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Abstract

A new error bound for the linear complementarity problem when the matrix involved
is a B-matrix is presented, which improves the corresponding result in (Li et al. in
Electron. J. Linear Algebra 31(1):476-484, 2016). In addition some sufficient conditions
such that the new bound is sharper than that in (Garcia-Esnaola and Pefa in Appl.
Math. Lett. 22(7):1071-1075, 2009) are provided.
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1 Introduction
Given an n x n real matrix M and g € R”, the linear complementarity problem (LCP) is to

find a vector x € R” satisfying
x>0, Mx+q>0, Mx+q)Tx=0 1)

or to show that no such vector x exists. We denote this problem (1) by LCP(M, q). The
LCP(M, q) arises in many applications such as finding Nash equilibrium point of a bima-
trix game, the network equilibrium problem, the contact problem and the free boundary
problem for journal bearing etc.; for details, see [3-5].

It is well known that the LCP(M, q) has a unique solution for any vector g € R”" if and
only if M is a P-matrix [4]. Here a matrix M is called a P-matrix if all its principal minors

are positive. For the LCP(M, ), one of the interesting problems is to estimate

max

(I-D+DM)™|| ., )
del0,1]" 00

which can be used to bound the error ||x —x*||» [6], that is,

||x —x* || < max

-1
7 gefo1)” (I-D+DM) ||°°||r(x)“oo’

where x* is the solution of the LCP(M, q), r(x) = min{x, Mx + g}, D = diag(d;) with 0 <
d; <1foreachieN,d=[dy,ds,...,d,]T €[0,1]", and the min operator r(x) denotes the
componentwise minimum of two vectors.
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When the matrix M for the LCP(M, q) belongs to P-matrices or some subclass of P-
matrices, various bounds for (2) were proposed; e.g., see [2, 6-15] and the references
therein. Recently, Garcia-Esnaola and Pena in [2] provided an upper bound for (2) when
M is a B-matrix as a subclass of P-matrices. Here, a matrix M = [m;;] € R™” is called a
B-matrix [16] if for each i e N = {1,2,...,n},

1
Z my >0, and -— (Z m,-k) >my foranyje N andj#i.
keN n keN

Theorem 1 ([2], Theorem 2.2) Let M = [m;;] € R™" be a B-matrix with the form

M=B"+C, (3)
where
my—r - M, —rf rfooeeeory
B' = [byl = : : o C= S E 4)
Mg =1 o0 My —1, r r

and r} = max{0, my|j #i}. Then

1 n-1
max ||(I-D+DM)|  <—b>7,
defo,1]n min{B,1}

(5)

where ,B = minieN{ﬁi} Lll’ld /3,' = l’)”‘ — Zj;!i |b11|

It is not difficult to see that the bound (5) will be inaccurate when the matrix M has very
small value of min;en{b;; — Zjﬁ |b;j|}; for details, see [17, 18]. To conquer this problem, Li
et al., in [1] gave the following bound for (2) when M is a B-matrix, which improves those

provided by Li and Li in [17, 18].

Theorem 2 ([1], Theorem 2.4) Let M = [my;] € R*" be a B-matrix with the form M =
B* + C, where B* = [by] is the matrix of (4). Then

n i-1
max [(-D+Dany ' <Y "1 1%, ©
delo )"  min{Bi 1} 1 B

— ) i—1 bjj .

where ﬁ,’ = bii - Z;:H-l |bl1|ll(B+) Wlth lk(B+) = maxkgisn{ﬁ Z;[:k: |bl1|}, lll’ld l—Lli ﬂ% =1 lf
Jj#i

i=1

In this paper, we further improve error bounds on the LCP(M, g) when M belongs to
B-matrices. The rest of this paper is organized as follows: In Section 2 we present a new
error bound for (2), and then prove that this bound is better than those in Theorems 1
and 2. In Section 3, some numerical examples are given to illustrate our theoretical results

obtained.
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2 Main result
In this section, an upper bound for (2) is provided when M is a B-matrix. Firstly, some
definitions, notation and lemmas which will be used later are given as follows.

A matrix A = [a;] € C™" is called a strictly diagonally dominant (SDD) matrix if |a;| >
Z;;i laj| foralli=1,2,...,n. A matrix A = [a;] € R*" is called a nonsingular M-matrix if
its inverse is nonnegative and all its off-diagonal entries are nonpositive [3]. In [16] it was
proved that a B-matrix has positive diagonal elements, and a real matrix A is a B-matrix
if and only if it can be written in the form (3) with B* being a SDD matrix. Given a matrix
A =lay] € C™", let

! il = i, |ai]
ki
wi(A) = H}QX{wi,(A)}, )
laj| + Z};’(;/ﬂv |aik|wi(A)
m;;(A) = z , i)

||

Lemma 1 ([19], Theorem 14) Let A = [a;] be an n x n row strictly diagonally dominant
M-matrix. Then

n i-1
Al
“ ||oo = Z( ajj Zk i+1 |azk|mkt(A) H 1- MI(A)Z ))

i=1

where u;(A) = ﬁ Y lagl, 1(A) = man<z<n{“z T Z/ v lajl}, H; 1 W lifi=
and my;(A) is defined as in (7).

Lemma 2 ([17], Lemma 3) Let y >0 and n > 0. Then, for any x € [0,1],

1 - 1
1-x+yx ~— min{y,1}

and
™ n
l-x+yx "y

Lemma 3 ([18], Lemma 5) Let A = [a;] with a;; >
X € [O, 1],

1 lag| for each i € N. Then, for any

n
=i+

1-% + aix; aii

< .
1—u; +ajo; — Z;l:lq.l |azj|xi aji — Z;l:,u,l |ﬂij|

Lemmas 2 and 3 will be used in the proofs of the following lemma and Theorem 3.

Lemma4 Let M = [m;] € R*" be a B-matrix with the form M = B* + C, where B* = [b;] is
the matrix of (4). And let B}, =1 —-D + DB* = [l;ij] where D = diag(d;) with 0 < d; <1. Then

|bz'j|
wi(B5) <max{ ——————
l( D) T {bu - Zyli:jd, |bik|
ki
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and
mi(Bp) <vy(B') <1,
where w;(B}), my(Bp,) are defined as in (7), and

1 - [bin| })
vi(BY) = — | |bs| + bi| - maxy ———"——— .
i(B) by (' i Z(' Kl h?‘k{bkk_Zl/;zl, 1271

k=j+1,
k+i

Proof Note that

[Bh].. =5

= {l—di+dl'bil', i=j,
ij b

dibj, i#].

Since B* is SDD, bj; — Y i, |bik| > |b;| for each i # j. Hence, by Lemma 2 and (7), it follows

ki
that
|bij|di }
w;(B7,) = max{w;;(B}) | = max ,,
(B3) j#i twi (B)} j#i {l—di +bid;i =Y kg, |bikld;
k+i
|by] }
<max{ ————— <L (8)
j#i {bii - Zk;f;l, |Dix]

Furthermore, it follows from (7), (8) and Lemma 2 that for each i #j (j <i < n)

|byj| - d; + Z’Z;,;l, |bix] - d; - wi(Bp)
i(Bp) = -
Wl]( D) l—dl'+bn'~dl'

1 n
<5 ('bij| + Z ik | - Wk(BB))

k=j+1,
ki

1 - |bien })
< —\ bl + bi| -max{ ————
~ by (| 4 kz: (l g hitk {bkk = > lnn, 1bial

, Itk
= vy(B*)

1 n
< b—ﬁ<|b,,| £y |b,»k|) <1

k=j+1,
ki

The proof is completed. O
By Lemmas 1, 2, 3 and 4, we give the following bound for (2) when M is a B-matrix.

Theorem 3 Let M = [m;j] € R"" be a B-matrix with the form M = B* + C, where B* = [by]
is the matrix of (4). Then

n i-1
n-1 b;i
max |[((=D+DM)'| <Y ——— |12, 9
del0,1]" ( ) ||oo - ; min{ﬁi,l} !:1[ ,3/ ( )
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where B\, =bi—Y ) il |bi| - vii(B*) with vi;(B*) is defined in Lemma 4, B; is defined in
Theorem 2, and ]_[’ L2 4 =1lifi=1

Proof Let Mp =I1—D + DM. Then
Mp=I-D+DM=1-D+D(B" +C) =B}, + Cp,

where B}, =1-D + DB* = [I;,j] and Cp = DC. Similarly to the proof of Theorem 2.2 in [2],
we find that B}, is an SDD M-matrix with positive diagonal elements and that

|75 < 12+ (B5) " Co) [ (B5) e = (=) (B5) .- (10)

Next, we give an upper bound for [|(B},)™ |- By Lemma 1, we have

n i-1
D7 < 1 , (1
”( b) ||°° - 2(1 —di+bid; =Y 1 |bikl - di - myg(Bp) 11— M;(BB)I (B}, )) )

i= i1

where
" |bild;
(By) = = =y
D 1- d +b]1d D k<1<n 1- d +b”d

and
|biil - dic + YL, |bial - dic - wi(BP)
(By) = i
° 1—dy + by - dy
1bypldy

with w;(B},) = max .
1(Bp) = (i dp+bydi=Y""_p 0 1bisldy

By Lemmas 2 and 4, we can easily see that, for eachi e N,

1 1
<
1- d + bzzd Zk i+1 |btk| d mkz(B ) - min{bii - ZZ:HI |bik| . mki(BB)) 1}
1
< — 7
min{b;; — Y ;_;q bkl - via(B*), 1}
1
== (12)
min{g;, 1}
and that, for each k € N,
Z%k |bj;ld; L
I (B}) = 7 1< — byl t =k (BY) < 1. 13
o) pos{ i = | -6 ®
i
Furthermore, according to Lemma 3 and (13), it follows that, for each j € N,
1 1-d;+ byd; bj
+ J] (14)

1—wBp)(BY) ~ 1—dj+ byd;— > i1 bl - ;- 1(3)—5,
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By (11), (12) and (14), we have

n i-1

-1 1
||( D) ||oo = min{B,, 1} * ;(mln{ﬁn 1} ) "

The conclusion follows from (10) and (15). O

;05'|§N

j=1

The comparisons of the bounds in Theorems 2 and 3 are established as follows.

Theorem 4 Let M = [m;j] € R™" be a B-matrix with the form M = B* + C, where B* = [b;]
is the matrix of (4). Let B; and B; be defined in Theorems 2 and 3, respectively. Then

"on-1 = b/”
Z m1n{ﬂ,,1} 1_[ = Z mm{ﬁ,,l} 1_[ ,3

Proof Note that

Bi = bii - Z |b;j|1;(B*), Bi=bi - Z |bi|vii(B),

J=i+l k=i+1
and B* is a SDD matrix, it follows that for each i #j (j < i < n)

n

1 bl })
vi(BY) = —| |b;i| + b; max _—
I( ) bii <| ]| Z (| k| {bkk_Zl h+1 |bkl|

k=j+1,
ki

< Z [Dix]

tt k=),
ki

5}32{ Zlblkl}

ll k=j
ki

Hence, for each i e N
Bi = b — Z |bi|vii(B*) > bii — Z |bixlli(B*) = Bis
k=i+1 k=i+1
which implies that

1 1
~— < ——.
min{f;,1} = min{f;1}

This completes the proof. d

Remark here that, when f; <1 for all i € N, then

1 1
min(B, 1} min{B,1}’
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which yields

n n-1 i-1 b n n—1 i-1 b
e min(B,1) 4L By A min(p1) i B
Next it is proved that the bound (9) given in Theorem 3 can improve the bound (5) in

Theorem 1 (Theorem 2.2 in [2]) in some cases.

Theorem 5 Let M = [m;] € R*" be a B-matrix with the form M = B* + C, where B* = [b;]
is the matrix of (4). Let B, B; and B; be defined in Theorems 1, 2 and 3, respectively, and let
a=1+y", ]_[;j %’1’ and B = minyen {B;). If one of the following conditions holds:

(i) :B;> land o < %L\

(i) B<landaB<pB,
then

3" 1 ”lbﬂ< n-1
— min(B, 1} | | f; ~ min{p,1]

Proof When B>land o< %, we can easily get

n 1 i-1 b n -1 -1
Z ni 1_[ Z 1_[ (n-1a < < n—
=) min{f;, 1} i B mln{ﬂ 1} 45 i1 B min{p,1}
Similarly, for 3 <land af < /’3\, the conclusion can be proved directly. O

3 Numerical examples
Two examples are given to show that the bound in Theorem 3 is sharper than those in

Theorems 1 and 2.
Example 1 Consider the family of B-matrices in [17]:

15 05 04 05
-01 17 07 06
k
08 -01X 18 07
0 07 08 18

My =

where k > 1. Then My = Bf + Cy, where

1 0 -01 0
5| 08 1 0 -01
k k
0 -01%-08 1 -01
-0.8 -0.1 0o 1

Z _ 90k+91 gz _ 2 _1 A _ 820k+828
10 k+1 ’ /31 Ba = 100k+100° B3=0.99, B =1, p1 = 900k+900

,62 =0.99, ,33 =1and ,34 = 1. Then it is easy to verify that M satisfies the condition (ii) of

By computations, we have g =
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Theorem 5. Hence, by Theorem 1 (Theorem 2.2 in [2]), we have

o 4-1
max |(I-D+DM)"| < ————=30(k+1).
delo,1]* ™ min{g,1}

It is obvious that
30(k +1) — +00, when k — +00.
By Theorem 2, we find that, for any k > 1,

I—-D+DM;)™"
e |(=D+ DM

( 1 1 1 1 1 1 )

<3|l =+= =+t = ==+ ===

B B2 B Bz BB BiBBs

{100k +100 N (100k + 100)? N 2(100k +100)?
90k + 91 (90k +91)2  0.99(90k + 91)2

) <14.5193.

By Theorem 3, we find that, for any k > 1,

I—-D+DM;)™"
Jax, | -D+ DM

( 1 1 1 1 1 >
<3| =+ —+==+—==—=
B B B BB BiBaBs
900k +900  (100k +100)  1.99(100k + 100)?
3 + +
820k + 828  0.99(90k + 91) 0.99(90k + 91)2

100k +100  (100k +100)>  2(100k + 100)?
+ + .
90k + 91 (90k +91)2  0.99(90k + 91)2

In particular, when k =1,

900k +900  (100k +100)  1.99(100k + 100)?
+ n ~213.9878,
820k + 828  0.99(90k +91)  0.99(90k + 91)2
100k +100  (100k +100)>  2(100k + 100)?
+ + ~14.3775,
90k + 91 (90k +91)2  0.99(90k + 91)2
and the bound (5) in Theorem 1 is
4-1
——— =30(k+1) =60.
min{g,1}
When k = 2,
900k +900  (100k +100)  1.99(100k + 100)?
+ + ~ 14.0265,
820k + 828  0.99(90k +91)  0.99(90k + 91)2
100k +100  (100k +100)>  2(100k + 100)?
+ + ~ 14.4246,
90k + 91 (90k +91)2  0.99(90k + 91)2

Page 8 of 10
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and the bound (5) in Theorem 1 is

4-1

—_— = 30(/( + 1) =90.
min{g,1}

Example 2 Consider the following family of B-matrices:

|

where ‘f L <a<1land 21_:’: < k <1. Then My = B, + C with C is the null matrix.

PN

By simple computations, we can get

Bo=r  h=7 and ph=7
2= 7 l_k an ﬁz—k'

It is not difficult to verify that M satisfies the condition (i) of Theorem 5. Thus, the bound
(6) of Theorem 2 (Theorem 2.4 in [1]) is
2 by kel

Z m1n{ﬂ,,1} Bj T 1-a?

which is larger than the bound

1 Kk
min{g,1} “1-a

given by (5) in Theorem 1 (Theorem 2.2 in [2]). However, by Theorem 3 we can get

max_[(I-D+DM)™ | < 2—612,
del0,1)2 * " 1-a?

which is smaller than the bound (5) in Theorem 1, i.e.,

In particular, when a = % and k = g, the bounds in Theorems 1 and 2 are, respectively,

1 k 360

min{g,1} T1-a 81

and
2

Z ﬁ@ k+l _ 425
mm{ﬂ,,l} B 1-a> 81’

i=

while the bound (9) in Theorem 3 is

22: by _2-a® 306
mln{ﬂl,l} i1 :3] T 1-a? 81’

i=
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These two examples show that the bound in Theorem 3 is sharper than those in Theo-
rems 1 and 2.

4 Conclusions

In this paper, we give a new error bound for the linear complementarity problem when
the matrix involved is a B-matrix, which improves those bounds obtained in [2] and [1].
Numerical examples are given to illustrate the corresponding results.
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