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In this paper, we define a generalized class of starlike functions with negative coefficients and obtain
coefficient estimates, distortion bounds, closure theorems and extreme points. Further we obtain
modified Hadamard product, radii of close-to-convex, starlikeness and convexity for functions
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INTRODUCTION AND PRELIMINARIES

Let A denote the class of functions of the form

fy=z+ > ap "
n=2
(1)

which are analytic and univalent in the open disc U = {z:
|z] < 1} and normalized by f(0)=0= f'(0)—1. We

*
denote by S (&) and K(a) the subclasses of A

consisting of all functions which are, respectively starlike
and convex of order & . Thus,

7f'(2)

f(2)

S*(a):{feA:Re( j>a,0£a<l,zeU}

And

Zf'(z))j>a, 0<a<l, zeU

Ko)=<fe A:R{1+

*Corresponding author. E-mail: gmsmoorthy@yahoo.com.

For functions ® € A given by ®(z)=z+ i(ﬁn Z" and
n=2

Ye A given ‘P(z):z+il//nz" we define the
n=2

Hadamard product (or convolution) of @ and ¥ by

(@*¥)2)=2+29¥,2".  zeU
n=2
(2)
For positive real parameters p,,A,,":-p,, 4,

andg,,B,,---q,,.B, , (I,me N =12,3,---) such that

m l
1+3B ~YA >0  zeU. (3)

n=1 n=1

The Wright generalized hypergeometric function (Wright,
1946)

lle[(pl’Al)’.”’(pl’Al);(QI’Bl)“'(Qm’Bm);Z]
= Z‘Pm l(pn’An )1,1 (qn9Bn )lm’ZJ

is defined by:
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/\Pm [(pn’An )1’/ (Qn’Bn )Lm;z]:

n

i{ﬁr( p.+nA )}{ﬁor(q, +nB, )}_1 % zeU

n=0 r=0

fA=1t=1,2...)and B,=1(t =1, 2, ...,m) we have the
relationship:

l%l(pn’Aﬂ)u(%’Bn)Lm;ZJ = En(pl’ "D ;%22)

_ N (P> (), 2"
i=0(g,), 5 (q,), !’

(4)

((<m+1;lme Ny =Nu{0};ze U) is the

generalized hypergeometric function ( see for details
(Wright, 1946) ) where N denotes the set of all positive

integers and (A4),, is the Pochhammer symbol and

o] fr )

By using the generalized hypergeometric function Dziok
et al., (2003) introduced the linear operator. In 2004
Dziok et.al (2004) extended the linear operator by using
Wright generalized hypergeometric function. First we
define a function:

P, l(pt A )1,1 (qt ,B, )1,m;ZJ =Q¥, l(pr A )1,1 (qt B, )l,m;ZJ

Let Wl(p,,Ar)
defined by:

W(p.A)l4.B),lf@ =22|p.A),(q.B),:d"f@)

We observe that, for f(z) of the form (1.1), we have

L (q[,Br )l,mJ: A — A be a linear operator

‘VM%AJU@p&XWbT@:=z+%04p0ﬂ (6)

Where o, (p,) is defined by

QIlp, +A (=) - Ty +A(-D)
(- g +B (-} -T1g, +B (1)

o.(p)=
(7)

For convenience, we write:

Wlpl,%lf(z):Wl(Pl,Al)""(PI,AI);(%’Bl)“‘(qm’Bm)lf(Z) (8)
introduced by Dziok et al. (2004). In view of the
relationship (3), the linear operator (6) includes the Dziok-
Srivastava operator (Dziok et al.,, 2003), so that it
includes (as its special cases) various other linear
operators introduced and studied by Bernardi (1969),
Carlson et al. (1984), Libera (1965), Livingston (1966),
Rucheweyh (1975) and Srivastava et al. (1987).

Denoted by S(a,f,7,A,B) , the subclass of A
consisting of functions f(z) of the form (1) and satisfying
the condition:

Z(W[Pl,% 1f(Z)), 1
W[;I,qID ()

whabo) | fbabel |
z2Wlp . lf (2) s 2Wip q,1f (2) _
MB_A){ Wlp.alf @ aj B[ Wlpalf @) 1]

9)
Where Wlplyqllf(z) is given by
(8), 0<a<1,0<p<1

- —2(B 2 ,a#0

— <Y< —A)
2(B—A) 4

1 a=0
For fixed — 1< A< B<land0< B<1.Wealso let

TS (. B.7.A.B)=S(a.. .7, A.B)NT

Where

T=f€eA: f(z)=z—§fﬂ”\ 7, z€

(10)

A subclass of A introduced and studied by Silverman
(1975).

By suitably specializing the values of
AtaB[alam,pl,".p[’ql,qmaA,B9a,ﬂ and 4 the

cass TS’ (o, ﬁ, V,A,B) leads to known

subclasses studied in (Aghalary et al., 2002; Khairanar et
al,, 2008) and (Owa et al, 2002) and various new
subclasses. In this paper we obtain sharp result for
coefficient estimates, distortion theorem, radius of
starlikeness and convexity and other related results.

For convenience we consider:



B
<{2(B A)a’aio
2(B—-A
( ) 1 a=0
For fixed —1<A<B<ZI1 0<a<l0<p<1

and0 < B <1, one or otherwise stated.

CHARACTERIZATION PROPERTIES
Theorem 1

Let the function f(z) be defined by (10) is in the class
*k
TS (a,pB,7,A,B) if and only

g%’XB—A) -)+(1-BBa-Dla,(n)la,|<2BX-)B-A)

(11)
Where O, (p,) is given by (7).

Proof

Suppose,
2B KB~ At +(1-BB-Dlo,(p)la,1<2BK1- @) B-A)

We have

lpalyof Wnalref -pos-af Wlnalrc)
—aWp,g, V(z)} —b{Z(W[Pl,ql f@) -Wlp,a, V(z)} <0

With the provision

=

S (-1, (p e’ - 42;43_A)(1_a)+

S 2AB-ANa—n)+Bn-D]o,(p,)a, 2’

n=2

<0,

For |z| = r < 1; then the above condition bounded above
by

)

S (n—1)o,(p)a,r —2y(B-A)a-1)

n=2

- p’i [29(B-A)a-n)+Bn-Dlo, (p)ar
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:2{(11—1) — BlAB-A\a—n)+Bn-D)o. (p)a 1" —2 B4 B—A1-a)
<SYn—0—Bl2AB-A\a—r)+ Bn-1lo, (), ~2B¥B-A1-0) <O

k
Therefore TS (a, 3,7, A, B) . Conversely, Let

«wlpalr )
W[pl,% If(Z)
Z(W[pl %]f(z)), Z(W[pl ‘h]f(z)),
2 -A : -a |- . -1
" )L wlnalre “J B[ wlnalre

>(n-Do,(p)a,:"

n=2

lopB-y1-ay+ i{zyx(B—A)(a—n)JrB(n—l)}an( paz"

<p

As Re(z) <l z| for all z, we have

%(n—l)a,,(manz"

27<B—A><1—a)+iz{sz—AXa—n)m(n—D}q<p1>a,z”

z on real

R

<p

Choosing values of axis such that

Z(W [pl,CIl]f(Z)),
wlp g lf o

denominator through real values, and as
obtain

is real and upon clearing the

z—>1 we

SRANB- A n—a)+(1-BA -0, (p)a, 1-2/1-a)(B—~A) <0
n=2

Corollary 2

Let the function f(z) defined by (1.10) be in the class
%
TS (a,pB,7,.A,B). Then we have

4 < 2By —a) B - A)
"T2Br(B-A)n-a)+(1-BB)n-Dlo,(p)
(12)

The equation (12) is attained for the function

28Y1-a)B-4)
[28%B-A)@n-a)+(1-BRAn-D)o,(p)

7', (n22)

f@=z—

(13)
Where ¢ (p,) is given by (7).

Let the functions £i((j=12) be defined by:
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for a, 20, zeU.

fi(z2)=z- iamz“

Theorem 2 (Closure theorem)

Let the functions fj(z)(j =1,2,---m) defined by (2.4)

be in the classes T3 *(aj,,li‘,y,A,B) (=12 ...m)
respectively. Then the function h (z) defined by:

m n=2\_j=1

h(z)—z——Z(Zan

Is in the class7s “ (a, 8,7, A, B) , where & = min{a,}

1<j<m
whereogaj <1.
Proof
Since f; € TS (. j. f.7.A.B), (i=1,2 ... m) by

applying Theorem 1, to (4) we observe that

n=2

2[2,37(3 —An-a)+1-BAn-Dlo,(p, )(; Za ,}
j=1

—2(2[2,37(3 AYn-a)+(1-BA)nr-D]o, (p, n,)

m j=1\n=2

<—22,37(1 @;)(B-A)<2py(l-a)(B-A)

m j=1

Which in view of Theorem 1, again implies that

*
he TS (a,p,y,A, B)and so the proof is complete.

Theorem 3 (Extreme points)

Let
fi(2)=z and

P 21— a)(B-A) -

281 B~- A)n—a)+(1-BB)n-D]o,(p,)

(n=2)

(15)

where 0}, (p1) is given by (7). Then f (z) is in the

cIassTS*(a,ﬁ, 7, A, B) if and only if it can be expressed
in the form:

f(2)= i;lﬂ,,f,,(z) (16)

Where iy, 20(n=1) andi M, =1.

n=1

Proof

Suppose that

f@) = fi(2)+ Zﬂnfn(Z)

n=2

{Z_ 28X1-0)(B-A) }

ﬂlZ+ Zﬂn

n=2

[2B8XB-A)n—a)+(1-BBAn-D)o, (p,)

2/;’7(1 a)(B-A) Z"

< 20y(1—a)B-A)
= 2By(B—A)n-a)+(1-BB)n-Dlo,(p,)
Then it follows that

=Z_

U,z

[WB - Aa-)+1-BBa-Dlo(p,
5 2B11~0)B-A)

2BA-0)B-A
[2ﬂXB—A)®—0c)+(I—B@(n—D]6n(M)

:;ﬂn :gzll'ln_/'ll =l-u =<1

By Theorem 1, f € TS *(a,,B,;/,A,B) .
Conversely, suppose that f € 7S (a, B,7,A,B) . Then

28y(1-a)(B - A)
[2ﬁ7(3 A)n-a)+(1-BB)n-Dlo,(p,)

(n>2).

We set
_RArB-Hn-a)+1-BE-Dlo,(p) ()
2By(1-a)(B - A)
and ,ulzl—iﬂn. Then wusing (1.10) we obtain
n=2
f(z) =z iza,,z"
2By(1-a)B-A) 2

) _Z” [287(B—A)n-a)+(1-BB)(n-Dlo,(p,)

=z—§2ﬂn[z—fn(Z)]



=2z~ z Hpz+ Z Up fn(2)

=4 fi(2)+ % M, f,(2)

M

: u, f,(2).

This completes the proof of Theorem 3.

DISTORTION BOUNDS

Theorem 4
Let the function f (z) defined by (1.10) belong
to TS*(CZ,ﬂ, 7, A, B) . Then
_ 2By(1—a)(B—A)
'f(Z)'Z'Z'{I [1+2ﬁ7(B—A)<2—a)—B,B]axpl)'Z'}

(17)
and

2By(1-a)(B-A) . ,}

I I<lzI41+ !
f()I<lz { [1+2ﬁ7/(3_A)(Z—J)—B,B]Gz(pl)

(18)

where o5 (p;) is given by (7).

Proof

In the view of (11) and the fact that &, (p;)is non-

decreasing for n > 2, we have;

LBKB-AC-a+1-BBlo;(n) a, <STBKB-Ae-)+1-BBe—-Do,(pa,

SEﬁKI—OO(B—A)
which is equivalent to,

. 2871 —a)(B - A)
< (19)
24 [1+287(B-A)2-a)-BBlo,(p,)

Using (10) and (19), we obtain
G EERES

2By (1-—a)B—-A)
[+287(B-A)2-a)-BBlo,(p,)

=|z]-1z0P
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=z{1— 2By(1—a)B-A) Izl}
[l+287(B-A)2-a)-BBlo,(p,)

and

2py(1-a)(B - A)
| I<lz141+ <l
f(@)I<lz { [1+287(B-A)2-a)-BBlo,(p,) Z}

Hence the proof is complete.

RADIUS OF STARLIKENESS AND CONVEXITY

Next we obtain the radii of close-to-convexity, star-

likeness and convexity for the class T'S * (a,B,7,A,B).

Theorem 5
Let the function f (z) defined by (10) belong to the
class TS*((Z, B.7,A,B) .

Then f(z) is close-to-convex of order 7(0 <7 <1) in the
disc | zI< ry » where

y i A=DRBYB= A=)+ (=B =D, (p) |
P 2Byl a)(B-A) ’

n22

(20)

Where ¢, (py) is given by (1.7). The result is sharp, with
external function f (z) given by (15).

Proof

Given f €T, and f is close-to-convex of ordern, we
have | f'(z)—1Ik1-7. (21)

For the left hand side of (21) we have

| £'(2) -1k Sna, |

n=2

Z

The last expression is less than 1— o if

i n

n:21 - 77

n-1

<1.

a, |z

n

ES
Using the fact, that f € TS («, 3,7, A, B) if and only if

287 (B - A)xn-ea)+A-BB)n-D],(p)

<1,
28y (1 -a) B - A)

2,
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We can say (21) is true if

n

< RBr(B-An-a)+ - BE)(n-Dlo, (p)
-7 26y(1-a)(B - A) '

or, equivalently,

< (= m2By(B- A n-a)+(1-BB)(n-Dlo,(p,)
2nfy(1-a)(B - A) ’
where &, (p;) is given by (7). This completes the proof.

Theorem 6

Let f e TS (at, B,7,A,B) . Then f (z) is starlike of order
n0<n<1) inthe discl zI< r . thatis,

Re ( 7 '(2)

f(z)j>77’ Izl r2;0£77<1),

where

1

it (121 \RBNB =M= )+ (= BHn=Dlo,(p) |
2| n-p 2By(1-a)(B—A) ’

n2

(22)

f(z) is convex of order n (0 <5 < 1) in the disc Izl r3s

that is, Re(l + Z;((Z))j >n, (zlkkn0<n <), where;
z

ot ( 1-7 J[2ﬂ7<B—A)(n—a>+(1—Bﬂ>(n—1>]an<pl> =
P\ n(n-n) 2B8/1-a)(B-A) '
(23)

Where 0, (p1) is given by (7). Each of these results
are sharp for the external function f(z) given by (15).

Proof

Given f e T, andfis starlike of ordern, we have

A
f(z)

<l-7. (24)

For the left hand side of (24) we have

n-1

Z

n-1

o '(2) > (n-Da,
| f(2) - Sa,
n=2

Z

The last expression is less than 1—77 if

n-1

<1.

S

n=21—77

a

n

Z

*
Using the fact, that f € TS (a, 3,7, A, B)if and only if

28y (B - A)n-a)+A-BB)Xn-Di,(p)

1.
2By (1 -a)B - A) "

2
n=2

We can say (24) is true if

n-n
I-7

< 28y (B-A)n-a)+(1-BB)n-Dlo,(p,)
28y (1—a)(B - A) '

or, equivalently,

b

e <(1—17\[2/5;<B—A)(n—a)+(1—Bﬁ)(n—1)]an(pl)
n-n) 2B/1-a)B-A)

This yields the starlikeness of the family which completes
the proof.

(i) Using the fact that f (z) is convex if and only if
7f'(z) is starlike, we can prove (i), on lines similar to the
proof of (i).

MODIFIED HADAMARD PRODUCTS

Let the functions fj(@(j=12) be defined by (14). The

modified Hadamard product of f;(z) and f(z) is defined
by:

(fi*f)@=2-La,a,,3"

Using the techniques of Schild et al. (1975), we prove the
following results.

Theorem 7

For functions defined by (14), let

(2 =12)
feTS (@.B.y.A.B) and f2 € TS (u,B.7.A.B) . Then
(f1*f2)e TS*(f,ﬁ,%A,B) , where

£=1-

2¥B—A)1-a)(1—1)(1+2BKB—A)—Bp)
A(@ 1. ABDA, (1B, Y.AB2)oy(p) -4y 1-a)(B-AY (1- 1)’
(25)




and

A(a.B,y.A,B2)=28y(B-A)Q2-a)+(1-Bp)
A,(u,B.y,A,B2)=28y(B-AX2-u)+(1- Bf)

where 0, (p,) is given by (7).

Proof

In view of Theorem 1, it suffice to prove that

= [2BUB- A& +(1-BRn-D]o,(p)
s 2B8/1-E)(B—A)

a,a,,<l, (0<£<0)

Where ¢ is defined by (25). On the other hand, under

the hypothesis, it follows from (11) and the Cauchy’s-
Schwarz inequality that

sIa@pyAB ) (A py.ABN) 0, () o<1

n=2 Jad-a)1-p)
(26)
where

A (@, B.7,A,B,n) =28y (B—A)Xn-a)+ (- BB)n-1)
A, (i, B,y,A,B,n)=2By(B-A)n—pu)+(1-Bp)(n-1)
(27)

Thus we need to find the largest & such that

= 2ByB-AHn-O)+U-BH(n-No,(p)
27(B—A)(1-&)

cslh@Br Ak wprA Bk, () Jan:

e Ja-a)i-p)

or, equivalently that:

e 1-¢  [AN@BrABn:[A By ABN)
T —al-p  2B¥B-An—&)+(1-BRn-1)
(n>2).

In view of (26) it is sufficient to find largest f such that

28y(B— A1 -a)(1-w) (o, (p))”

[A (@ B.7, A, B.m)2[A, (1, B, 7, A, B,m)]2

. 1-¢  [M@BrABbA @Ay ABN]E
Saxi-m  2ByB-An-E)+(1-BB)Xn-1)
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which yields

E=P(n)=1-

2pKB-A) =)~ )= +2KB~A)~B)
@By ABn] A7 ABN] 6,(p)~48"Y (B-A'(1-2)-1)
(28)

for n>2is an increasing function of n (n = 2) and letting
n=2in (29), we have

E=H)=1-

28XB-A)(1-)(-)(+2B¥B—-A-Bp)
[A@B%AB2)] (A B %AB2)] 05(p) 4BV (B—A (1-0)(—1)

Where [Aj(@.f.7.A4.82)] and [Ayu.fB.7.A.B2)] as
defined in (27), where o9 (py) is given by (7).

Theorem 8

Let the functions FiCj=1.2) defined by (14), be in

Then
where

the class TS " (a,B,7,A,B)

(f1* f2)e TS " (p,.B.7v,A,B) :
62(p1) is given by (7).

Proof

By taking u = &, in the above theorem, the result follows.

Theorem 9

Let the function f(z) defined by (10) be in the class

15" (@.p.7.A.B). Alsolet ;. _ ibnzn for |b,|<1.
n=2

Then (f*g)e TS™ (. B.7.A.B).

Proof

Since

T2y~ A)n-a)+ (1= BE)Xn-Do,(p)1a,b, |
< iz [2B8/(B-A)(n-a)+(1-Bp)(n-D]o,(p,)a, b, |
< S[By(B-An-a)+1-BB(n-Do,(p)a,

n=2

<2By(1-a)(B-A)
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it follows that (r+g)e TS*(a,,B,j/,A,B), by the view of
Theorem 1.

Theorem 10

Let the functions r;(z)(j=1.2) defined by (14), be in the
class7s™ (a, 8,7,A,B) . Then the function h(z) defined by
Wz)=z— %(azn,ﬁazn,z)z" is in the class
TS*(f,,B,};,A,B) where

£=1-

4ﬁ7(B— A)1- a)2(1+ 2ﬁ7(B —A)— Bﬁ‘)
o, (p)l1+281B-A)2-a)-BBI -88° (1-a)* (B-A)*’

where 0, (p,) is given by (7).

Proof

In view of Theorem 1, it suffice to prove that

i[zﬂy(B—A)(n—f)+<1—Bﬁ><n—1)]a,l (p)
2B8/1-&)(B- A)

(@*n +a*2) <1,

(28)

where f] € TS*(OJ, B.7. A, B) we find from (2.4) and

Theorem 1, that:

n=2|

i{bﬁy(B—A)(n—a)+(1—Bﬁ>(n—1>]an(pl>}2az |
26y(1-a)(B - A)

< 5| RAYB- A=)+ 1-BBYn-D]o,(p) '
= 2By(1—a)(B - A) "
(29)
this yields

L 1[2ByB-a(n-a)+1-BB)n-Dlo,(p)]

2.2 2By(1-a)(B- A) <1,
= (aui +a*n2)

(30)

On comparing (30) and (31), it is easily seen that the
inequality (29) will be satisfied if
[28y (B - A)n-¢&)+(1-BB)(n-Dlo,(p,)
2B8y(1-&EXB -~ A)
{[2,6’709—A)(n—a>+(1—B,b’>(n—1>]a,,(p,>}2’

n=2.

1
=3 2By (1-a)(B - A)

That is
£=1-

' 4B81B-A(1-a)*(n—1)(1+281B—A)—BpS)
o, (p)2BNB-A)n—a)+(1-BA -] -86°7 (1-a)*(B—-A)*
(31)

since
Y(n)=1-

4BUB-A)(1-a)* (n—1)(1+281B—A)—Bf)
o, (p)2BUB—-A)n—a)+(1-BB)n—-1)| -8By (1-a)* (B~ A)*
is an increasing function of n (n>2). Taking n = 2 in
(32), we have:

E=W(2)=1-

4By (B-A)1-a)’(1+28y(B—A)-Bf)
7, (O + 28y (B-A)2-a)- BT -8y (1-a)’ (B~ A"
this completes the proof.

INCLUSION RELATIONS INVOLVING N § (E)

Following (Goodman, 1957; Rucheweyh, 1981), we
define the s - neighbourhood of function feT, by

Ng(f):={h€T:h(z)=z—ibn " and inlan -b,| Sé‘}.

n=2 n=2
(32)
Particularly for the identity function e (z) = z, we have

N;(e):= {he T:h(z)=z-%b " and Snlb,| sa}.
n=2

n=2

(33)
Now we obtain inclusion relations of the
class7s”(a, 8,7,A,B) -
Theorem 11
If§._ 4By (B- A1 -a)

o, (p)ll+28r(B-A)2-a)- BB

(34)

where  0,(,) is given by (7). Then

*
TS (a.B.7,A,B)c Ng§(e)-

Proof

For re 75 *(a,ﬁ,},,A,B) , Theorem 2.1 immediately
yields



[281B-A)@2-a)+(1-Bp)o, m@zan <2BK1-a)(B-A),

28y (1—a)(B—A)
[287(B-A)2-a)+(1-BB)o,(p)
( 35)

so that Za <

On the other hand, from (11) and (36) that

25y (B~ 4)+(1-Bf)o(p)) I na,

<2fy(-a)B-A)+[2fm (B~ 4)+1-BB)o.(p)Xa,
261-a)(B-A) "
[28%B-A)@—0)+(1-BB)o(p)
2ByeB-A+(1-B }
' [2B1B-A)C-0)+(1-Bp)

<2BK1-a)B-A+[28ydB-A)+(1-BB)o,(p,)

[QﬂkB—A)Hl—B@]OE(H)gn% <2Bf-0)B-

L 228y (A -a)B - A28 (B - A)+ (- Bp)]
287 (B - A)2-a)+(1-Bp)]

That is

48y (1 —a)(B - A)
[Zﬂ}/(B A2 -a)+1-BB)o,(p)

(36)

which, in view of (33) completes the proof of Theorem 11.
Next we determine the neighborhood for the class

75" (P) (@, B, 7, A, B) which we define as follows;

A functon feT is said to be in the class

he TS P)(a, B,y, A, B) such that

there exists a function

f(Z)_1<1_p, (zeU,0< p <) (37)
h(z)

Theorem 12
If hers (P (a,B,7,A,B) and
[1+28%B—A2—0) - BBISe;,(p,)

[2+4B%B-A)Q-a)-BBlo,(p) —4BK1-a)B-A)
(38)

p=1

Then, Ns(e)cTS™” (e, f,7,A,B). (39)

Proof

Suppose that f € N 5 (h),wethen find from (33) that
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implies that the coefficient

Ynla,—b |1 <5 Which
n=2
inequality is $y, _; | <9

Next, since he TS~ ) (a, B, 7, A, B) , we have

2By(1—-a)B-A) .
[1+2ﬂ7(B A2 -a)-BBlo,(p,)

so that

Yla, —b, | s

1] < 222 < 2
1- $b, 1 2BK1-a)(B—A)
[1+281B-A)2-)-Bflo, ()
_ [1+287(B-A)2-a) - BBYo, (1))
[2+487(B-A)2~-a) - BBlo,(p,) — 4By - ) (B~ A)
provided that p is given precisely by (40). Thus by

definition, fe TS ” (a, B,y, A, B)for p given by (40),
which completes the proof.

(@
| h(z)

=1—p
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