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1 Introduction
The theory of dynamic equations on time scales, which follows Hilger’s landmark paper
[1], is a new study area of mathematics that has received a lot of attention. For example, we
refer the reader to monographs [2, 3] and the references therein. During the last few years,
some Lyapunov inequalities for dynamic equations on time scales have been obtained by
many authors [4-7].

In 2002, Bohner et al. [8] investigated the second-order Sturm-Liouville dynamic equa-

tion
() + g0 (£) = 0 1L1)

on time scale T under the conditions x(a) = x(b) = 0 (a,b € T with a < b) and g €
C:a(T, (0, 00)) and showed that if x(¢) is a solution of (1.1) with max;c[4 41, [%(2)| > O, then

/b (t)At>b_a
TR = e

where [a,blr={t € T:a<t<b}and C=max{(t —a)(b-t):t € [a,blT}.
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When T =R, (1.1) reduces to the Hills equation
x"(t) + u(t)x(t) = 0. (1.2)
In 1907, Lyapunov [9] showed that if u € C([a, b], R) and x(¢) is a solution of (1.2) satisfying

x(a) = x(b) = 0 and maxe[4p) |%(£)| > 0, then the following classical Lyapunov inequality
holds:

b
4
/ﬂ |u(t)|dt> o

This was later strengthened with |u(t)| replaced by u*(£) = max{u(t),0} by Wintner [10]
and thereafter by some other authors:

b
4
*(t)dt .
/ﬂu() >

Moreover, the last inequality is optimal.

When T is the set Z of the integers, (1.1) reduces to the linear difference equation
A2x(n) + u(n)x(m +1) = 0. 1.3)

In 1983, Cheng [11] showed that if a,b € Z with 0 < a < b and x(n) is a solution of (1.3)

.....

4(b-a)

b-2 ) ‘
Z|u(n)|> b-a)’-1 ifb—a—1iseven,
n=a = if b—a—1is odd.

b-a
The purpose of this paper is to establish several Lyapunov inequalities for the nonlinear
dynamic system

YA(0) = Ce)x(o (1)) [x(o )]1-2 + AT (2)y(0) 14)

{x%) = —A()x(o (1) - B)y(®)|VBOy ()P,
on a given time scale interval [a, bl (a,b € T with o (a) < b), where p,q € (1, +00) satisfy
1/p +1/q =1, A(2) is a real n x n matrix-valued function on [a, b]T such that I + u(£)A(t)
is invertible, B(t) and C(¢) are two real n x n symmetric matrix-valued functions on
la, b]T, B(t) being positive definite, A7 (¢) is the transpose of A(t), and x(¢), y(t) are two
real n-dimensional vector-valued functions on [a, b].

When n=1and p = g =2, (1.4) reduces to

x2(2) = u(®)x(o (2) + v(E)y(2),

() = —w(D(o (1)) - u®)y(0), 15)

where u(t), v(t), and w(t) are real-valued rd-continuous functions on T satisfying v(¢) > 0
forany ¢ e T.
In 2011, He et al. [12] obtained the following result.
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Theorem 1.1 ([12]) Let 1 — u(t)u(t) > O for any t € T and a,b € T* with o (a) < b. If (1.5)
has a real solution (x(t), y(t)) such that

x(a)=0 or x(a)x(a (a)) <0;

x(b)=0 or x(b)x(o(b)) <0; max !x(t)| >0,

tela,bl

then we have the following inequality:

b o (b) b 1/2
/\u(t)]A(t)+[/ V(t)A(t)/ w*(t)A(t)] > 2,

where w'(t) = max{w(t), 0}.
In 2016, Liu et al. [13] obtained the following theorem.

Theorem 1.2 Let p = q =2 and a,b € T with o(a) < b. If (1.4) has a solution (x(t), y(t))
such that

x(a)=x(b)=0 and tr{laglc xL(0)x(t) > 0, (1.6)

then for any n x n symmetric matrix-valued function C,(t) with Cy(¢) — C(t) > 0, we have
the following inequalities:

@

] |Gio|ar=1,

/ b 17" 1B(s)lleoa(o @),5) P AsIL )y, 1B($) leon(o (1)) As
4 fab |B(s)||leea(o(£),s)|>As

[ bl@(t)l{ [ 1s6)

eoA (a(t),s) |2A5}At >4,

b b 172 b 1/2
/|A(t)|At+</ |\/B(t)|2At) (f |C1(t)|At> > 2.

For some other related results on Lyapunov-type inequalities, see, for example, [14—23].
2 Preliminaries and some lemmas
Throughout this paper, we adopt basic definitions and notation of monograph [2]. A time
scale T is a nonempty closed subset of the real numbers R. On a time scale T, the forward
jump operator, the backward jump operator, and the graininess function are defined as

o(t)=inf{se T:s>t}, p(t)=sup{seT:s<t}, and wu()=0(t)-t

respectively.
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The point ¢ € T is said to be left-dense (resp. left-scattered) if p(£) = ¢ (resp. p(¢) < £).
The point ¢ € T is said to be right-dense (resp. right-scattered) if o () = ¢ (resp. o (£) > £). If
T has a left-scattered maximum M, then we define T* = T — {M}, otherwise TX = T.

A function f : T — R is said to be rd-continuous if f is continuous at right-dense points
and has finite left-sided limits at left-dense points in T. The set of all rd-continuous func-
tions from T to R is denoted by C,q(T, R). For a function f : T — R, the notation f” means
the composition f o 0.

For a function f : T — R, the (delta) derivative f2(¢) at t € T is defined as the number (if
it exists) such that for given any ¢ > 0, there is a neighborhood U of t with

If(0®) —f(s)-f2 D) (@) —5)| < e|o(t) -]

for all s € U. If the (delta) derivative f*(t) exists for every t € T, then we say that f is
A-differentiable on T.

Let F,f € Cq(T, R) satisfy FA(t) = f(t) for all £ € T*. Then, for any ¢,d € T, the Cauchy
integral of f is defined as

d
/ f(&)At = F(d) — F(c).
For any z € R” and any S € R"*” (the space of real #n x n matrices), write

|Sz]
|z| =27z and |S|= max —,
zeR",z0 |Z|

which are called the Euclidean norm of z and the matrix norm of S, respectively. It is
obvious that, for any z € R” and U, V € R"*",

|Uz| < [Ullz] and |UV]| < |U||V].

Let R?*” be the set of all symmetric real # x n matrices. We can show that, for any U €
R}’IX}’I
S ’

|U|= max |x| and |U?|=|U*
|AI-U|=0

A matrix S € Rl is said to be positive definite (resp. semipositive definite), written as
S>0 (resp. S > 0), if yTSy > 0 (resp. TSy > 0) for any y € R” with y # 0. If S is positive
definite (resp. semipositive definite), then there exists a unique positive definite matrix
(resp. semipositive definite matrix), written as +/S, satisfying [v/S]? = S.

In this paper, we establish Lyapunov inequalities for (1.4) that has a solution (x(z), y(¢))
satisfying

x@)=xb)=0 and max 27 (@)x()> 0. (2.1)

telably

We first introduce the following lemmas.
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Lemma 2.1 ([2]) Let1l/p+1/g=1(p,q € (1,4+00)) and a,b € T (a < b). Then, for any f,g €
Crd([a» b]T»R)»

b b > b :
/[f(t)g(t)|At§</ Lf(t)|pAt> (/ |g(t)|th) )

Lemma 2.2 Let a,b € T with a < b. Suppose that o, B,y,8 € R and p,q € (1, +00) with
alp+Blg=ylp+38lq=1/p+1/q=1. Then, for any f,g € Cr([a, b]T, (—00,0) U (0, 00)),

b b o 5/ b P s i
[ v<t>g(t>|m§( [ @ \g<t>\ym) ( [ ol g At) .

Proof Let M(t) = (f (0)|*|g(£)]”)? and N(¢) = (|f (£)|#|g(£)|?). Then by Lemma 2.1 we have

b b
/ [f (Dg(0)| At = / M@N(t) At

b 5/ b :
5(/ M%)At) (/ Nq(t)At>

b ., 5/ b 5 5 .
= (f I \g(t)\VAt) (/ IFO g @) At) :

This completes the proof of Lemma 2.2. d

Remark 2.3 Let y =0 in Lemma 2.2. Then we obtain that, for any f, g € Cq([a, b]T, (—00,
0) U (0,00)),

/ ogw]at < {t;}%mnﬁ]% ( / btfm\“m)}’ ( / blg(t>|’1m>%.

Lemma 2.4 ([2]) If A € Cq(T,R™") with invertible I + u(£)A(t), f € Ca(T,R"), ty € T,
and a € R”, then

x(t) = ega(t, to)a + / eoa(t, T)f(r)AT

Lo

is the unique solution of the initial value problem

:xA(t) =—A@x(o (£) +£ (D),

x(to) = a,

where (QA)(t) = —[I + n(t)A(t)] " A(t) for any t € TX, and e a(t, to) is the unique matrix-
valued solution of the initial value problem

YA(t) = (OA)()Y (1),
Y(to) =1.

Lemma 2.5 ([2]) Let A, B € Cq(T,R"*") be A-differentiable. Then

(A(t)B(t))A =A% (£)B2(t) + A% (£)B(t) = A (£)B° () + A(t)B2(¢2).
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Lemma 2.6 ([13]) If fi(£),£2(¢),....fu(t) are A-integrable on [a,b]T and x(t) = (f1(£),f2(8),
cerfu()), then

b n b 2 % b n % b
x(t)At’ ={ < ﬁ(t)At) } < { ff(t)} At= | |x@)|At.
/ X(/ [z J, o

Lemma 2.7 ([13]) IfA;,A; e R?" and A, — Ay > 0, then, for any x € R”,

() A” < |42 °.

3 Main results and proofs
In this section, we assume that «, 8 € R and p, q € (1, +00) satisfy

alp+Blg=1lp+1/q=1.
For any ¢, 7 € [a, b]T, write

F(t,1) = |e@A (o(t), r) | ‘\/B(‘L')
G(t) = |VB@y@®)|"*y" (£)B@)y(®) = |v/B@)y(®)

() g
CD(U(t)) = (/ F“(t,s)As) ,
; 3
V(o(2) = (/( )F"‘(t,s)As) ,

P(t)=®(c(2) V(o (2) max(t)Fﬂ(t, 7) max bFﬂ(t, 7),

o(t)<t=<

)

»
’

Qt) = @(o (2)) max(t)Fﬂ(t,r) +W (o (1)) (Itl)labeﬂ(t,t).

Theorem 3.1 Leta,b € T with o(a) < b and C; € R with C(t) — C(¢) > 0. If (1.4) has a
solution (x(t), y(t)) with x(t), y(t) € Ciq(T,R”) satisfying (2.1) on the interval [a, b]T, then

b p(y)

j ®|C1(t)|At >1. (3.1)

Proof Since (x(t), y(t)) is a solution of (1.4), we have
(7 (Ox(0)" = (+ (1) " O B )" - Go). (3.2)
Integrating (3.2) from a to b and noting that x(a) = x(b) = 0, we obtain
b b
/ G(t)At = / " ()] (2 (1)) " COx* (D) At

Noting that B(¢) > 0, we know that y” (¢£)B(¢)y(t) > 0, t € [a, b]r.
We claim that y” (£)B(£)y(t) # 0 (¢ € [a, b]1). Indeed, if y* (£)B(t)y(t) = 0 (¢ € [a, b]T), then

IVB@y )| =y (6)B@)y() =0,
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which implies B(¢)y(¢) = 0 (¢ € [a, b]). Thus, the first equation of (1.4) reduces to
x2(t) = —A(t)x(a(t)), x(a) = 0.

By Lemma 2.4 it follows
x(t) = eoa(t,a) - 0=0,

which is a contradiction to (2.1). Hence, we obtain that

b b
/ ()] (27 (1)) Cx” () At = f G(t)At >0, (3.3)

and it follows from Lemma 2.4 that, for ¢ € [a, b],
t
0 =~ [ eoalt, DBEHO|VBEO An

- /b con(t, DBV BOY(D) 2 A,

which implies that, for ¢ € [a, b)r,
0 2
() = - f con (0 (1), 7) B)y() |V B @) At

b
= +/ e@A(U(t),T)B(‘C)y(l’)’\/B(‘E)y(l')VFZAT.

®

Note that, for a < o (t) < b,

eoa(0(2), 7)B()y(0)|vB@)y()["|
eoa (o(t), r) ‘ ’B(t)y(t)’ |\/B(t)y(t) ’pfz
< F(t,7)|v/Bx)y(0)||vB@)y() |

=F(t,1)Gi(T).

=<

Then by Remark 2.3 and Lemma 2.6 we obtain

q

o(t)
27 (@)|* = / eoa (o (1), T)B(1)y(r) ’\/B(r)y(r)‘pszr

a(t)
= /
Ly a

- o) )
/ F(t,r)Gq(t)Ar]

q

() 2
(/ F"‘(t,r)At)

a(t) % a(t)
< max FB(L‘,‘L')</ F“(t,r)At) / G(1)AT,

a<t<o(t)

q
eoa(0(2),7)B()y(0)|B@)y(@)["| Ar}

q

IA

IA

o(t)
/ FP(t,71)G(r)AT
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that is,

o(t)
| t)|q< max FA(z, r)dJ(G(t))/ G(1)A~. (3.4)

a<t<o(t)

Similarly, for a < o (£) < b, we have

b
|x (t)|q <G(1tl)1ax FP(g, t)‘-IJ(G(t)) /()G(r)At. (3.5)

It follows from (3.4) and (3.5) that

e ()] < g((tt)) G(r)Ar.

Then by (3.3) and Lemma 2.7 we have

b
/ o) |5° (0| At
/ |Ci(2) |@At/ (t)At

f|C1(t)\ At/] 0| (" 0) " C)x (1) At
f|c1(t)|ﬁm/ |C1(8)| |« (0| At.

Since

b b b
/ |Ci(8)| ]2 ()| Ar = / [ (8)] " (+7 (1) T COx (8) At = / G(t)AL >0,

a

we get

b P()

Q(t) |C1(t)|At >1.

This completes the proof of Theorem 3.1. d

Corollary 3.2 Let a,b € T with o(a) < b and C, € R with C,(¢) - C(t) > 0. If (1.4) has
a solution (x(t), y(t)) with x(t), y(t) € Cra(T, R") satisfying (2.1) on the interval [a, b]T, then

b
/ Qi) At > 4. (3.6)

Proof Note that

Q) ~— 4 °

It follows from (3.1) that

b
/ ¥|C1(t)|mz 1,



Sun et al. Journal of Inequalities and Applications (2016) 2016:80 Page 9 of 13

that is,

b
| ewjcac=a
This completes the proof of Corollary 3.2. O

Corollary 3.3 Let a,b € T with o(a) < b and C, € R with C(t) - C(t) > 0. If (1.4) has
a solution (x(t), y(t)) with x(t), y(t) € Cra(T, R") satisfying (2.1) on the interval [a, b)T, then

b
f VP@)|Ci(t)| At = 2. (3.7)
Proof Note that
Q(8) = 2/ P(2).

It follows from (3.1) that

/b\/P(t)|C(t)|At>/b2@|C(t)|At>2
p B AT
This completes the proof of Corollary 3.3. g
Theorem 3.4 Let a,b € T with o(a) < b and C; € RP>" with C,(t) — C(¢) > 0. If (1.4) has

a solution (x(t), y(t)) with x(t), y(t) € Ca(T,R") satisfying (2.1) on the interval [a, b, then
there exists c € (a, b) such that

i [79 (0 (1)) maxyer <o) FA (1, DI G AL > 1, (3.8)

J2 W (6) max, g<c<p F (£, 7)| G ()| AL > 1.
Proof Set U(t) = ®(0 () Max,<;<o () FP(¢,7) and V(£) = V(0 (t)) max, (<< FP (¢, 7). Let
t b
f() = f U(S)|C1(S)‘AS - f V(s)|C1(s)’As.

Then we have f(a) < 0 and f(b) > 0. Hence, we can choose c € (a, b) such that f(c) < 0 and
f(o(0)) = 0, that is,

c b
/U(s)|C1(s)|As§/ V(s)|C1(s)|As (3.9)
and
o(c) b
/ U(s)|Ci(s)| As = / ()V(s)|C1(s)|As. (3.10)
By (3.4) we have that

o(t)
|Ci@)||x° (0)]" < U@)|Ci(D)] / G(r)At. (3.11)
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Integrating (3.11) from a to o (c), we obtain

ol(c) o(c) a(t)
/ |C1(t)||x"(t)|th5/ U(t)|c1(t)|</ G(r)At)At

c a(c)
5/ LI(t)]Cl(t)]At/ G(7)AT
o(c)
+L[(c)|C1(c)|(o(c)—c)/ G(1)AT
a(c) o(c)
=/ u(t)}Cl(t)\At/ G(1)AT.
Similarly, we obtain from (3.4) and (3.10) that
b b b
/ (o) ] )] At < / V(|| at / G(r)At
o(c) o(c) o(c)
al(c) b
5/ LI(t)]Cl(t)]At/ G(1)AT.

(©

This yields
b o(c) b
/ \Cl(t)Hx"(t)]thE/ LI(t)]Cl(t)]At/ G(t)At
o(c) b 42 r
= / U@)|CGit)|At / %7 (0)|" (57 (8)) C(0)2° () At
o(c) b
5/ LI(t)]Cl(t)]At/ |CL()| |2 (0] At
Since
b . b 42 .
/\Cl(t)Hx"(t)] Atz/ |27 (O] (27 (1) C(0)x° (£) At
b
:/ G@)At>0,

we have f:(c) U@)|Ci()|At > 1.
Next, we obtain from (3.5) that

b
2 @)|*|Ci(0] = V©)|Ci(0)] f( ) G(r)Ar. (312)

Integrating (3.12) from c to b, we have

b b b
[lewloracs [ V(t)|C1(t)|< [ G(t)Ar)At
c c o(t)

b b
S/C V(t)|C1(t)|At/U(C) G(r)AT.
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Similarly, we obtain

¢ ¢ o(c)

/\Cl(t)Hx"(t)\thE/ U(t)\cl(t)]At/ G(7)At
b o(c)

5/ V(t)|C1(t)|At/ G(r)AT.

This yields

b b b
/|C1(t)||x"(t)|th§/ V(t)|C1(t)|At/ G()At
b b 42 -
= / V(0)|Ci(o)| At / |7 @)|" (7 ()" C(Ox" (1) At
b b
5/ V(t)|C1(t)|At/ |C1(®)|[+° (0)|" At.

Thus, we have fcb V(£)|C1(¢)| At > 1. This completes the proof of Theorem 3.4. O

Theorem 3.5 Leta,b € T with o(a) < b and C, € R with C,(¢) - C(¢t) > 0. If (1.4) has a
solution (x(2), y(t)) with x(t), y(t) € Cia(T,R”) satisfying (2.1) on the interval [a, b]T, then

b 1 q
[ 1aw]a s {max| VB ) (f VB At) (f It t)|At> -
Proof Since x(a) = x(b) = 0, we have
b b
/ G(t)At = / I ()] (2 (1)) " COx* (V) At
It follows from the first equation of (1.4) that, for alla <t < b,
x(t) = / (—A(t)x |\/ (T |p7 T ) T
b
- / (A(0)x" () + B(x)|/B@)y(x)|" *y(x)) At
Thus, we have

x(0)| = / (CA@ () = BE)y(@) |V B@)y(@) > Ar

5/ |A(‘L’)xa(7,')+B(‘E)y(‘[)|\/B(‘L')j/(‘L')|p_2|A‘L'
5/ |A(T)x"(t)|Ar+/ |B(r)y(r)||\/B(r)y(r)|p_2At
5/ |A(‘L’)||x‘7(r)|A‘c+/ |VB(7)|G (r)At.
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Similarly, we have
b b .
|x(t)| 5/ \A(I)Hx"(r)iAt+/ |w/B(‘L')|G71(T)AT.
Then we obtain
b b )
|x(t)|§%|: [ awlwlacs [ |w/—B(t)|Gq(t)At]
b 1
%[ [ 14wl @]acs | max| EOP |

([ s (o)

b 1/ b 5
%U [A®|]2” ()| At + {arg?;ws(t)\ﬂ}” (/ y,/B(t)y“At)

A

b i
x ( / |x”(t)|q_2(x"(t))TC(t)x"(t)At) }
I i
5[/ lA®)|]2” ()| At + [E?;bws(t)\"]

x (f;h/%\“u)é (/ﬂb|C1(t)||x“(t)|th)%}.

Denote M = max,<;<p |x(£)| > 0. Then

IA

b 1/ b 5/ b i
Mg%u \A(t)}MAH{max\,/B(t)|5}q(fa }JB(;:)\“m) (/ |C1(t)|M‘1At) }

a<t<b

Thus,

1

b 1/ rb L/ b
/ ja)|ae+ { max |/B@)|"}” (/ |w/B(t)|aAt>P (/ |C1(t)|At> ">,
This completes the proof of Theorem 3.5. d
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