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1 Introduction
Assuming that f,g € L*(R,), [If]l = {/;" f*(%) dx}? > 0, llgll > 0, we have the following
Hilbert’s integral inequality (cf. [1])

//dedymufllllgll, w
o Jo x+y

where the constant factor 7 is best possible. If a = {a,}°%,,b = {b,}2, € 2, ||la| =
{Ziil a%}% >0, ||b]| > 0, then we have the following analogous discrete Hilbert’s inequal-

ity:

<7T||d||||bll, (2)

Mg

R

Il
(=

n

with the same best constant factor 7. Inequalities (1) and (2) are important in analysis and
its applications (cf. [2—4]).

In 1998, by introducing an independent parameter A € (0,1], Yang [5] gave an extension
of (1). For generalizing the results from [5], Yang [6] gave some best extensions of (1) and (2)
as follows. If p> 1, - + =1, A1 + A2 = A, k. (%, %) is a non-negative homogeneous function
of degree —\ satlsfylng k() =[5 k(e D)1 de e R,, ¢(x) = 202071 (i) = x20-22)-1)

f=0) e LR = {flIflpe = {fy d@If )P dx)r < oo}, g(= 0) € Lyy (R.), and [|f 1|y,
ligllgw >0, then

/O fo o (6 9) ()g0) ddy < KO po gl g 3)

where the constant factor k(A;) is best possible. Moreover, if k;(x,y) is finite and
ki (%, )27 (ks (%, 7)y*271) is decreasing for x > 0 (y > 0), then for a,, b, > 0, a = {a,,}°°, €
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Ly = {alllallpe == > e 1¢(ﬂ)|an|"}P < oo}, and b = {b,};2 € Ly, lallpg, 16llgy > 0, we
have

DN kilm, )by < k(i) lallpg 15l (4)

m=1 n=1

where the constant k(};) is still the best value. Clearly, forp =g =2, A =1, ki(x,y) = %,
A=Ay = %, (3) reduces to (1), while (4) reduces to (2).

Some other results about integral and discrete Hilbert-type inequalities can be found
in [7-16]. On half-discrete Hilbert-type inequalities with the general non-homogeneous
kernels, Hardy et al. provided a few results in Theorem 351 of [1]. But they did not prove
that the constant factors are best possible. In 2005, Yang [17] gave a result with the kernel
(l+nx - by introducing a variable and proved that the constant factor is best possible. Very
recently, Yang [18] and [19] gave the following half-discrete Hilbert’s inequality with the
best constant factor:

/ flx )Z( 7 dx < llall (5)

Chen [20] and Yang [21] gave two more accurate half-discrete Mulholland’s inequalities
by using Hadamard’s inequality.

In this paper, by means of weight functions and the improved Euler-Maclaurin sum-
mation formula, a more accurate half-discrete Hilbert-type inequality with a non-
homogeneous kernel and a best constant factor is given as follows. For 0 < o + 8 < 2,
14 eR,nfl—#(1+ 3+ﬁ),

© & (min{L (x— y)(n - )’
/y S0 2 a1, o= =

: { [ et Y-t ©)
Y

<
oa+f

n=1

Moreover, a best extension of (6), some equivalent forms, the operator expressions as well
as some particular inequalities are considered.

2 Some lemmas
Lemmal Ifny € N, s > no, g1(y) (v € [n0,5)), £2(y) (¥ € [s,00)) are decreasing continuous
functions satisfying g1(no) — g1(s — 0) + £2(s) > 0, g2(00) = 0, define a function g(y) as follows:

a®), yelno,s),
gZ(y); ye [S, OO)

gy):=

Then there exists ¢ € [0,1] such that
-1
< [81010) + £(2:(5) (s = 0))]

</ p(gy) dy < %(gz(S)—gl(s—O)), 7)

no
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where p(y) =y — [y] - % is a Bernoulli function of the first order. In particular, for g1(y) = 0,
y € [nog,s), we have g(s) > 0 and

-1 0 1
3g2(8)< f p()g(y)dy < ggz(s); (8)

for g, (y) =0,y € [s,00), if @1(s — 0) > 0, then it follows g1(ng) > 0 and

-1 s
ggl(no) < / P& () dy < 0. 9)

no

Proof Define a decreasing continuous function g(y) as

- ) +&(s) —gi(s—0), yelno,s),
g) =
gz()’); }’ € [S> OO).

Then it follows

[ o= [ sormars [ porgoras

no no s

s

_ / POV @) - 22(5) + ga(s - 0)) dy + / P(0)Z0) dy

- / POR) dy - (@205) - gi(s - 0)) / o)y,

0 0

/n:p(y)dy:/:]p(y)dy+/[3:p(y)dy=/[;<y—[s]—%)dy

1 1\’ -1
=g|:4<s—[s]—§> _I]ZET (e €[0,1]).

Since g(no) = g1(no) + g2(s) — g1(s — 0) > 0, g(y) is a non-constant decreasing continuous
function with g(co) = g>(c0) = 0, by the improved Euler-Maclaurin summation formula
(cf. [6], Theorem 2.2.2), it follows

%l(gl(no) () —g(s—0)) = ;g(no) < / P(E0)dy <0,

no

and then in view of the above results and by simple calculation, we have (7). g

Lemma2 [fO<a+B<2,yeRn<1- %(1+ /3 + ﬁ),anda)(n) and w (x) are weight

functions given by

* (min{l, (k= )=}’ (1-n)"
= dx, N,
) /y (max(L = N e 10
oo . _ _ 8 _ #
I N e Z W

(max{lr (x - V)(Vl - Tl)})“ (n — rl)l_T

n=1
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then we have

() < () = ﬁ. (12)

Proof Substituting ¢ = (x — y)(n — n) in (10), and by simple calculation, we have

B * (min{1, t})? by
w‘”)'fo maxay .

1 00
=/ tﬂ*#‘ldnf el gy - 4 )
0 1 a+p

For fixed x > y, we find

ﬂ_l

ap (min{l, (&~ y)(y - n)})" L

max{1, (x — y)(y — n)})*

(
(-9 ()T .
_Je=-nT - s N<Y<NH+

hx,y):=(x-y)
R ) B A T N

a+f 0(+/37
~1-EBa-)T -m T p<y<n+ &,
_atf _atf
(L D)@-y) T -2 2 y=n+ L,

Y
o0 ——y)y—m) [ (min{l,£})? op_ 4
() dy =20 n)/ (min{ S g .
/n (6,7 dy o (max{l,t})* a+p

hy(x,y) =

By the Euler-Maclaurin summation formula (cf [6]), it follows
@ ih( )= [ hdys shwn - [ o0
w(x) = X, 1) = x, +=h(x1) + X,
- ) y)ay 2 ) PN, X,y

fh(x, Ndy- ():—ﬂ—mx)

R(x):= / W) dy— ) - / POV, (3,3) dy. (13)
n

(i) ForO<x—y < o we obtain — h(x, 1) = —%(x— y)#(l — n)#’l, and

1 o+ 1 lX+ 2
/h(x,y)dy:(x—y)Tﬁ/(y— +ay -%( )
n n

Setting g(y) := —h’ (%,y), wherefrom gl(y) =(1- #)(x - 7/)#()/ - ’l %, ) =
(42 +D@-y) F (-n) T 2a

1 1
gz<n+ )—g1((n+ )—0>
x—y x—y
- (“;5 +1)<x—y)2—(1—“;ﬂ>(x—y>2

=(a+pB)x-y)*>0,
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then by (7), we find

- [ ooy = [ o001
1 1

1T ) 1 1 0
>§_g1()+g2(n+x—y>_gl<(n+x—y>_ )i|

-17 Ot+}3 atp atp o 2
= (1—T>(x—y) - +(a+ﬂ)(x—y)}

_]__ o+ o+,
>§_<1—a;ﬁ)(1—n)75‘2(x—y)7ﬂ

rla+B)A-n) T (- y) T2 - y)2]

_ "—1[(1+ °‘+ﬂ)(1—n>“5’5-2<x—y)“ﬂ.

8 2

atp

In view of (11) and the above results, since for n <1 — 3

B 4 N\
A+ /3+ W)’ it follows

1+ 3+$),namelyl—nz

R(x) >

2 atp arp 1 atp a+f
A-n72 (x-y) 2 —=@x-y) 2 Q-n 2!
a+ B 2
1 o+ a+
e R

8 2

i [2(1—n)2_(1—n)_2+a+ﬂ] -7

a+p 2 16 (l_n)z—# -

(ii) Forx —y > ﬁ, we obtain —%h(x,l) = —%(x - y)‘# a- n)‘#‘l, and

: " ()T by
[ h(x,y)dy=f #Mﬂd)“r/ y%w;dy
" v e e g
a+f

2 e Pyt
:a+ﬁ—a+ﬁu—m x-v)

v
i
4
[
)
|
N
|

Sincefory>1,y—n > ﬁ, by the improved Euler-Maclaurin summation formula (cf. [6]),

it follows

a+p

L +1)(x—y>-“5ﬁ/1 POV )L 2 ay

- /1 PO, (x,9) dy = (“

1 0l+,3 a+f aB o
S 1 —vY 2 (1-n)""2 2.
> u( 5 +)u y) 2 (1-n)
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In view of (13) and the above results, for 1 —n > ‘“‘3 (1+,/3+ 3 ) we find
_asp _a 1 B aip
R(x) > A-n)"72@-y) 2 —-1-n)"2 (x-y) 2
o+ p 2
1 /a+p _atB _atp
S 1)1 - 2 - 2
D ( 5t )( n) (x-y)
20-n)?2 1-n 2+a+B (x—y)‘%>0
> - - .
a+f 2 16 a- n)2+#
Hence, for x > y, we have R(x) > 0, and then (12) follows. O

Lemma 3 Let the assumptions of Lemma 2 be fulfilled and, additionally, let p > 1, 117 + % =1,
a, > 0, n €N, f(x) be a non-negative measurable function in (y,o0). Then we have the

following inequalities:

1

* (min{1, (x — y)(n - )})* } ’
dx
Uy (max{L, (x— ) - n)})“f ® }

SR T

{ °°<x a)‘“ - I{Z(mml(x y)(n - n)})ﬂanT dx};

() dx} , (14)

n=1

(max{L, (x — y)(m — )}
= 4

Proof Setting k(x, n) :=

> - )70 laq} ) (15)

(L Ge—) e )P g . .
(([':11;?({{11((’;_7;))(("" _'177))}}))05 , by Holder’s inequality (cf [22]) and (12), it follows

[/“’ (min{1, (x - y)(n —n)})”
y  (max{l, (x — y)(n—n)})~

_ {/yook(x,n)[

(6 - y>“-* ¢

s/ymk(x, )

= {wlm(n - -

4 p1 1_p@=p)
i (a g ﬁ) o=

x-v)

f()d]

(n—n)

(n-n

o0 _ )=y
y { / k)2 T
v -y

)p p
= ive ] dx}

1-%£)iq (n - y)(l—
=yl (x)} [ (x—y)

frx)d

)1

p-1
dx}
228 p-1)

e by 1yp-1 ook(, )(x y)- P(v)d
) e o O

_ =52 -1
, 1) (96)/)—pr (%) dx.
(m-m)—72"

y
k(x
¥
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Then by the Lebesgue term-by-term integration theorem (cf. [23]), we have

Lo oo _ =5 -1 5
SERIE S

Pl (n—n)l=2"

4 \3 )= 2D ,
()] Zk"“”)ff (’”d’“}

=( 4 )q foow(x)(x - fp(x)dx}.
Y

oa+f

Hence, (14) follows. By Holder’s inequality again, we have

oo q
x-y)
S - B

n
(-4, (1B )1 ) 41
X [(’1’7)1—17“” izk(x’ n))—l
(x 7/) 1-58 (n- n)l——
“B)g-1)
x Zk(x, il i ——a
(x J/) -5
[o(x)]1! & (n- n)(l—#)(q—l)
=—— ) klx,n)—————5—al.
(x—y) "7 21: (e— )"

By the Lebesgue term-by-term integration theorem, we have

1
o \-5E) g1 a
Ll < / Zk(x, (n)—l_#ﬂz dx}

-¥)
©  poo _ n)0-%0)e- a
_ Z/ ke my = —a dx
n=1 Y (x - V)I_T
1
[e¢] wp q
= Zw(n)(n—n)q“‘T)_lﬂZ} ;
n=1
and in view of (12), inequality (15) follows. O

Lemma4 Let the assumptions of Lemma 2 be fulfilled and, additionally, let p > 1, 1% + % =1,
~ a=B ¢ ~
O<ex< g(a + B). Setting f(x) = (x — y)TUTl, xe(y,y +1);f(x) =0,x €[y +1,00), and

~ ﬂ,é,l
dp,=(m—-n)"2 "4 ,neN, then we have

s K [ (minfl, (x—y)(n - )P
I:= za" /y (max{L, (x — y)(n —n)})~
(a+B)L-n)*

1
>g —(#)2_([%)2 —80(1):|, (16)

f(x) dx
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1 1
0 _ - 5 oo o q
A= { / (v — )0 21 () dx} ’ {Z(n _ )=
14 n=1
1 —e-1 - i
<E[8(1—n) +(1-n)]e. 17)
Proof We find
~ nd ﬂ,é,l
I=Y (n-n)? 1
n=1
5 /y” (minf1, (x — y)(n — n)})? (e ) 5 g
y  (max{l, (x—y)(n—n)}H~
*° o— £ y+n% o+ £
=S o= o [ e
n=1 Y
1 y+1
+ (x—y) 2 +P1dx]
(m—n)* Jyilo
o+ p - e 1 > _atB_e_
T D L N e S CE N
(T) —(;) =1 2 T p on=l
a+pB /00 dy 1 = _asb_e
> - (n—m) >4
@y h oo T L
L (@+p)1-n)~ £ — @B e,
=7 a+p £ _01/3 sz(n_n) s ’
[ T
and then (16) is valid. We obtain
1 1
- y+1 » 00 q
fi- { [ vy dx} { Ay e 3 - n)'“}
14 n=2
1\ 4 ~ 1
p q
<(;){a-e [Co-na]
€ 1
1 1
= 5{8(1 - e A -n)) e,
and so (17) is valid. O
3 Main results
We introduce the functions
O = w—yPI T (xe(p,00), W)= (- (neN),

wherefrom [®(x)]'7 = (x — y)q#*1 and [Y(n)]"? = (n - n)p#—{

Theorem5 [fO0<a+f <2,y eRp=<1-%L(1+ 3+ 7i5)
f € Lp,q>()/,00)7 a = {"Zn}zil

P>1,}9+% :l,f(x),anZO,
€ lyw, IIfllpe >0 and |lallgw > 0, then we have the following
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equivalent inequalities:

o]

I:=

an/"o (min{1, (x - y)(n - )}’ fx) dax
Y

= (max{l, (x — y)(n - n}Hh*

(min{L, (x— y)(n = n)})’a, 4
/ f()Z oy P < az gV helalaw, (18)

[ [ minll = )= T
:Z L) [/y (max(L, (v = y)(n - ))” d"”

n=

. (19)
S R T A
L= o) d
{/y [+ [Zl (max{l,(x—y)(n—n)})“} x}
< lall, (20)

where the constant 5 is the best possible in the above inequalities.

;3

Proof The two expressions for I in (18) follow from the Lebesgue term-by-term integra-
tion theorem. By (14) and (12), we have (19). By Holder’s inequality, we have

_ o0 a ® (min{L, (x — y)(n — n)})?f(x) :
1= Z[w (n) /y O [ sien 11 dx} (Wi (n)a,]

n=1

f]”d”q,\lf’-

Then by (19), we have (18). On the other hand, assume that (18) is valid. Setting

[ [ min{l, (- y)n-nPPflx) 7
e [ o e
w= YOI | e e @]
where /77! = ||a|| ;v By (14), we find ] < 0. If ] = 0, then (19) is trivially valid; if J > 0, then
by (18) we have

. 4
”“”Z,w =i _ g f ¢ oy W llpollallgw,

therefore ||a||qq, J< 01+/3 Il p,; that is, (19) is equivalent to (18). On the other hand, by
(12) we have [o (x)]'7 > (af )1=4. Then in view of (15), we have (20). By Hélder’s inequality,

we find

) ! 2 (min{1, (x — y)(n - n)})Pa,
1—[/ [(D (a)f (x) |:<1> )z:: (max{l, (x — y)(n—n)})* i|dx

<IfllpoL.

Page 9 of 12
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Then by (20), we have (18). On the other hand, assume that (18) is valid. Setting

g-1
1-q mln{l X = J/)(”l 77)}) ap
f0 = [0w] [Z (max(L, G~ )1 n)})“} + oo

then L™ = ||f || 5,0. By (15), we find L < 00. If L = 0, then (20) is trivially valid; if L > 0, then
by (18), we have

) 4
WIS =174 =T < oy Ifllp.ollalyw,

therefore |[f||p(I> =L< ﬁ llallgw; that is, (20) is equivalent to (18). Hence, (18), (19) and
(20) are equivalent.

If there exists a positive number ~k (< ﬁ) such that (18) is valid as we replace ﬁ with &,
then, in particular, it follows that I < kH. In view of (16) and (17), we have

(a+B)L-n)*

(“E7 - (52 —e0() < k[e(1—n)* "+ (1= )],

and i <k (¢ — 0%). Hence, k = i is the best value of (18)
By the equivalence of the 1nequa11t1es the constant factor 1n (19) and (20) is the best
possible. d

Remark 1 (i) Define the first type half-discrete Hilbert-type operator T; : L, o(y,00) —

Lpwi-» as follows. For f € L, (y,00), we define T1f € [, y1-» by

00 : _ _ B
Tyf ) = / (minfl, (=)=
14

(max({1, (x — y)(m — )}

Then by (19), IT1f |l ,w1-» < aif,s f1l,,» and so T} is a bounded operator with ||T1|| < ﬁ.
Since by Theorem 5 the constant factor in (19) is best possible, we have || T} || = W

(i) Define the second type half-discrete Hilbert-type operator T, : I,y — L, 41-4(y, 00)
as follows. For a € Iy, we define Tha € L, 41-4(y, 00) by

= (minfl, (x = y)(n - )})”
1280 = 2 Gt e ) - €0

Then by (20), [ T2all;p1-¢ < Mﬂ lall4w and so T is a bounded operator with || T || < Mﬂ.
Since by Theorem 5 the constant factor in (20) is best possible, we have || 75|l = ﬁ

Remark 2 (i) For p = g = 2, (18) reduces to (6). Since we find

. o+ f 4
min {1- 1+ /3 +
O<a+p=2 8 o+ p

oz+ﬁ 1 }

- gV By +aa+p)

min
O<a+B<2

3-45
4

=0.19" >0,
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then for n = ¥ = 0 in (18), we have the following inequality:

% (min{1,xn})?
Z / (max{1,xn})~ f(x) dx

4 e a—p }9 ad a—p
3 { / aP0=720)7LfP (i) dx} > om0 g (21)
+ 0 n=1

Hence, (18) is a more accurate inequality of (21).
(ii) For 8 =01in (18), we have 0 <& <2, ¥ eR,ngl—%(1+,/3+ g),and

o]

Sl
"), (max{L, (x—y)(n-n)})

n=1

af (= ) & «
<;{/y (x—y)p“'f)'lf”(x)dx} ;(H—n)"“'f)‘laﬁ ; (22)

fora=Oin(18),wehave0<,3§2,yeR,n§1—§(1+ /3+%),and

oo

>an [ (minf, (= p)n- ) s d

n=1 14

2 { [ =i dx}p S r- g (23)
ﬁ 14 n=1

for,B:a:kin(lS),wehaveO<A§1,y6R,n§1—%(1+ 3+%),and

Z:un/oo[min{l,(x—)/)(l'l n) ]f(x)d
1 Y

max{L, (x - y)(n - n)}

n=

1
q

< %{/yw(x — Y P (x) dx}ﬁ ;(71 - n)q_laz . (24)
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