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Abstract

In this paper, the authors establish the necessary and sufficient condition such that
the bilinear Calderdn-Zygmund operators are bounded from Lipg (R") x L"*(R") to
BMO(R") space and from Lipy (R") x LP(R") t0 Lipg-n/p(R") space. As an application,
the bilinear Riesz transform is a good example which meets the related conditions.
Furthermore, the authors also establish another necessary and sufficient condition
for the bilinear Calderén-Zygmund operators to be bounded from
Lipa(R") x BMO(R") to Lipe (R") space, from Lipg, R") X Lipy, (R") t0 Lipg, +a, (R”)
space, and from Lipg (R") x B(R") to B~%(R") space.
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1 Introduction

It is well known that standard singular integral theory has been going on for a long period
and plays an important role in the study of the classical harmonic analysis. Many authors
have considered the boundedness of generalized singular integrals (non-convolution op-
erators)

Tf () = /R K@) 0)dy,

on several function spaces (see [1-6]). In recent years, multilinear singular integrals of
Calderdén-Zygmund type and fractional integral type have attracted a lot of attention (see
[7-14]). Many results which parallel the linear theory of classical Calder6n-Zygmund op-
erators are obtained. The study of multilinear operators is not motivated by a mere quest
to generalize the theory of linear operators but rather by their natural appearance in anal-
ysis.

Let T be a multilinear operator initially defined on the m-fold product of Schwartz
spaces and taking values in the space of tempered distributions,

T:S(R") x -+ x S(R") = §'(R").

The m-linear Calderén-Zygmund operators T is defined by

o)) = [ Kol O0) - Fulom) o o
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where K(x,91,...,ym) is a locally integrable function defined away from the diagonal x =

y1=--- =y, in (R")" and it satisfies the following estimates:
A
I((x’ l’n-;ym) =< ) (11)
et = G s o
|K(x,y1,...,yj,...,ym) —I((x/,yl,,,.,yj,...,ym)’
Alx—a )
< =] , 1.2)
ORI
whenever |x — x| < % max;<j<, | — y;| and also for each j
|I((x,y1,...,y/,...,ym) —K(x,yl,...,y]/»,...,ym)|
Aly; - P
y] y/ (13)

- (|x_y1| 4ot |x_ym|)mn+5’

whenever |y —y;| < % max<j< [* — ¥;|. The class of all functions satisfying (1.1), (1.2), and
(1.3) with parameters m and § will be denoted by m- CZK(4, §). The m-linear Calder’on-
Zygmund operator T with m-CZK(A, §) will be denoted by m- CZO(4, §).

In 2001, Grafakos and Torres in [10] have obtained the boundedness properties of op-
erators T with kernels K in the class m- CZK(4, §) from a product of L? spaces into an-
other Lebesgue space, endpoint weak type estimates, interpolation, a multilinear 71 the-
orem and a variety of results regarding multilinear multiplier operators. In [11], it was
proved that T is bounded from H”' x --- x HP" to L¥ with }9 = Z;leij by showing that
IT(a1,...,am)llr < C, where a; are H”-atoms. However, some other classical function
spaces are not still considered for these operators with m > 2, although many remarkable
results have been established for them in the case m = 1; see [2, 3, 5, 6].

Next, we define a class of singular integrals which we will consider in this paper, and we
establish the necessary and sufficient condition such that this operators are bounded on
BMO, Lipschitz, and Sobolev spaces. As an application, the bilinear Riesz transform in the
first variable is a good example which meets the related conditions.

2 Definitions and main results
We first give the definition of bilinear Calderén-Zygmund operators.

Definition 2.1 Let 0 <o < § <1, for f; € Lip,(R") and the bounded function f;, we define
Tffi)= [ [ (Kelon) - Kilon 010 (1)
where % is a fixed point in R”, the singular kernels K (x, y1,y») satisfying (1.1), (1.2), (1.3),
lim Ky, (x, y1) dy: exists for almost every point x, (2.2)

€0 e<|x—y1l<1

and forany 0 <r <R,

/ / I<(x!y1)_y2) dyl d)’z =< Cr (23)
r<|x—y1|<R Jr<|x—y2|<R



Wang and Zhou Journal of Inequalities and Applications (2015) 2015:391 Page 3 of 12

here

K. (x,ybyz) = 1<(x:y1:y2)X{\x—y1\>e}()/I)X{Ixfyzbe}()/Z)

and
Ky, (x,1) = /Rn K(x, y1,92)f2(02) dy».
Then we also define
T(fi,f2)(x) = lim T (£, ) x).

Remark 2.1 (i) By [10], Lemma 2, and f, € L*(R"), we see that K (x,y) is in
1- CZK(cy |2l 104, €). Thus, condition (2.2) is also classical for singular integrals of prin-
cipal value type. Condition (2.3) is a weak cancellation condition that is also present in the
linear case (see [5, 15]).

(ii) It follows from the properties of K(x, y1,y») that the limit exists almost everywhere.
Indeed,

T fo) () = / /| K2 (16) a0
nJx-y1l<

* (,/Rn /Ix—yl " Ke(x,y1,52) dyf2(92) dyz>j1(x)

+ /n /Rn(lﬁ(x,yh}’z) _I<1(x0ry1,y2))(f1(jﬁ) —fl(x))fz(yz)dyl dys
' /R /R (Kie,y1,92) = Ka(oo,31,72))fs (02) s by (),

where the first, third, and fourth integrals are absolutely convergent. The second integral
converges by property (2.2) of kernel K.

(iii) If the functions f; and f, have compact support, then the difference between T and
T is the constant

—/ / Ki(x0, y1, y2) 1) (92) dy1 dya,
Rn Rn

this slight discrepancy, however, will cause no ambiguities when T'(f;, f,) is seen as an ele-
ment of BMO or Lip,(R").

We recall the definitions of some classical function spaces which will be considered in
this paper.

Definition 2.2 The BMO space is defined by
n 1 1
BMO(R") = {f e Li,.: |flsmo@n = sup ——— [f () = mg(f)| dy < o0 ¢,
x€R",r>0 |B(x’ r)| B(x,r)

where mp(f) = I;T\ [of ) dy.
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Definition 2.3 Let 0 < « < 1. The Lipschitz space is defined by

Lipy(R") = {fﬁ 1l Lipo ®n) = Sup M < oo}.
xFy |x—)/|

Remark 2.2 Note that, for 1 < p < o0,

1 » 1/p
i (R1) R _— - d .
Wllipaten ~ _ sop (o0, r) Vel </l;(x,r) J0) = malf) y)

x€R”,r>0 |B

Thus, for o = 0, the space Lip, (R”) coincides with the space BMO(R"). If we identify two
functions whose difference is a constant, then the BMO and the Lipschitz space will be-

come a Banach space.

Definition 2.4 Let 0 < s < 1. The homogeneous Sobolev space is defined by

_ 2 1/2
B(R") = {f:ufuBS(Rn): (/R Rnwdxdy) <oo}.

|x_y|n+2s

There are two remarkable results on the Lipschitz spaces and the homogeneous Sobolev

spaces boundedness of Calderén-Zygmund operators.

Proposition 2.1 ([3]) Let0<a <8 <1.IfT isa CZO(S) and T1 =0, then T is bounded on
Lip,(R").

Proposition 2.2 ([3]) Let0<s<8 <1.IfT isa CZO(S) and T1 =0, then T is bounded on
B(R").

Motivated by Proposition 2.1 and Proposition 2.2, we obtain the following theorems.
Theorem 2.1 Let 0 < <8 <1 and T can be extended to a bounded operator from LP* x
L% into L¥, where 1 < p,p < 0o with 1/p = 1/py + a/n. The following two statements are

equivalent:
(i) Forfi € Lipy(R") and f, € L"'*(R"), we have

|| T(ﬁ’f” ||BMO(]RVI) 5 ”fl ”Lipa(]R”) ||f2 “Ln/a(Rn).

(ii) T(1,f)x) =0.

Theorem 2.2 Let 0 <@ <8 <1, n/a < p < 00. The following two statements are equiva-
lent:
(i) Forfi € Lipy(R”) and f, € LP(R"), we have

[ T(ﬁ’ﬁ)”upa_mp(n&") S AN Lipe ) 12l 22 @y -

(ii) T(1,f)x) =0.
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Example Let R; be the bilinear Riesz transform in the first variable

X —)1

Rl(fl’fZ)(x):p'V'AAmﬁ@IMUZ)dyldy2~

It is easy to see that R (1,/)(x) = 0 and K (x, y1,y2) = % satisfying (1.1), (1.2), (1.3),

x=y1,%-y2)
(2.2), and (2.3), then we have the following results.

Corollary 2.1 Let 0 < « < 1. Then Ry is a bounded operator from Lip,(R") x L"*(R") to
BMO(R™).

Corollary 2.2 Let 0 < a < 1 and nla < p < co. Then Ry is a bounded operator from
Lipvz (Rn) S LP(R”) to Lipa—n/p(Rn)'

Theorem 2.3 Let 0 <« <8 <1and T can be extended to a bounded operator from LP! x
LP2 jnto LP, where 1 < p, p1, pa < 00 with 1/p = 1/p; + 1/ps. The following two statements are
equivalent:

(i) Forfi € Lipy(R") and f, € BMO(R"), we have

[ T(ﬁ’ﬁ)”upa(ﬂ{{") S VAl zipe ) 2 | BAO @R -
(i) If there exists some j € {1,2} such that f;(x) = 1, then T(fi,f2)(x) = 0.
Theorem 2.4 Let 0 < 0,00 < § <1 with oy + ay < 8. The following two statements are
equivalent:
(i) Forfi € Lipy, (R") and f, € Lips,(R"), we have
(2 Z)HLipa1+a2(R”) S Vil zipe, @) U2l Lipy (R)-
(ii) If there exists some j € {1,2} such that f;(x) =1, then T(fi,f2)(x) = 0.

Theorem 2.5 Let 0 < @ <s < § <1. The following two statements are equivalent:
(i) Forfi € Lipy(R") and f, € BS(R"), we have

|7, f)

Bs—o(Rn) S ”ﬁ ”Lipa(R”) |lf2 “BS(R”)'
(ii) If there exists some j € {1,2} such that f;(x) =1, then T (f;,f2)(x) = 0.

3 Proofs of Theorems 2.1-2.5

For simplicity, we only give the proof of Theorem 2.1, Theorem 2.4, and Theorem 2.5. For
the proof of Theorem 2.2 and Theorem 2.3 similar arguments are applied with necessary
modifications.

Proof of Theorem 2.1 (ii) = (i). For any x, y € Q, we have
()@ - T A0 = lim(Telho o)) - To(fu)0)

= lim/n/H(I(e(x,yhyz)—Ke()/,yh}’z))ﬁ(%)ﬁ(yz)dﬁ dys.

e—0
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Then condition (ii) implies that

lim / / (Ke(®,y1,52) = K (0,31, 92) )fo (v2) dyr dy = 0.

e—0

Therefore,

T(h.) &) - T(h.)0)
= limf / (Ke(x,31,32) = Ke(0:91,92)) (01) — A)fa(v2) dyr dys
Rn Rn

e—0

= lim/’1 /Rn Ke(%,51,72) (A1) = A)fa (92) x28(r1) dyr dy>

€e—0
—lirr(l)/ / K512 (1) = M)fa(92) x280n) dyn dy>
€— RrRn JR?
etim [ (K192) = K 0:02) (R00) - 10 e 00 antr2) s
€—> R” JR7

+ lim A;{ A;{ (Ke(x,y1,52) = Ke(091,92)) (i) — &)

e—0

X fo(y2) x2B)c (V1) X(28)c (2) dyr dy-

2=Il+12+13+14,

where B = B(x, r) with r = |x — y| taking € < r and A = mp(f;).
Note that T is a bounded operator from L7 (R") x L"*(R") to L?(R") with 1/p = 1/p; +
o/n, then

|Q|/|1| |Q|/|T (i — A x28, 2) x)|dx

l/p
S {ﬁ/ 76 - f) 0 |

< |Q|1/p ”(fl )\')XZB HU’I(R" ||f2"L”/O‘ (R"7)

|ZB|1/
|Q|l/p A ||Llpa )|lf2 ”L”/‘X(]R”)

S VAl Lipe @ V2 v gy

Similarly, by B(x, 2r) C B(y, 3r), we also have

|Q| / |I2|dy < ”_fi”LLpa R7) |Lf2||L”/O‘ R”)*

For I3, it follows from y; € (2B)° that |x — y| < 1/2|x — 1|, and choosing 8 such that
0 <a < B, then

)
s/ [ (lx_yll"i |xy'_y2|)2n+5 (£ 0n) — 1) X 00| o) xa52)| s
[2(y2)

Al -2
§|x—y|(3/ n+ﬂ+8 y nﬁdy
@B 1% =l 28 % =yl
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oo
N [iGn) — Al
S |x_y|5+5 a“fz”L”/a(R") Z/z wdyl
k=1

k+1B\2kB X — ¥1

o0
o —B-8
< = 7P Wl ey D Gk + D25 = 7)™ Wfill i
k=1

S Vil zipe ey U2 e eny-

Choosing 0 < 1 < § — «, we have

)
Ll < / / bl () = 1) ||0r2)| o
(2B)¢ J (2B)¢

(|2 = y1] + [ — ya|)21+d

fi(y1) — Al [22(2)]
< |x—y|° L 2 g _EER g
S e -yl /( /(

2p) | — y|rPed N 2y % = yo| P 2

1
krig\okp | — y|"P1I+d

[o¢]
pr-a ) — Al
S |x_y|5 B |V‘2||L”/Q(RH)Z‘/ Ldy
k=172
[ee]

_B1— o -5
1= PP o ey 3k + 1260 = 91) P A i ey
k=1

S VAl Lipe @) V2l e ey

The estimates above yield, for any ball Q,
1 - -
o TG A6 - mol T )] d
Q

1 1 - 5
eAIE] )@ = T, /o)) dy| d
|Q|/Q‘|Q|fQT<f1ﬁ>(x> T, £)0) dy| da

4
1
S5 |Li| dx d
|Q|2;/o/a g

S Willzipg ) V2l pote ey

that is, | T(f, ) | sao@n) S W llipe@n 1ol prie gny-
(i) = (ii). It follows from || T(1, )|l sso®) S 111l Lipy®m) [f2 || prre gy = O that

T(L,£)@) = T(Lf)(x0) = 0.
Thus the proof of Theorem 2.1 is completed. d

Proof of Theorem 2.4 We only need to show that (ii) is sufficient. For simplicity, we may

assume that ”fl”LiPal ®n) = |[f2||upa2 ®n) = 1.
For any x,y € R", we have

T(f,f2)(x) = T(R, o)) = 11 + 1y + 113 + 11, + 115,
where

IL, = lim [ K (00 -0) (202 ) ds e
e<|x—y2|<3r Je<|x—y1|<3r

e—=0
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I, =  lim / K031,92) (00 —A00)) (50) — ) dyr dys,
e<|x—y2|<3r Je<|x—y1|<3r

e—0

II; = lim/ ] (K, y1,52) = K(3,31,72))
e<|x—y1]<3r J 3r<|x—ys|

e—=0

x (in) —Ai@) (A (2) - fo(x)) dyr dy,

II4- = llm/ / (I((xxylyyZ) _I<(y7y11y2))
3r<lx—y1| Jecle-pl<3r

e—0

x (01 - i) (02) — f2(x)) dy1 dys,
II5 =/ / (K(x%,1,92) = K3, 91,92)) (A1) = i®)) (o (02) — fo (%)) dyr dya,
3r<lx-y1| J3r=lx-ys|

here r = |x — y|.
First we give the estimate for II;. For fi € Lip,, (R") and f, € Lip,, (R"),

e —y1]% |x — 322
1L | 5/ / dyy dy»
38 J3g (|x — 3l + |x — y212")

1 1
S / ———dy / —dy>
3B [X =y 3B |X — ya|"72

S le =y

Now we give the decomposition of the term of II,,

K(y,31,92) (1) =AW) (h02) - £.0)) dyr dy,

—112 = lim /
€0 e<|x—y2|<3r Je<|x—y1|<3r

¢ lim [ kom0 ) (02 -£0) dndre
e<|x—y2|<3r Je<|x—y1|<3r

e—0

K@,y152) (A1) —AD) (20) —f2(x)) dyr dy»

+ lim /
€—>0 e<|x—ya|<3r Je<|x—y1|<3r

K,y,92) (A0) —A®) (50) - () dy dys

+ lim /
€20 Jeclu—ya|<3r Je<la—y |<3r

= 1121 + 1122 + 1123 + 1124,.
For B(x,3r) C B(y,4r), we have
1| < Joe = y|*172.

Choosing 0 < a1, arpg < arp with oy = g + g, then

1
[IIpo | 5 |x_y|a1/ —dylf ———dy,
Byan [y —yl"o2 Blyan) [y —y2l"7o22

S lw -y,
With a similar argument to II;, we obtain

Ts| < |x — y|*172.
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Since B:= B(y,2r) C B(x,3r) C 2B, condition (2.3) and [10], Lemma 2, we have

llm/ / I<(y:ylry2)dy1 dy2
>0 e<|y—ya|<2r Je<|y—y1|<2r

+ [50) A6 0) o) i [, Ko,

=0 Jeclypal<ar

sl S JAG) —A@®)|[(0) - /o)

+ 160 -A®|60) - @) |lim /m f KOy,
e<|y-y1|<2r

e—>0

6O -A@|h0) -S| f3 . /3 JRZRAEIE

llm/ f [((yrylyyZ)dyl dy2
€0 Jecly—yal<2r Je<ly—y1|<2r

/ Ky ) dy
B(x,3r)\B(y,2r)

/ Ky (00y2) dys
B(x,3r)\B(y,2r)

1
+lx - I““”f f dy dy.
) b8 J25B ([y =yl + [y — 92> e

< |x_y|011+0t2.

o1+a

Slx -yl

|0(1 +ap

+lx—y

|Ot1 +a9

+lx—y

It is easy to verify that
L] < lx -y, i=3,4,5.
Therefore,
(o)) = TR S e =y,
that is,
” T(fl' 2)||Lipa1+a2 (R") SL
this completes the proof of Theorem 2.4. O

Proof of Theorem 2.5 By |[1|Lip,(r) = I1]| gs@gny = 0, it is clear that (i) = (ii). Therefore, it
suffices to prove that if T(1,/3)(x) = T(f;,1)(x) = T(1,1)(x) = 0, then

| T(h.f)

BS*‘X(]R”) S ”_fl ”Lipa(]R") Hf2 ”BS(]R")'

It follows from T(l,fz)(x) = T(fl, D(x) = T(1,1)(x) = 0 that, for any x,y € R”,

T(h.£) ) - T(h.A) )
= lim /R” /}Rn([(e(x,yhyz)—Kg(y,yl,yz))

e—=0

X (fl()’l) -f (x)) (fz(}’z) -f2 (x)) x38(01) x38(2) dy1 dy>
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e—0

- lim /R n /R K1) (00 ~i00) (20) ~ o) Xm0 ) x35(02) s

~lim / n /R K3 (1) ~A6) (2 72) ~5(0) x50 x5n(02) s

e—0 R

+ lim / / (K.t y1,32) = Ko 31,92)
e—0 R” JR"

X (fl()’l) —fl(x)) (fz(}’z) _fZ(x))X(SB)C (1) x38(y2) dy1 dy»
+ lim /]R” /}Rn (Ke(x,y1,52) = Ke(5:91,92))

e—0
X (fl()’l) _fl(x)) (fz()’z) _fZ(x))XSB(yl)X(sB)‘()’Z) dyy dy,
el [ (K - Knm)

X (fl()/l) —fl(x)) (fz()’z) —fz(x))X(w)c ()’1))((33)6 0/2) dy, dy,
.= III + 11, + 1113 + 1114 + 115,

where B = B(x, |x — yl).

Page 10 of 12

For III;, we choose y such that 0 < y <s—a, by |x — y5|™ = |x — y5 |27 |x — y, | "/2+Y

and the Holder inequality, we have

)l =y |
L | S U g ) / 1202) ~foCllx = l” ) o
3.

gJ3g (lx—y1l+|x -y )"

1 X
SMHLz’pa(Rn)f —dy Mdyz

3g [x =" 38 [x=yl"

_ 2 12 12
§|[ﬂ||upa(ﬂz<ﬂ)|x—y|a( Mﬂi)’z) (/; ;_dh)

3B % —ya|"Y 5 X — ya |2

1o (y2) — fo ()2 dyz)”ﬂ

3B o=yl

S WillLipa el =317 (

then

111 |2 5 / [fz()’z)—fz(x)|2
< e =2 2~ dxd
/Rn /Rn lx — J’|"+2S x5 M”L%(R ) R” - &

RY |x_y2|n+23 20

2 2
5 ”fi “Lipa(R"‘) ||f2 ”Bs—a(]Rn)'

Next, we give the estimate for III;. Observe that B := B(y,2|x — y|) C B(x,3|x — y|) C 2B

and

L] < ‘ /3 i /3 KO (00 =0 (302 ~0)) s

. K@y1,92) (A1) =A0)) () — () dy1 dy,

K()/» y172) (i) - i®) (L(2) - £ 0)) dy1 dy»

+11m’ / / K 0r3092) (R0) —A0)) (50) @) don dy
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e—0

+ lim / / K003 (h0) ~ /@) (50) ) dy dy,
BJ3B\B

+ lim / ~ / K392 (0) ~ i) (h0) - o)) dy dy
3B\B JB

e—0

+ lim [ ~ f Koy () — @) (50) —fox)) dy dy
3B\B J3B\B

e—0

= 11121 + III22 + leg + 11124, + IIIZS + III26 + 11127.

With a similar argument to the estimate for I1I;, we obtain

|IIIz, 9 9 .
/l%n \/Rn |x |n+2$ dyf, ”fi||Lipa(R")|lfé||Bs—a(Rn)) ]:11 3

For IIl,,, choose 0 < oy, &y < « such that «; + @y = «, then

] S ilien o) -9 [ [ <|y y'jﬂyyl' s dn

1
ly —ya |72

< WAllLipa @ [20) - o ()] / 5o |n o /B dy,

S A llipa@nle = ¥ |o() - o).

To control IIIy4 we use condition (2.3), that is, for any 0 < r < R,

/ / K(x,y1,y2) dyr dy,
r<|x—=y1|<R Jr<|x—y2|<R

to obtain

=G

11154 |?
,/];’I \/]Rn |Vl+2$ d dy< ”fi”Llpa(R” ”fé”Bs —a (R")

The argument for IIIy5 and Il is similar, we only give the estimate for III;5. By Re-
mark 2.1 and 3B C 2B, we obtain

s| S 2=y |6 (0) — o)

|/ ~/ K, 71,92 x5(v2) dy1 dya
3B\B JRR"

Sl =51 50) £ [ 5 KO
S =y 1) - A0 2B\B Y — y|”d

S le=y1°60) - AH)].

Finally, it is easy to see that

1
Y1 dys

Iy | < lx—y1% () - (x) d
o HIRO) -1 |2B\B g ([y =l + 1y — 3>

S =y 60) - W)
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We only give the estimate for III3. For the estimate for Il and III5 similar argu-

ments are applied with necessary modifications. For IIl3, since |[K(x,y1,y2) — K, y1,%2)| S

Jx=y1°
(lx—y1]+la—y2])2+9”

lx =y [An) — A®) % — y21*
M) S e [ [ iy d
3l % Wil wJrmas (X —y1] + % = yy[)20 a2

)_ (x) —n—8+a
< |lf1||sza(R")|x—y|5/ Mdylf v — g2 " dy,
2 x=xl R"\2B

o ) —filx)]
S Wfillzipa @ lx = 1 / M(j
28 x—=nl

iln) - fAilx dyl)m'

ST P Ul Lokl

S WAl Lipy e 2 =y (/
ly
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Thus’ f]Rn f]R" ‘x_y‘?’nﬂs dxd)’ S ”-fl“l,lpa Rﬂ)”fZ“Bs a(]Rn
Combining the estimates above, we obtain

f / \T(h.)(x) - T, L))
]Rn Rn

2 2
|x_y|n+2s dxdys ”fiHLipa(]R")”fz”Bs—a(]Rn)'

This concludes the proof of the theorem. d
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