongguo Xu 101

which finishes the first part of the proof.

For the second part we use that |G—G|| < |[W—W]||, and |G| < s max; % +1,
and hence
I = eI+ (G -aa 7
G
(e [eRe]]
max; 7”Am|i2]”2 +1
< K )
 Loemiiy max o/ M + 1

and from this the second part follows. 0O

We see from this theorem, that a small distance to uncontrollability, a large
feedback gain or an ill-conditioned eigenvector matrix of the perturbed closed loop
system may cause a large error in f.

REMARK 5. Condition (3.12) guarantees that the perturbed system is controllable
and thus that the solution exists and can be obtained via the explicit formula of
Theorem 2.1. In principle using (3.12) we can cancel the term T(apy from the
bounds, but then we would not have a perturbation results of the form (perturbation
of the data) x (amplification factor). Note further that we could use (3.15) to remove
dyc(A,b) from the bounds and replace it by min; o, ([b, A — \;I]) which makes the
bounds more sharp.

To illustrate the result consider the following example:

ExXAMPLE 1. Consider X = B = I in Theorem 3.1 , then K\ = CTQ,K;, = Q
and

QC diag(ci1, ..., C1n)

Ka= : c L.
QC diag(cni, -, Cnn)
Suppose that
= min i — Ail, = max i — Vil
= it ep Tk Pr= il

Using the formulas for ¢; and C above we have in Frobenius norm

Sl

1Balle 2 n(5 =, Kyl 2 mi ()
B2 B2
If we have for example (/02 > 2, which is not an unreasonable value, since in many
applications the eigenvalues of A are in the right half plane and the chosen poles are
in the left half plane, then || K,||, | K| will increase at least as 2"~!! Although we
do not know a similar lower bound for ||K 4]|, we expect that it will usually be even
larger, because || K 4|| is equivalent to [|Q][[|C 1.
Note that % can be viewed as the relative distance between A(A) and P.

In most of the pole placement algorithms at first the feedback gain vector f
is computed from A,b, P, which is, if a backward stable method is used, the exact
feedback gain vector for a slightly perturbed problem A, b P. With this feedback
gain vector f then the closed loop system A — b fT is formed So far we have mainly
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considered perturbation bounds for f. But usually it is more important in practice,
how far the actual eigenvalues of the implemented closed loop system A — bf7 are
away from the desired poles.

THEOREM 3.3. Consider the SIPP problem with data A,b,P = {\1,..., \}
and consider a perturbed problem with data A := A + 5A,l3 = b+ 6b,P = {1+
O, A + 0.} Assume that the desired poles A;, j=1,...,n and the perturbed
poles \j +9X;, 7 =1,...,n are each pairwise different.

Suppose further that ||6A]|, ||0b]], ||0A]] < € for sufficiently small € and that

(3.16) € < duc(A,b)/4.

(Here as before A and 0\ are vectors formed from the elements of P and P, respec-
tively.)

Let f, f be the feedback gains of the unperturbed and perturbed system, respectively
and let k be the spectral condition number of the perturbed closed loop system A— bfT
Then for each of the eigenvalues p; of A — bfT there is a pole A; of the unperturbed
closed loop system A —bfT such that

B17) il < T+ (1+[IFDR)
< e(l+a+|fl~
15y/mmax; /|| A — A T||2 + ||b]2
1) b el 1A T
Adyc (A, D)]|b]]

Proof. Applying the Bauer-Fike Theorem, e.g. [9], p. 342, to A — bfT = A —
bfT —0A+ dbfT, we obtain that for each of the desired poles \;, there is a pole p; of
A —bfT, such that

i = Ail = lpi — Xi + 0| < RIISA = SbFT | + [6Xi] < er(1+ || fI]) + e

This gives the first bound and the second follows from Theorem 3.2 using || f I <
[of11+1IfIl. O

REMARK 6. We see from this result that if the norm of f or the spectral condition
number of the closed loop system are large or (A,b) is near to an uncontrollable pair,
then we cannot expect that the eigenvalues of the closed loop system A — b fT are
close to the desired eigenvalues. And this means that the desired goal of the pole
placement problem is not achieved.

Here it becomes clear that the question of conditioning for the pole placement
problem is rather tricky, since different quantities can be considered to be results.
This may be f, or the closed loop system A — bf”. The ultimate goal of the pole
placement problem (in our opinion) should be that the implemented closed loop poles
are close to the desired poles and this is obviously not the case if the right hand side
in (3.17) is large. In this sense the pole placement problem is ill-conditioned
if either of the contributing factors is large. To illustrate these observations consider
the following example which shows that computing the feedback gain very accurately
may not be enough to guarantee that the closed loop system has poles close to the
desired poles. Even if we compute f exactly, in presence of slight perturbations like
for example noise or measurement errors, the closed loop system may have eigenvalues
which are far away from the desired ones.
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[fa — frnpll2=9.1e-4 [fa — fs[[2=1.96e11
[fa = fmpll2/ll falla=4.6-15 | ||fa = fs[[2/]| fall2 =9.9e-1

TABLE 3.1
Errors in feedback gains

ExAMPLE 2. Consider the SIPP problem with data

A =diag(1,2,...,15), b=¢e’, P ={-1,...,—15}.
The numerical results in this example were performed in Matlab version 4.2a on an
HP 715-33 workstation, with machine epsilon 2.22 x 1016,

Let fq, fmp, fs denote the exact feedback gain, the feedback gain obtained with
the Matlab code of Miminis and Paige [17] and the gain obtained with formulas (2.21),
(2.22), respectively. (The exact gain can be obtained as in the proof of Theorem 3.1,
since all the elements of f, are integers.)

We obtain that || fa]]2 = 1.98 e+11 and we have the absolute and relative errors
for the computed feedbacks given in Table 1. We see that the Miminis/Paige proce-
dure computes f essentially to full relative accuracy, while the direct formulas give
extremely inaccurate results.

If we now determine the eigenvalues of the corresponding closed loop systems and
let A, Ag, Amp, As denote the vector of desired poles, computed poles of A—b T poles
A—bfT | and poles of A—bfI respectively, (where the eigenvalue computation was

mp>
done using the Matlab function eig), then we obtain the following closed loop spectra

as depicted in Table 2 and Figure 1.

) Ao Ao X

-1 —7.1le+01 —7.87¢ + 01 + 9.03¢ + 017 —2.8% + 01

—2 | —2.10e + 01 + 3.97¢ + 01i | —7.87¢ + 01 — 9.03¢ 4 017 | —1.85¢ + 01 + 1.28¢ + 014
—3 | —2.10e+ 01 — 3.97e + 01i | 6.99¢ + 00 + 3.60¢ + 01i | —1.85¢ + 01 — 1.28¢ + 01i
—4 | —1.42e+ 00+ 1.99¢ + 01i | 6.99¢ 4+ 00 — 3.60¢ + 01i | —7.59¢ + 00 + 1.11e + 01i
—5 | —1.43¢ +00 — 1.99¢ + 01i | 4.17¢+ 00 4 1.58¢ + 01i | —7.58¢ + 00 — 1.11¢ + 014
—6 —9.07e + 00 4.17¢ 4 00 — 1.58¢ + 01 1.52¢ + 01

~7 | 4.37¢—01+1.05¢+01i | 2.66¢+ 00+ 8.87¢ + 00i | —3.17¢ + 00 + 6.89¢ + 00i
—8 | 4.37e—01—1.05e+01i | 2.66e+00—8.87¢+00i | —3.17¢+ 00 — 6.89¢ + 00
—9 | 6.50e —01+5.83¢+00i | 1.91e+00+5.14e+00i | —1.44e + 00 + 3.86¢ + 00i
—10 | 6.50¢ —01 —5.83¢400i | 1.91e+4 00— 5.14e 4 00i | —1.44e + 00 — 3.86¢ + 00i
—11| 6.30e — 01 +3.05¢ +00i | 1.46¢+ 00+ 2.74e+ 00i | —6.88¢ — 01 + 1.86€ + 00i
—12| 6.30e — 01 —3.05¢+00i | 1.46¢+ 00— 2.74e + 00i | —6.88¢ — 01 — 1.86¢ + 00i
~13 4.11e — 01 7.77¢ — 01 —3.71le — 01 4 5.15¢ — 01
—14| 5.33¢—01+1.2le+00i | 1.13¢+ 00+ 1.04e 4 00i | —3.71e — 01 — 5.15¢ — 014
—15| 5.33¢—01 —1.21e+00i | 1.13¢4 00 — 1.04¢e 4 00i 1.17¢ 4 01

Table 2: Closed loop eigenvalues

We see that the closed loop spectra are very far away from the desired ones, even
if f is computed exactly. What is also striking is that even the stability of the closed
loop system is lost in all three cases.

4. Conclusion. In this paper we have analyzed the single-input pole placement
problem. We haven given new explicit formulas for the feedback gain f and have used
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F1a. 3.1. Closed loop spectra: * — Aa, + — Amp, 0 — As .

these to obtain perturbation results. From these results it follows that || ||, the spec-
tral condition number of the closed loop matrix and the distance to uncontrollability
are the governing terms in the perturbation bounds.

If the perturbation bound is large, then we cannot expect that the closed loop
poles are close to the desired ones, and in this sense the pole placement problem can
be viewed as ill-conditioned even if the computation of f is well-conditioned.

Unfortunately the spectral condition number of the closed loop system and the
norm of f are proportional to the norm of the inverse of a Cauchy matrix, which is
usually very large in particular for large system dimension. Thus in many circum-
stances we cannot expect that the closed loop poles are near to the desired ones. This
partially verifies observations made in [12].

The analysis we have given leads to some open problems. Suppose that the system
(A,b) is given, and that we only require that the poles lie in specified regions in the
complex plane, see e.g. [12, 13].

1. Can we choose the poles in these regions so that the pole placement problem is
well-conditioned in the sense that the actual closed loop poles are close to the desired
ones ?

2. Is the closed loop system obtained under such circumstances robust under
perturbations ?

These questions and related topics are currently under investigation, partial an-
swers to these questions are given in a recent report [16].

5. Acknowledgment. We thank Dr. Chunyang He, Dr. Vasile Sima and Dr.
Andras Varga for many valuable discussions and comments, which improved the paper
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criticism.
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