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The determination of GRG for linear groups was mentioned as an open problem by Brown et al. (1987).
Hannebauer focused on the nonabelian tensor square of SL(2, q), PSL(2, q), GL(2, q) and PGL(2, q) for
all g2 5 and g =9 in a contribution of 1990. The aim of this paper is to determine the nonabelian tensor
square GQG for these groups up to isomorphism by the use of the commutator subgroup and Schur

multiplier.
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INTRODUCTION

For a group G, the nonabelian tensor square G® G is the
group generated the symbols g®h and defined by the
relations

9g'®h=(g®°h)(g®h), gRhh'=(gRh)("gR"h).

for all g, g', h, h'e G, where 9%G'=gg'g "'. The nonabelian
tensor square is a special case of the nonabelian tensor
product which has its origin in homotopy theory and was
introduced by Brown and Loday (1984, 1987). The
exterior square GAG is obtained by imposing the
additional relations g®g =1g for all geG on G®RG. The
commutator map induces homomorphisms k : g®h €
G®G — k(g®h)=[g, h € G'and k' : gh\h € GAG —
k'(g\h)= [g, h] € G’ and J5(G) =ker(x). The results of
Brown and Loday (1984, 1987) give the commutative
diagram given as in Figure 1 with exact rows and central
extensions as columns, where G’ is the commutator
subgroup of G, M(G) is the multiplicator of G and I is
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Whitehead'’s quadratic function (Whitehead, 1950).

The determination of G®G for G = GL (2, q) and other
linear groups was mentioned as an open problem by
Brown et al. (1987) and was pointed out in a more
general form in (Kappe, 1999). In the latter paper, there is
a list of open problems on the computation of the
nonabelian tensor square of finite groups. Among these,
there is the problem to find an explicit value of the
nonabelian tensor square of linear groups. Hannebauer
(1990) determined the nonabelian tensor square of SL(2,
q), PSL(2, q), GL(2, q) and PGL(2, q) forallg=5and g =
9. Later, Erfanian et al. (2008) determined the nonabelian
tensor square of SL (n, q), PSL (n, q), GL (n, g) and PGL
(n, g for all n, g =2 2. This work continues the
investigations in the same area, focusing on symplectic
groups and projective symplectic groups. We also
determine this structure for special linear groups and
projective special linear groups, but the method used for
computing this structure is different from the method that
has been used by Erfanian et al. (2008). As an
application we determine the Schur multiplier of these
groups. The epicentre and exterior centre of these groups
are also determined in the sense of Beyl et al. (1979).

We will prove the following two main theorems:
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Theorem 1.1: Let F, be a finite field with g elements, |F,
|> 4 and SL (2, 9) is excluded, then

(i) SL(n, g ® SL(n,q = SL(n, q).
(i) PSL (n, ) ® PSL (n, q) ==SL(n, q).

Theorem 1.2: Let F, be a finite field with g elements and
|Fy| >4, then

(i) Sp(2n,q) ® Sp(2n, q) =Sp(2n, ).
(i) PSp (2n, q) ® PSp(2n, q) = Sp(2n, q).

Preliminaries

This section includes some results on the commutator
subgroup, Schur multiplier and nonabelian tensor square
which play an important rule for proving our main
theorems.

A group G is perfect if G = G'. Special linear groups SL
(n, q) and projective special linear groups PSL (n, q) are
perfect groups, except (n, q) = (2, 2), (2, 3). Moreover,
Sp(2n, q) and PSp(2n, q) are perfect groups, except (n,

q) = (2, 2), (4, 2), (2, 3), where PSp(2, 2) = PSL(2, 2) ,

PSp(4, 2) and PSp(2, 3) = PSL(2, 3) (Huppert, 1967).
A group G is capable, if there exists a group H such

that G = H/Z(H) (Hall, 1964). Ellis (1995) proved that a

group G is capable if and only if its exterior center Z (G)
is trivial, where Z (G) ={ge G| gA x=10 forall xe G
}. Here, 10 denotes the identity in GAG.

A central extension of a group G is a short exact
sequence of groups

¢ 7]
1—> A E G —t

Such that ¢(A) € Z (E) is in the center of E. Given a
central extension

1—A—H —G —3

And a central extension

1— B—K —G —%

We say that the first extension covers, (respectively.

uniquely covers) the second extension, if there exists a
homomorphism such that the following diagram is

commutative:

1—> A—>H—>G —

Lol

1—sB_sK G i

A central extension is universal, if it uniquely covers any
central extension of G. Beyl et al. (1979) established that
a group is capable, if and only if its epicenter Z(G) =
N{eZ (E) | (E, @) is a central extension of G} is trivial.
They showed that a perfect group is capable if and only if
Z(G) =1. According to Karpilovsky (1987), a group G is
said to be a covering group of G if Z(G) has a subgroup
A such that

()AcZ(G)NI[G, G],

(i) G = GIA.

In the following theorem, the Schur multiplier and
covering group of a finite perfect group is stated.

Theorem 2.1: Karpilovsky (1987) Let G be a finite
perfect group and 1 - A— G — G — 1 be a universal

central extension. Then A == M (G) and G is a covering

group of G. Steinberg (1968) obtained a universal central
extension for PSL (n, gq) and PSp (2n, q) in the next
theorem.

Theorem 2.2: Steinberg (1968) If g is finite, |F; |> 4 and
SL (2, 9) is excluded, then the natural extension

() 1 - ZSL(n, q)) — SL(n, g9 — PSL(n, q) — 1 is
universal.

(i 1 — {1, +1} — Sp(2n, q) — PSp(2n, q) — 1 is
universar,

Corollary 2.3:
excluded, then

If qis finite, |F > 4 and SL(2, 9) is

(i) SL(n, q) is a covering group of PSL(n, q).
(il) Sp(2n, q) is a covering group of PSp(2n, q).

Proof: (i) By Theorem 2.2, 1 — Z(SL(n, q)) — SL(n, q) —
PSL(n, q —1 is a universal central extension. By
Theorem 2.1, SL(n, q) is a covering group of PSL(n, q).
(i) By the similar way, 1 — {-1, +1} — Sp(2n, q) —
PSp(2n, q) — 1 is a universal central extension. Then
Sp(2n, q) is a covering group of PSp(2n, q).
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Figure 1. The commutative diagram.

In 1987, Brown et al. (1987) proved that the nonabelian
tensor square is the (unique) covering group for a perfect
group as follows:

Theorem 2.4: Brown et al. (1987) If G is a perfect group,
then G®G is the (unique) covering group G of G. Since
SL(n, q), PSL(n, q), Sp(2n, q) and PSp(2n, q) are perfect,
Theorem 2.4 motivates us to concentrate on the covering
group for these groups.

The proofs of main theorems

We prove our main theorems mentioned in section 1.
First, we compute the Schur multiplier of the special
linear groups, projective special linear groups, symplectic
groups and projective symplectic groups.

Lemma 3.1: Karpilovsky (1987) If q s finite, |F,| > 4 and
SL(2, 9) is excluded, then

(i) M(SL(n, q)) = 1.

(i) M(PSL(n, q)) = Z,, where m = gcd(q - 1, n).

Lemma 3.2: If qis finite, |F| > 4, then

(i) M(Sp(2n, g)) = 1.

(i) M(PSp(2n, q)) = Z

Proof : (i) Refer to Steinberg (1968).

(i) Since 1 —{-1, +1} — Sp(2n, q) — PSp(2n, q) — 1 is

a universal central extension. By Theorem 2.1,
M(PSp(2n, q)) = Z». o

Proof of Theorem 1.1

Let F, be a finite field with g elements, |F| >4 and SL(2,

9) is excluded;

(i) Since SL(n q) is a perfect group and M (SL(n, q)) =
then I'(G®) = 1. Thus the diagram in Figure 1 implies
that Jo(SL(n, q)) = M(SL(n, q)) = 1. The same diagram
shows that

SL(n, q) ® SL(n, q) = (SL(n, g))' = SL(n, q).

(if) According to Corollary 2.3, SL(n, q) is a covering
group of PSL(n, q). Since PSL(n, q) is perfect, this
covering group is the nonabelian tensor square of PSL(n,
q), that is,

PSL(n, ) ® PSL(n, q) = (P SL(n, )" == SL(n, q).

Proof of Theorem 1.2

Let F, be afinite field with g elements, |F| > 4;

) Since Sp(2n, q) is a perfect group and M(Sp(2n Q) =
1 then I'(G™) = 1. Thus the diagram in Figure 1.1
|mpl|es that Jg(Sp(Zn q)) = M(Sp(2n, q)) = 1. Therefore,
the same diagram shows that

Sp(2n, q) ® Sp(2n, ) = (Sp(2n, q))' =Sp(2n, q).

(i) As we know PSp(2n, q) is a perfect group and by
Corollary 2.3, Sp(2n, q) is a covering group of PSp(2n,
q). Therefore,

PSp(2n, q) ® PSp(2n, q) = (PSp(2n, q))" = Sp(2n, q).

It is clear that special linear groups and symplectic

groups are not capable, but projective special linear
groups and projective symplectic groups are. The
following corollary can be obtained easily.
Corollary 3.3: Let F; be a finite field with q elements,
| F| > 4 with SL(2, 9) excluded and G a projective special
linear groups PSL(n, g) or projective symplectic groups
PSp(2n, q). ThenZ (G) = Z(G) = 1.
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