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1 Introduction
Let C be a nonempty closed convex subset of a Hilbert space H. A subset C C H is called
proximal if for each x € H there exists an element y € C such that

lx — y|| = dist(x, C) = inf{ lx—z||:z€ C}.

We denote by CB(C) and P(C) the collection of all nonempty closed bounded subsets and
nonempty proximal bounded subsets of C, respectively. The Hausdorff metric H on CB(H)
is defined by

H(A, B) := max { sup dist(x, B), sup dist(y, A) },
xcA yeB

for all A,B € CB(H).
Let T : H — 2 be a multivalued mapping. An element x € H is said to be a fixed point
of T, if x € Tx. The set of fixed points of T will be denoted by F(T).

Definition 1.1 A multivalued mapping 7 : H — CB(H) is called

(i) nonexpansive if

H(Tx, Ty) < llx-yll, xy€H.
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(i) quasi-nonexpansive if F(T) # ¥ and H(Tx, Tp) < ||lx — p|| for all x € H and all
pEF().

Recently, J. Garcia-Falset, E. Llorens-Fuster and T. Suzuki [1] introduced a new condition

on singlevalued mappings, called condition (E), which is weaker than nonexpansiveness.

Definition 1.2 A mapping T : H — H is said to satisfy the condition (E,,) provided that
e =Tyl < pllx = Txl + lx = yll, %,y €H.
We say that T satisfies the condition (E) whenever T satisfies (E,) for some p > 1.
Now we modify this condition for multivalued mappings as follows (see also [2]):

Definition 1.3 A multivalued mapping T : H — CB(H) is said to satisfy the condition (P)
provided that

H(Tx, Ty) < pdist(x, Tx) + nllx - yll, xy€H,

for some w,n > 1.

It is obvious that every nonexpansive multivalued mapping satisfies the condition (P).
The theory of multivalued mappings has applications in control theory, convex optimiza-
tion, differential equations and economics. Theory of nonexpansive multivalued map-
pings is harder than the corresponding theory of nonexpansive single valued mappings.
Different iterative processes have been used to approximate fixed points of multivalued
nonexpansive mappings (see [3—8]). Let ® be a bifunction from C x C into R, where R is
the set of real numbers. The equilibrium problem for ® : C x C — Riis to find x € C such
that

Px,y) >0, VyeC.

The set of solutions is denoted by EP(®). It is well known that this problem is closely re-
lated to minimax inequalities (see [9] and [10]). The equilibrium problem includes fixed
point problems, optimization problems and variational inequality problems as special
cases. Some methods have been proposed to solve the equilibrium problem, see, for ex-
ample, [11-14].

Recently, many authors have studied the problems of finding a common element of the
set of fixed points of nonexpansive single valued mappings and the set of solutions of an
equilibrium problem in the framework of Hilbert spaces: see, for instance, [15-29] and the
references therein. In this paper, a new iterative process by the hybrid projection method
is constructed. Strong convergence of the iterative process to a common element of a set of
common fixed points of a finite family of multivalued mappings satisfying the condition
(P) and the solution set of two equilibrium problems in a Hilbert space is proved. Our

results generalize some results of Tada, Takahashi [15] and many others.
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2 Preliminaries

Let us recall the following definitions and results which will be used in the sequel.

Lemma 2.1 ([6]) Let H be a real Hilbert space. Then for i,j =1,2,...,k we have
larxs +asxs + - + arx|® < arloal|® + aalla|® + - - - + agllxell® — aiaylla — ;1>
Sor all x;,x; € H and a;,a; € [0,1] with ZL a; =1

Let C be a closed convex subset of H. For every point x € H, there exists a unique nearest

point in C, denoted by Pcx such that
lx—Pex|| < llx—yll, VyeC.

P¢ is called the metric projection of H onto C. It is well known that P¢ is a nonexpansive

mapping.

Lemma 2.2 ([16]) Let C be a closed convex subset of H. Given x € H and a point z € C.
Then z = Pcx if and only if

x—2z,z-y9 >0, VyeC.

Lemma 2.3 ([30]) Let C be a closed convex subset of H. Then for all x € H and y € C we
have

ly = Pex|)? + llx - Pexl|* < |l - yII*.

For solving the equilibrium problem, we assume that the bifunction & satisfies the fol-
lowing conditions:

(Al) ®(x,x)=0foranyxe C,

(A2) @ is monotone, i.e., P(x,y) + P(y,x) <0 for any x,y € C,

(A3) @ is upper-hemicontinuous, i.e., for each x,5,z € C,

limsup ®(tz + (1 - H)x,y) < P(x,),

t—0*

(A4) ®(x,-)is convex and lower semicontinuous for each x € C.

The following lemma was proved in [11].

Lemma 2.4 Let C be a nonempty closed convex subset of H and let ® be a bifunction of
C x C into R satisfying (A1)-(A4). Let r > 0 and x € H. Then, there exists z € C such that

1
D(z,y)+-(y-zz-x)>0 VyeC.
r

The following lemma was given in [14].
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Lemma 2.5 Assume that ® : C x C — R satisfies (A1)-(A4). For r > 0 and x € H, define a
mapping T, : H — C as follows:

1
Tyx = {zeC:(D(z,y)+—(y—z,z—x) ZO,VyeC}.
r

Then, the following hold:
(i) T, is single valued;
(ii) T, is firmly nonexpansive, i.e., for any x,y € H,

”Trx_ Try||2 E (Trx_ Tr ,X—J/);

(iit) F(T,) = EP(D);
(iv) EP(®) is closed and convex.

The following lemma was proved in [31] for nonexpansive multivalued mappings. The
statement is true for quasi-nonexpansive multivalued mappings as well. To avoid repeti-

tion, we omit the details of the proof.

Lemma 2.6 Let C be a closed convex subset of a real Hilbert space H. Let T : C — CB(C)
be a quasi-nonexpansive multivalued mapping such that T (p) = {p} for all p € F(T). Then
F(T) is closed and convex.

Now, following Shahzad and Zegeye [3], we remove the restriction T'(p) = {p} for all
p € F(T).Let T: C — P(C) be a multivalued mapping and

Pr(x) ={y € Tx: |lx — y|| = dist(x, Tx)}.

We use a similar argument as in the proof of Lemma 3.1 in [31] to obtain the following
lemma.

Lemma 2.7 Let C be a closed convex subset of a real Hilbert space H. Let T : C — P(C)
be a multivalued mapping such that Py is quasi-nonexpansive. Then F(T) is closed and

convex.

Note that for all p € F(T), Pr(p) = {p}. We remark that there exist some examples of
multivalued mappings for which Pr is nonexpansive (see [3] for details), so that the as-
sumption on T is not artificial.

3 The main result

Theorem 3.1 Let C be a nonempty closed convex subset of a real Hilbert space H, ®;
and ®, be two bifunctions of C x C into R satisfying (A1)-(A4). Let T; : C — CB(C), (i =
1,2,...,m), be a finite family of quasi-nonexpansive multivalued mappings, each satisfying
the condition (P). Assume further that F = (-, F(T;) N EP(®1) N EP(®,) # ¥ and T;(p) =
{p}, i=1,2,...,m), foreach p € F. For Cy = C, let {x,} and {u,} be sequences generated by
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the following algorithm:

x9 € C,

uy € C such that ®1(u,,y) + %(y— Uy, Uy —%y) > 0; VyeC,
u,, € C such that ®y(u,y) + i y—u,u,—x,) >0, VyeC,
Vi = Stk + (1 = 8t

Wn = ApoVn + AniZp1 + - + ApmZnms

Vn = buoVn + bp1z,, + -+ bumz,

Cri={veC,: lyn =vII < ll%, - v|l},

%Xps1 =P, %0: Vn >0,
where z,; € Tivy, z,,; € Tiw, for i =1,2,...,m. Assume that {a,;}, {bu;}, (8.} and {r,}, {su}
satisfy the following conditions:

(l) {“n,j}: {bn,j}’ {Sn} - [dr b] C (07 1) (} =0,1,2,..., }’}’l),

(ii) {ru},{s,} C (0,00), and liminf,_, o, r, > 0 and liminf,_, . s, > 0.

Then, the sequences {x,} and {v,} converge strongly to Prx.

Proof First, we show that F C C, for all » > 0. Fix g € F. We set
@ 1
T x)=12z€C:Pi(z,9) + - (y—2,z-%) > 0Vye Cy.
r

Hence we have u,, = T,q;lxn and u), = Tf;zx,,. By Lemma 2.5, we have
ltn = qll = | Toew — T3 q | < I — 4l

and
l, - = | 7522, - T2 < llxs - qll,

which implies that
1vn = qll < 8ulltt = qll + A = 8,) |1, — q| < llxa ~ql.

Since T; is quasi-nonexpansive, for i =1,2,...,m, we have

lwn —qll = llanovn + @n1zu1 + - + AnmZnm — 4|l
< anollve = qll + anallzug — gl + -+ - + @nm | Znm — 4l
< anollxn —qll + an1 dist(z,1, T1q) + - - - + @y dist(Z i, Tinq)
< anoll%n = qll + an H(T1vy, T1q) + - - - + @nyuH (TinVin, Tinq)
< anoll%n = qll + @anillve =gl + - + anmllve —qll

= an,OHxn - q” + ﬂn,lnxn - qll t--t an,m”xn - 6]|| =< ”xn - 61||,
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and also

lyn = qll = |buova +buizyy + - + bumz,,, — 4|
< buolva =gl +bur |21 =gl + -+ + bum |2, — 4|
< bupll%n — gll + by dist(z),1, Trq) + - - + by dist(2], ., Tinq)
< buollxn — qll + by H(T1wy, Trg) + -+ - + by H(T,uwy, T1nq)
< buollxn —qll + b llwn —gll + -+ - + byl W, —q|

= bn,OHxn —qll + bn,lnxn —qll+---+ bn,m”xn —qll < llxq —4ll.

Therefore g € C,,, which implies that

m
F =(\E(T) NEP(®1) NEP(®y) C C,, forall n> 0.

i=1
We observe that C,, is closed and convex (see [32]). Now we show that lim,,_, o [|%,; — %o ||
exists. By Lemma 2.6 we have F is closed and convex. Put w = Prx,. From x,, = Pc,x, and
%41 € Cyi1 C C,, we have

”xn _xOH = ||xn+1 _xOH'
Also from w € F C C,, and x,, = Pc,x, for all n > 0, we get that

%, = xoll < [lw—%0ll.
It follows that the sequence {x,} is bounded and nondecreasing. Hence the limit
lim,,, oo [, — %ol exists. We show that lim,,_, %, = u € C. For k > n we have x; = Pc,xo €
Ck C C,,. Now by applying Lemma 2.3 we have

2 2 2
lx = 2l < llxex = %0l = 1%, — %o |~

Since lim,,_,  ||%, — xo|| exists, it follows that {x,} is a Cauchy sequence, and hence there
exists u € C such that lim,_, » x,, = u. Putting k = n + 1, in the above inequality we have

lim %41 — x4 = 0.
n— 00
From x,,,; € C,..1, we have
yn = Xt ll < %0 = Xnsr s

so thatlim,,—, o0 ||¥s — %411l = 0. This implies that lim,,_, o ¥, = . Take g € F. By Lemma 2.1,
for each 1 <i < m, we have

2 2
Wy —qll™ = | @noVn + @n12n1 + -+ + AnmZnm — 4l

2 2
< anollve —qll” + anillzny — 4l
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2 2
+oot Ayl znm — 7 = @ni@noll Vi — Zn,il]
2 : 2
< anollva = qll* + any dist(z,,1, T19)
. 2 2
+- Y anm dlSt(zn,m: qu) — A, il Vi — Znil
2 2
< anollve —qll” + ﬂn,lH(Tle qu)
+ oot Ay H( TV, Trn)? = AoV — 2l
nm mVns L m n,i@nol|Vn — Zn,i
2 2
< anollve —qlI” + anallve — 4l
2 2
oot Ay llVi = qll° = @ni@no Vi — Znill

2 2
< vu=qll” = ani@nollvi = zunill*,
and also

Uy = ql® = [Buove + busZps + -+ + bumZy — |

< buolvi =gl + by | 2o = |+ + | 2o — |
< buollva—qll* + by dist(2), qu)2 +oo t by dist(z),,,, qu)2

= bn,OHVn - 61||2 + bn,lH(lem qu)2 L bn,mH(Tme qu)2

2 2 2
Ebn,OHVn_q” +bn,1||wn_q” +"'+bn,m||wn_q”
< b _ 2 b _ 2 . b _ 2
= n,O”Vn q” + n,l”vn q” + + n,m”Vn fI||

2
- bn,ian,ian,o ” Vi — Zn,i ”

2 2
<%, — gl = bn,ian,ian,n Vi =zl "
So we have that

2 2 2
a b”Vn - Zn,i” =< bn,ian,ian,anvn - Zn,i”
2 2
< va—ql® = lly. -4l

< lxw—aql® = llya —ql*,
which implies that
lim ||v, -z, =0, fori=12,...,m.
n—0o0
Hence

lim dist(v,, Tyv,) < lim v, -z, =0 (i=1,2,...,m).
n—00 n—00

As above u,, = T,q;lxn so that

Ity —qll? = | T %, - Tg]

< (Tt = T3 .20 - q)

Page 7 of 13
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= Uy —q, %0 — q)

%(nun =g + 11 = q1* = Il — 24 ]1*)
and hence

lltn = ql1* < 1% = qlI> = 1% — 1. 2)
And also by «/, = T2, we have

[, =al* = | 7325, - 4]
= (T:izxn - qu,qu’ Xy — q)

= (u; — 4 %n _q>

1
(=l + 1=l = -, )

and hence

IA

6, — q|* < I = ql> = |20 — 11, . a)
Now we use (2) and (3) to obtain

v = ql® < 8ullien — qll> + 1= 8,)]|u, — g

< 112 = qI1” = 8yl — s 1? = (1= 8,) 6, — 24, |
It follows from (1) and the last inequality that
Iy = qll® < v = qlI* < %0 = q11* = Sulloen — > = (1 = 8,) || % — 11, ||2
So we have

I1? < % = qll* = llyn - qlI?,

alloy — tnll® < 8ullxn — 14y
and

(=) — 16, | < =8 6w — 26| < Dl — 11 = 1y — g1
Since limy,—, o %, = lim,_, o ¥, = 4, we obtain that

Jim sy — 2] = lim ||z, 2] =0,

which implies that

lim ||v, —x,]| =0.
n— 00
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Since lim,,_, » ||Vy — %, =0, for i =1,2,...,m, we obtain that

diSt(xm Tlxn) =< ”xn - Vn” + diSt(Vm Tivn) + H(TiVm Tixn)

<M+ D|lxy — vull + (0 + 1) dist(v,, T;v,) > 0 asn— oo. (4)
We observe that u € (%, F(T}). Indeed,

dist(u, Tiu) < |u —x,| + dist(x,, Tix,) + H(Tx,, T;u)
< (m+1)lu—x,| + (u+1)dist(x,, Tix,) > 0 asn— o0,
which implies that u € ([, F(T;). Let us show that u € EP(®;) N EP(P,). From

. . . o
lim,,_, o %, = # and lim,,_, o5 ||, — #,, || = 0, we have u,, — u as n — o0. Since u,, = T,, %, we

obtain

1
¢1(”m3’)+ _(y_un,un_xn> ZO VyGC.
1,

n
From (A2), we have

1

V_ (y — Uy, Uy _xn> > ch(yy Mn)’
n

and hence

<y_ Uy, unr_x”> = CDI(y’ un)

n

Since

Uy —Xn

— 0,
Ty

and u,, — u, from (A4) we have
0> ®1(y,u), VyeC.

Fort e (0,1] and y € C, let y, = ty + (1 — £)u. Since y,u € C, and C is convex we have y, € C
and hence ®;(y;, u) < 0. So, from (A1) and (A4), we have

0=21(5y:) <tP1(y,,9) + A - ) P1(y, 1) < tP1(y1, ),

which gives ®1(y;,y) > 0. From (A3) we have 0 < ®;(1, %), Vy € C and hence u € EP(P,).
Similarly, we have u € EP(®;). Now we show that u = Prxy. Since x, = Pc,xo, by
Lemma 2.2 we have

(z=%xp,%0 —x,) <0, VzeC,.
Since u € F C C, we get
(z—u,x0—u) <0, VzelF.

Now by Lemma 2.2 we obtain that u = Prx. d

Page9of 13
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By substituting Pr, by T; and using a similar argument as in Theorem 3.1, we obtain the
following result.

Theorem 3.2 Let C be a nonempty closed convex subset of a real Hilbert space H, ®;
and ®, be two bifunctions of C x C into R satisfying (Al)-(A4). Let T; : C — P(C),
(i=1,2,...,m) be a finite family of multivalued mappings such that each Pr, is quasi-
nonexpansive and satisfies the condition (P). Assume further that F = (., F(T;) N
EP(®1) NEP(®,) #D. For Cy = C, let {x,} and {v,} be sequences generated by the following
algorithm:

X0 € C,

uy, € C such that ®1(u,,y) + i(y— Uy, Uy —xy) > 0; VyeC,
u,, € C such that ®,(u,,y) + i (y—u,,u,—x,)>0; VyeC,
Vi = Sty + (1= 8,)tty5

Wn = AnoVn + AniZpi + - + AumZnm

Vn = bV + bp1z,, + -+ bumZ,

Con={veCullyn—vIl < llxu —VvI},

Xn+l = PC,,Hle : Vn>0,

where z,; € P1,(vy), z,,; € Pr,(wy) for i =1,2,...,m. Assume that {a,;}, {by;}, {8,} and {r,},
{s,.} satisfy the following conditions:

(l) {an,j}, {bn,}'}: {8}1} C [d, b] C (0’ 1) (] = 0, 1’ 2, ey Wl),

(i) {r.},{s.} C (0,00), and liminf,_, o r, > 0 and liminf,_, o s, > 0.

Then, the sequences {x,} and {v,} converge strongly to Prx.
As a result, for single valued mappings we obtain the following theorem.

Theorem 3.3 Let C be a nonempty closed convex subset of a real Hilbert space H and
@, and O, be two bifunctions of C x C into R satisfying (A1)-(A4). Let T; : C — C (i =
1,2,...,m), be a finite family of quasi-nonexpansive mappings, each satisfying the condition
(P). Assume further that F = (2, F(T;) N EP(®;) N EP(®P,) # Y. For Cy = C, let {x,} and
{vy} be sequences generated by the following algorithm:

x0 € C,

uy € C such that ®1(u,,y) + %(y— Up Uy —xy) > 0;  VyeC,
u,, € C such that ®,(u),y) + é (y—u,,u,—x,)>0; VyeC,
Vi = Sty + (1= 8,)tty5

Wy =anoVy+ a1 D1V + -+ apm TV

V= buoVn + i Tiwy + -+ - + by TyWy,

Con={veCullyn—vIl < llxu —vIl},

Xni1 =Pc, %0: VYn>0.

Assume that {a,;}, (b}, 8.} and {r,}, {s,} satisfy the following conditions:
(i) {ﬂn,j}, {bn,j}: {5;1} - [a: b] C (0, 1) (/ =0,1,2,.. .,Wl),
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(ii) {ru},{s.} C (0,00), and liminf,_, o, r, > 0 and liminf,_, s, > 0.

Then, the sequences {x,} and {v,} converge strongly to Prx.

Theorem 3.4 Let C be a nonempty closed convex subset of a real Hilbert space H. Let
T;: C— P(C) (i=1,2,...,m), be a finite family of multivalued mappings such that Pr, is
quasi-nonexpansive and satisfies the condition (P). Assume further that F = (.-, F(T;) # 0.
For Cy = C, let {x,,} be the sequence generated by the following algorithm:

x()EC,

Wy =apoXn + Ap1Znl + - + AumZnm

/
n,m’

/
Yn = buoXn + bu12, 1 + -+ bymz

Crn={veCu:llyn—vIl < llxu —vII},

Xp1=Pc, %0 YVn=0,

where z,,; € Pr,(x,), 2,,; € Pr,(wy,) fori =1,2,...,m. Assume that {a,}, {b,;} C [a,b] C (0,1)
(7=0,1,2,...,m), Then, the sequence {x,} converges strongly to Prx.

Proof Putting ®;(x,y) = ®5(x,y) =0 for all x,y € C and r,, = s, = 1 in Theorem 3.2, we
have u, = u), = x, and hence v, = x,. Now, the desired conclusion follows directly from
Theorem 3.2. O

Now, we supply an example to illustrate the main result of this paper.

Example 3.5 We consider the nonempty closed convex subset C = [0,5] of the Hilbert

space R. Define two mappings 77 and T, on C as follows:

X X

Tl(x): I:g’_]’ TZ(x):

[0,2], x5,

{1}, x=5.

We note that 77 and T are quasi-nonexpansive mappings satisfying the condition (P), (for
details, see [2]). Also we define two bifunctions ®; and ®, as follows:

®;:Cx C—R, D,:Cx C—R,
®1(x,y) =y —x, Dy (x,9) =y + xy — 2%

It is easy to see that ®; and @, satisfy the conditions (Al)-(A4). If we put r, =5 and s, = 1,

then u,, = Trflxn =0and u, = qu,flxn = 3;::1 = % (for details, see [26]). Put a,,; = by, =

1
3
fori=0,1,2and §, = % For any arbitrary xy € C we have

X0 t Yo
C = {veC:IyO—vl < |x0—V|} = |:O, 5 :|
Since ®320 < xy, we obtain that
X0 + Yo
X1 =PC1x0 = .

2
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By continuing this process we obtain

X+
Coni = {vE Cutlyn— v < ltu —vl} = [oTy]
and hence
X+
Xn1 = Pc,, %0 = %

Now, we have the following algorithm:

XOGC,
X
Vnzgn,

zni € Ti(vy), i=1,2,

1

1 1
wy, = 3V,, + §Zy,,1 + EZ,,,Q,

/ .
z,, € Tiwy,, =12,

_1 1,/ 1,/
Yn = gvn + gzn,l + gzn,z,

X1 = 252 Vn>0.

/

Putting z,,1 = 2,2 = % and z,,, = z,,, = "2 we get that

Xn+l =

679 < 679

n+l
Xy X9, VYn>0.
1,296 1,296

We observe that for an arbitrary x¢ € C, x,, is convergent to zero. We note that 7 = F(T7) N
F(T,) N EP(®;) NEP(D,) = {0}.

Remark 3.6 Since every nonexpansive mapping is quasi-nonexpansive and satisfies the
condition (P), our results hold for nonexpansive mappings.

Remark 3.7 Our results generalize the results of Tada and Takahashi [15], of a nonex-
pansive single valued mapping to a finite family of generalized nonexpansive multivalued

mappings.
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