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Abstract
In this paper, the authors establish the necessary and sufficient condition such that
the bilinear Calderón-Zygmund operators are bounded from Lipα (Rn)× Ln/α (Rn) to
BMO(Rn) space and from Lipα (Rn)× Lp(Rn) to Lipα–n/p(Rn) space. As an application,
the bilinear Riesz transform is a good example which meets the related conditions.
Furthermore, the authors also establish another necessary and sufficient condition

for the bilinear Calderón-Zygmund operators to be bounded from
Lipα (Rn)× BMO(Rn) to Lipα (Rn) space, from Lipα1 (R

n)× Lipα2 (R
n) to Lipα1+α2 (R

n)
space, and from Lipα (Rn)× Ḃs(Rn) to Ḃs–α (Rn) space.
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1 Introduction
It is well known that standard singular integral theory has been going on for a long period
and plays an important role in the study of the classical harmonic analysis. Many authors
have considered the boundedness of generalized singular integrals (non-convolution op-
erators)

Tf (x) =
∫
Rn

K(x, y)f (y) dy,

on several function spaces (see [–]). In recent years, multilinear singular integrals of
Calderón-Zygmund type and fractional integral type have attracted a lot of attention (see
[–]). Many results which parallel the linear theory of classical Calderón-Zygmund op-
erators are obtained. The study of multilinear operators is not motivated by a mere quest
to generalize the theory of linear operators but rather by their natural appearance in anal-
ysis.

Let T be a multilinear operator initially defined on the m-fold product of Schwartz
spaces and taking values in the space of tempered distributions,

T : S
(
R

n) × · · · × S
(
R

n) → S′(
R

n).

The m-linear Calderón-Zygmund operators T is defined by

T(f, . . . , fm)(x) =
∫

(Rn)m
K(x, y, . . . , ym)f(y) · · · fm(ym) dy · · · dym,
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where K(x, y, . . . , ym) is a locally integrable function defined away from the diagonal x =
y = · · · = ym in (Rn)m+, and it satisfies the following estimates:

∣∣K(x, y, . . . , ym)
∣∣ ≤ A

(|x – y| + · · · + |x – ym|)mn , (.)

∣∣K(x, y, . . . , yj, . . . , ym) – K
(
x′, y, . . . , yj, . . . , ym

)∣∣

≤ A|x – x′|δ
(|x – y| + · · · + |x – ym|)mn+δ

, (.)

whenever |x – x′| ≤ 
 max≤j≤m |x – yj| and also for each j

∣∣K(x, y, . . . , yj, . . . , ym) – K
(
x, y, . . . , y′

j, . . . , ym
)∣∣

≤ A|yj – y′
j|δ

(|x – y| + · · · + |x – ym|)mn+δ
, (.)

whenever |yj – y′
j| ≤ 

 max≤j≤m |x – yj|. The class of all functions satisfying (.), (.), and
(.) with parameters m and δ will be denoted by m- CZK(A, δ). The m-linear Calder’on-
Zygmund operator T with m- CZK(A, δ) will be denoted by m- CZO(A, δ).

In , Grafakos and Torres in [] have obtained the boundedness properties of op-
erators T with kernels K in the class m- CZK(A, δ) from a product of Lp spaces into an-
other Lebesgue space, endpoint weak type estimates, interpolation, a multilinear T the-
orem and a variety of results regarding multilinear multiplier operators. In [], it was
proved that T is bounded from Hp × · · · × Hpm to Lp with 

p =
∑m

j=

pj

by showing that
‖T(a, . . . , am)‖Lp ≤ C, where aj are Hpj -atoms. However, some other classical function
spaces are not still considered for these operators with m ≥ , although many remarkable
results have been established for them in the case m = ; see [, , , ].

Next, we define a class of singular integrals which we will consider in this paper, and we
establish the necessary and sufficient condition such that this operators are bounded on
BMO, Lipschitz, and Sobolev spaces. As an application, the bilinear Riesz transform in the
first variable is a good example which meets the related conditions.

2 Definitions and main results
We first give the definition of bilinear Calderón-Zygmund operators.

Definition . Let  < α < δ ≤ , for f ∈ Lipα(Rn) and the bounded function f, we define

T̃ε(f, f)(x) =
∫
Rn

∫
Rn

(
Kε(x, y, y) – K(x, y, y)

)
f(y)f(y) dy dy, (.)

where x is a fixed point in R
n, the singular kernels K(x, y, y) satisfying (.), (.), (.),

lim
ε→

∫
ε<|x–y|<

Kf (x, y) dy exists for almost every point x, (.)

and for any  < r < R,

∣∣∣∣
∫

r<|x–y|<R

∫
r<|x–y|<R

K(x, y, y) dy dy

∣∣∣∣ ≤ C, (.)
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here

Kε(x, y, y) = K(x, y, y)χ{|x–y|>ε}(y)χ{|x–y|>ε}(y)

and

Kf (x, y) =
∫
Rn

K(x, y, y)f(y) dy.

Then we also define

T̃(f, f)(x) = lim
ε→

T̃ε(f, f)(x).

Remark . (i) By [], Lemma , and f ∈ L∞(Rn), we see that Kf (x, y) is in
- CZK(cn‖f‖L∞A, ε). Thus, condition (.) is also classical for singular integrals of prin-
cipal value type. Condition (.) is a weak cancellation condition that is also present in the
linear case (see [, ]).

(ii) It follows from the properties of K(x, y, y) that the limit exists almost everywhere.
Indeed,

T̃ε(f, f)(x) =
∫
Rn

∫
|x–y|<

Kε(x, y, y)
(
f(y) – f(x)

)
f(y) dy dy

+
(∫

Rn

∫
|x–y|<

Kε(x, y, y) dyf(y) dy

)
f(x)

+
∫
Rn

∫
Rn

(
K(x, y, y) – K(x, y, y)

)(
f(y) – f(x)

)
f(y) dy dy

+
∫
Rn

∫
Rn

(
K(x, y, y) – K(x, y, y)

)
f(y) dy dyf(x),

where the first, third, and fourth integrals are absolutely convergent. The second integral
converges by property (.) of kernel K .

(iii) If the functions f and f have compact support, then the difference between T and
T̃ is the constant

–
∫
Rn

∫
Rn

K(x, y, y)f(y)f(y) dy dy,

this slight discrepancy, however, will cause no ambiguities when T(f, f) is seen as an ele-
ment of BMO or Lipα(Rn).

We recall the definitions of some classical function spaces which will be considered in
this paper.

Definition . The BMO space is defined by

BMO
(
R

n) =
{

f ∈ L
loc : ‖f ‖BMO(Rn) = sup

x∈Rn ,r>


|B(x, r)|

∫
B(x,r)

∣∣f (y) – mB(f )
∣∣dy < ∞

}
,

where mB(f ) = 
|B|

∫
B f (y) dy.
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Definition . Let  < α < . The Lipschitz space is defined by

Lipα

(
R

n) =
{

f : ‖f ‖Lipα (Rn) = sup
x 	=y

|f (x) – f (y)|
|x – y|α < ∞

}
.

Remark . Note that, for  ≤ p ≤ ∞,

‖f ‖Lipα (Rn) ≈ sup
x∈Rn ,r>


|B(x, r)|/p+α/n

(∫
B(x,r)

∣∣f (y) – mB(f )
∣∣p dy

)/p

.

Thus, for α = , the space Lipα(Rn) coincides with the space BMO(Rn). If we identify two
functions whose difference is a constant, then the BMO and the Lipschitz space will be-
come a Banach space.

Definition . Let  < s < . The homogeneous Sobolev space is defined by

Ḃs(
R

n) =
{

f : ‖f ‖Ḃs(Rn) =
(∫

Rn

∫
Rn

|f (x) – f (y)|
|x – y|n+s dx dy

)/

< ∞
}

.

There are two remarkable results on the Lipschitz spaces and the homogeneous Sobolev
spaces boundedness of Calderón-Zygmund operators.

Proposition . ([]) Let  < α < δ ≤ . If T is a CZO(δ) and T = , then T is bounded on
Lipα(Rn).

Proposition . ([]) Let  < s < δ ≤ . If T is a CZO(δ) and T = , then T is bounded on
Ḃs(Rn).

Motivated by Proposition . and Proposition ., we obtain the following theorems.

Theorem . Let  < α < δ ≤  and T̃ can be extended to a bounded operator from Lp ×
Ln/α into Lp, where  < p, p < ∞ with /p = /p + α/n. The following two statements are
equivalent:

(i) For f ∈ Lipα(Rn) and f ∈ Ln/α(Rn), we have

∥∥T̃(f, f)
∥∥

BMO(Rn) � ‖f‖Lipα (Rn)‖f‖Ln/α (Rn).

(ii) T̃(, f)(x) ≡ .

Theorem . Let  < α < δ ≤ , n/α < p ≤ ∞. The following two statements are equiva-
lent:

(i) For f ∈ Lipα(Rn) and f ∈ Lp(Rn), we have

∥∥T̃(f, f)
∥∥

Lipα–n/p(Rn) � ‖f‖Lipα (Rn)‖f‖Lp(Rn).

(ii) T̃(, f)(x) ≡ .
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Example Let R be the bilinear Riesz transform in the first variable

R(f, f)(x) = p.v.
∫
R

∫
R

x – y

|(x – y, x – y)| f(y)f(y) dy dy.

It is easy to see that R̃(, f)(x) =  and K(x, y, y) = x–y
|(x–y,x–y)| satisfying (.), (.), (.),

(.), and (.), then we have the following results.

Corollary . Let  < α < . Then R̃ is a bounded operator from Lipα(Rn) × Ln/α(Rn) to
BMO(Rn).

Corollary . Let  < α <  and n/α < p ≤ ∞. Then R̃ is a bounded operator from
Lipα(Rn) × Lp(Rn) to Lipα–n/p(Rn).

Theorem . Let  < α < δ ≤  and T̃ can be extended to a bounded operator from Lp ×
Lp into Lp, where  < p, p, p < ∞ with /p = /p + /p. The following two statements are
equivalent:

(i) For f ∈ Lipα(Rn) and f ∈ BMO(Rn), we have

∥∥T̃(f, f)
∥∥

Lipα (Rn) � ‖f‖Lipα (Rn)‖f‖BMO(Rn).

(ii) If there exists some j ∈ {, } such that fj(x) ≡ , then T̃(f, f)(x) ≡ .

Theorem . Let  < α,α < δ ≤  with α + α < δ. The following two statements are
equivalent:

(i) For f ∈ Lipα (Rn) and f ∈ Lipα (Rn), we have

∥∥T̃(f, f)
∥∥

Lipα+α (Rn) � ‖f‖Lipα (Rn)‖f‖Lipα (Rn).

(ii) If there exists some j ∈ {, } such that fj(x) ≡ , then T̃(f, f)(x) ≡ .

Theorem . Let  < α < s < δ ≤ . The following two statements are equivalent:
(i) For f ∈ Lipα(Rn) and f ∈ Ḃs(Rn), we have

∥∥T(f, f)
∥∥

Ḃs–α (Rn) � ‖f‖Lipα (Rn)‖f‖Ḃs(Rn).

(ii) If there exists some j ∈ {, } such that fj(x) ≡ , then T(f, f)(x) ≡ .

3 Proofs of Theorems 2.1-2.5
For simplicity, we only give the proof of Theorem ., Theorem ., and Theorem .. For
the proof of Theorem . and Theorem . similar arguments are applied with necessary
modifications.

Proof of Theorem . (ii) ⇒ (i). For any x, y ∈ Q, we have

T̃(f, f)(x) – T̃(f, f)(y) = lim
ε→

(
T̃ε(f, f)(x) – T̃ε(f, f)(y)

)

= lim
ε→

∫
Rn

∫
Rn

(
Kε(x, y, y) – Kε(y, y, y)

)
f(y)f(y) dy dy.
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Then condition (ii) implies that

lim
ε→

∫
Rn

∫
Rn

(
Kε(x, y, y) – Kε(y, y, y)

)
f(y) dy dy = .

Therefore,

T̃(f, f)(x) – T̃(f, f)(y)

= lim
ε→

∫
Rn

∫
Rn

(
Kε(x, y, y) – Kε(y, y, y)

)(
f(y) – λ

)
f(y) dy dy

= lim
ε→

∫
Rn

∫
Rn

Kε(x, y, y)
(
f(y) – λ

)
f(y)χB(y) dy dy

– lim
ε→

∫
Rn

∫
Rn

Kε(y, y, y)
(
f(y) – λ

)
f(y)χB(y) dy dy

+ lim
ε→

∫
Rn

∫
Rn

(
Kε(x, y, y) – Kε(y, y, y)

)(
f(y) – λ

)
f(y)χ(B)c (y)χB(y) dy dy

+ lim
ε→

∫
Rn

∫
Rn

(
Kε(x, y, y) – Kε(y, y, y)

)(
f(y) – λ

)

× f(y)χ(B)c (y)χ(B)c (y) dy dy

:= I + I + I + I,

where B = B(x, r) with r = |x – y| taking ε < r and λ = mB(f).
Note that T is a bounded operator from Lp (Rn) × Ln/α(Rn) to Lp(Rn) with /p = /p +

α/n, then


|Q|

∫
Q

|I|dx � 
|Q|

∫
Q

∣∣T(
(f – λ)χB, f

)
(x)

∣∣dx

�
{


|Q|

∫
Q

∣∣T(
(f – λ)χB, f

)
(x)

∣∣p dx
}/p

� 
|Q|/p

∥∥(f – λ)χB
∥∥

Lp (Rn)‖f‖Ln/α (Rn)

� |B|/p

|Q|/p ‖f‖Lipα (Rn)‖f‖Ln/α (Rn)

� ‖f‖Lipα (Rn)‖f‖Ln/α (Rn).

Similarly, by B(x, r) ⊂ B(y, r), we also have


|Q|

∫
Q

|I|dy � ‖f‖Lipα (Rn)‖f‖Ln/α (Rn).

For I, it follows from y ∈ (B)c that |x – y| ≤ /|x – y|, and choosing β such that
 < α < β , then

|I| �
∫
Rn

∫
Rn

|x – y|δ
(|x – y| + |x – y|)n+δ

∣∣(f(y) – λ
)
χ(B)c (y)

∣∣∣∣f(y)χB(y)
∣∣dy dy

� |x – y|δ
∫

(B)c

|f(y) – λ|
|x – y|n+β+δ

dy

∫
B

|f(y)|
|x – y|n–β

dy
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� |x – y|δ+β–α‖f‖Ln/α (Rn)

∞∑
k=

∫
k+B\k B

|f(y) – λ|
|x – y|n+β+δ

dy

� |x – y|δ+β–α‖f‖Ln/α (Rn)

∞∑
k=

(k + )
(
k|x – y|)α–β–δ‖f‖Lipα (Rn)

� ‖f‖Lipα (Rn)‖f‖Ln/α (Rn).

Choosing  < β < δ – α, we have

|I| �
∫

(B)c

∫
(B)c

|x – y|δ
(|x – y| + |x – y|)n+δ

∣∣(f(y) – λ
)∣∣∣∣f(y)

∣∣dy dy

� |x – y|δ
∫

(B)c

|f(y) – λ|
|x – y|n–β+δ

dy

∫
(B)c

|f(y)|
|x – y|n+β

dy

� |x – y|δ–β–α‖f‖Ln/α (Rn)

∞∑
k=

∫
k+B\k B

|f(y) – λ|
|x – y|n–β+δ

dy

� |x – y|δ–β–α‖f‖Ln/α (Rn)

∞∑
k=

(k + )
(
k|x – y|)α+β–δ‖f‖Lipα (Rn)

� ‖f‖Lipα (Rn)‖f‖Ln/α (Rn).

The estimates above yield, for any ball Q,


|Q|

∫
Q

∣∣T̃(f, f)(x) – mQ
[
T̃(f, f)

]∣∣dx

=


|Q|
∫

Q

∣∣∣∣ 
|Q|

∫
Q

T̃(f, f)(x) – T̃(f, f)(y) dy
∣∣∣∣dx

� 
|Q|

∑
i=

∫
Q

∫
Q

|Ii|dx dy

� ‖f‖Lipα (Rn)‖f‖Ln/α (Rn),

that is, ‖T̃(f, f)‖BMO(Rn) � ‖f‖Lipα (Rn)‖f‖Ln/α (Rn).
(i) ⇒ (ii). It follows from ‖T̃(, f)‖BMO(Rn) � ‖‖Lipα (Rn)‖f‖Ln/α (Rn) =  that

T̃(, f)(x) = T̃(, f)(x) = .

Thus the proof of Theorem . is completed. �

Proof of Theorem . We only need to show that (ii) is sufficient. For simplicity, we may
assume that ‖f‖Lipα (Rn) = ‖f‖Lipα (Rn) = .

For any x, y ∈R
n, we have

T̃(f, f)(x) – T̃(f, f)(y) := II + II + II + II + II,

where

II = lim
ε→

∫
ε<|x–y|<r

∫
ε<|x–y|<r

K(x, y, y)
(
f(y) – f(x)

)(
f(y) – f(x)

)
dy dy,
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II = – lim
ε→

∫
ε<|x–y|<r

∫
ε<|x–y|<r

K(y, y, y)
(
f(y) – f(x)

)(
f(y) – f(x)

)
dy dy,

II = lim
ε→

∫
ε<|x–y|<r

∫
r≤|x–y|

(
K(x, y, y) – K(y, y, y)

)

× (
f(y) – f(x)

)(
f(y) – f(x)

)
dy dy,

II = lim
ε→

∫
r≤|x–y|

∫
ε<|x–y|<r

(
K(x, y, y) – K(y, y, y)

)

× (
f(y) – f(x)

)(
f(y) – f(x)

)
dy dy,

II =
∫

r≤|x–y|

∫
r≤|x–y|

(
K(x, y, y) – K(y, y, y)

)(
f(y) – f(x)

)(
f(y) – f(x)

)
dy dy,

here r = |x – y|.
First we give the estimate for II. For f ∈ Lipα (Rn) and f ∈ Lipα (Rn),

|II| �
∫

B

∫
B

|x – y|α |x – y|α

(|x – y| + |x – y|n)
dy dy

�
∫

B


|x – y|n–α

dy

∫
B


|x – y|n–α

dy

� |x – y|α+α .

Now we give the decomposition of the term of II,

–II = lim
ε→

∫
ε<|x–y|<r

∫
ε<|x–y|<r

K(y, y, y)
(
f(y) – f(y)

)(
f(y) – f(y)

)
dy dy

+ lim
ε→

∫
ε<|x–y|<r

∫
ε<|x–y|<r

K(y, y, y)
(
f(y) – f(x)

)(
f(y) – f(y)

)
dy dy

+ lim
ε→

∫
ε<|x–y|<r

∫
ε<|x–y|<r

K(y, y, y)
(
f(y) – f(y)

)(
f(y) – f(x)

)
dy dy

+ lim
ε→

∫
ε<|x–y|<r

∫
ε<|x–y|<r

K(y, y, y)
(
f(y) – f(x)

)(
f(y) – f(x)

)
dy dy

:= II + II + II + II.

For B(x, r) ⊂ B(y, r), we have

|II| � |x – y|α+α .

Choosing  < α,α < α with α = α + α, then

|II| � |x – y|α

∫
B(y,r)


|y – y|n–α

dy

∫
B(y,r)


|y – y|n–α

dy

� |x – y|α+α .

With a similar argument to II, we obtain

|II| � |x – y|α+α .
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Since B̃ := B(y, r) ⊂ B(x, r) ⊂ B̃, condition (.) and [], Lemma , we have

|II| �
∣∣f(y) – f(x)

∣∣∣∣f(y) – f(x)
∣∣
∣∣∣∣lim
ε→

∫
ε<|y–y|<r

∫
ε<|y–y|<r

K(y, y, y) dy dy

∣∣∣∣

+
∣∣f(y) – f(x)

∣∣∣∣f(y) – f(x)
∣∣
∣∣∣∣lim
ε→

∫
ε<|y–y|<r

∫
B\B̃

K(y, y, y) dy dy

∣∣∣∣

+
∣∣f(y) – f(x)

∣∣∣∣f(y) – f(x)
∣∣
∣∣∣∣lim
ε→

∫
B\B̃

∫
ε<|y–y|<r

K(y, y, y) dy dy

∣∣∣∣

+
∣∣f(y) – f(x)

∣∣∣∣f(y) – f(x)
∣∣
∣∣∣∣
∫

B\B̃

∫
B\B̃

K(y, y, y) dy dy

∣∣∣∣

� |x – y|α+α

∣∣∣∣lim
ε→

∫
ε<|y–y|<r

∫
ε<|y–y|<r

K(y, y, y) dy dy

∣∣∣∣

+ |x – y|α+α

∣∣∣∣
∫

B(x,r)\B(y,r)
KχB̃

(y, y) dy

∣∣∣∣

+ |x – y|α+α

∣∣∣∣
∫

B(x,r)\B(y,r)
KχB̃

(y, y) dy

∣∣∣∣

+ |x – y|α+α

∫
B̃\B̃

∫
B̃\B̃


(|y – y| + |y – y|)n dy dy

� |x – y|α+α .

It is easy to verify that

|IIi| � |x – y|α+α , i = , , .

Therefore,

∣∣T̃(f, f)(x) – T̃(f, f)(y)
∣∣ � |x – y|α+α ,

that is,

∥∥T̃(f, f)
∥∥

Lipα+α (Rn) � ,

this completes the proof of Theorem .. �

Proof of Theorem . By ‖‖Lipα (Rn) = ‖‖Ḃs(Rn) = , it is clear that (i) ⇒ (ii). Therefore, it
suffices to prove that if T̃(, f)(x) = T̃(f, )(x) = T̃(, )(x) ≡ , then

∥∥T̃(f, f)
∥∥

Ḃs–α (Rn) � ‖f‖Lipα (Rn)‖f‖Ḃs(Rn).

It follows from T̃(, f)(x) = T̃(f, )(x) = T̃(, )(x) ≡  that, for any x, y ∈R
n,

T̃(f, f)(x) – T̃(f, f)(y)

= lim
ε→

∫
Rn

∫
Rn

(
Kε(x, y, y) – Kε(y, y, y)

)

× (
f(y) – f(x)

)(
f(y) – f(x)

)
χB(y)χB(y) dy dy
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= lim
ε→

∫
Rn

∫
Rn

Kε(x, y, y)
(
f(y) – f(x)

)(
f(y) – f(x)

)
χB(y)χB(y) dy dy

– lim
ε→

∫
Rn

∫
Rn

Kε(y, y, y)
(
f(y) – f(x)

)(
f(y) – f(x)

)
χB(y)χB(y) dy dy

+ lim
ε→

∫
Rn

∫
Rn

(
Kε(x, y, y) – Kε(y, y, y)

)

× (
f(y) – f(x)

)(
f(y) – f(x)

)
χ(B)c (y)χB(y) dy dy

+ lim
ε→

∫
Rn

∫
Rn

(
Kε(x, y, y) – Kε(y, y, y)

)

× (
f(y) – f(x)

)(
f(y) – f(x)

)
χB(y)χ(B)c (y) dy dy

+ lim
ε→

∫
Rn

∫
Rn

(
Kε(x, y, y) – Kε(y, y, y)

)

× (
f(y) – f(x)

)(
f(y) – f(x)

)
χ(B)c (y)χ(B)c (y) dy dy

:= III + III + III + III + III,

where B = B(x, |x – y|).
For III, we choose γ such that  < γ < s – α, by |x – y|–n = |x – y|–n/–γ |x – y|–n/+γ

and the Hölder inequality, we have

|III| � ‖f‖Lipα (Rn)

∫
B

∫
B

|f(y) – f(x)||x – y|α
(|x – y| + |x – y|)n dy dy

� ‖f‖Lipα (Rn)

∫
B


|x – y|n–α

dy

∫
B

|f(y) – f(x)|
|x – y|n dy

� ‖f‖Lipα (Rn)|x – y|α
(∫

B

|f(y) – f(x)|
|x – y|n+γ

dy

)/(∫
B


|x – y|n–γ

dy

)/

� ‖f‖Lipα (Rn)|x – y|γ +α

(∫
B

|f(y) – f(x)|
|x – y|n+γ

dy

)/

,

then

∫
Rn

∫
Rn

|III|
|x – y|n+s dx dy � ‖f‖

Lipα (Rn)

∫
Rn

∫
Rn

|f(y) – f(x)|
|x – y|n+s–α

dx dy

� ‖f‖
Lipα (Rn)‖f‖

Ḃs–α (Rn).

Next, we give the estimate for III. Observe that B̃ := B(y, |x – y|) ⊂ B(x, |x – y|) ⊂ B̃
and

|III| �
∣∣∣∣
∫

B

∫
B

K(y, y, y)
(
f(y) – f(y)

)(
f(y) – f(y)

)
dy dy

∣∣∣∣
+

∣∣∣∣
∫

B

∫
B

K(y, y, y)
(
f(y) – f(y)

)(
f(y) – f(x)

)
dy dy

∣∣∣∣
+

∣∣∣∣
∫

B

∫
B

K(y, y, y)
(
f(y) – f(x)

)(
f(y) – f(y)

)
dy dy

∣∣∣∣
+ lim

ε→

∣∣∣∣
∫

B̃

∫
B̃

Kε(y, y, y)
(
f(y) – f(x)

)(
f(y) – f(x)

)
dy dy

∣∣∣∣
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+ lim
ε→

∣∣∣∣
∫

B̃

∫
B\B̃

Kε(y, y, y)
(
f(y) – f(x)

)(
f(y) – f(x)

)
dy dy

∣∣∣∣

+ lim
ε→

∣∣∣∣
∫

B\B̃

∫
B̃

Kε(y, y, y)
(
f(y) – f(x)

)(
f(y) – f(x)

)
dy dy

∣∣∣∣

+ lim
ε→

∣∣∣∣
∫

B\B̃

∫
B\B̃

Kε(y, y, y)
(
f(y) – f(x)

)(
f(y) – f(x)

)
dy dy

∣∣∣∣
:= III + III + III + III + III + III + III.

With a similar argument to the estimate for III, we obtain

∫
Rn

∫
Rn

|IIIj|
|x – y|n+s dx dy � ‖f‖

Lipα (Rn)‖f‖
Ḃs–α (Rn), j = , .

For III, choose  < α,α < α such that α + α = α, then

|III| � ‖f‖Lipα (Rn)
∣∣f(y) – f(x)

∣∣
∫

B̃

∫
B̃

|y – y|α
(|y – y| + |y – y|)n dy dy

� ‖f‖Lipα (Rn)
∣∣f(y) – f(x)

∣∣
∫

B̃


|y – y|n–α

dy

∫
B̃


|y – y|n–α

dy

� ‖f‖Lipα (Rn)|x – y|α∣∣f(y) – f(x)
∣∣.

To control III we use condition (.), that is, for any  < r < R,

∣∣∣∣
∫

r<|x–y|<R

∫
r<|x–y|<R

K(x, y, y) dy dy

∣∣∣∣ ≤ C,

to obtain

∫
Rn

∫
Rn

|III|
|x – y|n+s dx dy � ‖f‖

Lipα (Rn)‖f‖
Ḃs–α (Rn)

The argument for III and III is similar, we only give the estimate for III. By Re-
mark . and B ⊂ B̃, we obtain

|III| � |x – y|α∣∣f(y) – f(x)
∣∣
∣∣∣∣
∫

B\B̃

∫
Rn

K(y, y, y)χB̃(y) dy dy

∣∣∣∣

� |x – y|α∣∣f(y) – f(x)
∣∣
∣∣∣∣
∫

B\B̃
KχB̃

(y, y) dy

∣∣∣∣
� |x – y|α∣∣f(y) – f(x)

∣∣
∫

B̃\B̃


|y – y|n dy

� |x – y|α∣∣f(y) – f(x)
∣∣.

Finally, it is easy to see that

|III| � |x – y|α∣∣f(y) – f(x)
∣∣
∫

B̃\B̃

∫
B̃\B̃


(|y – y| + |y – y|)n dy dy

� |x – y|α∣∣f(y) – f(x)
∣∣.
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We only give the estimate for III. For the estimate for III and III similar argu-
ments are applied with necessary modifications. For III, since |K(x, y, y) – K(y, y, y)| �

|x–y|δ
(|x–y|+|x–y|)n+δ ,

|III| � ‖f‖Lipα (Rn)

∫
B

∫
Rn\B

|x – y|δ|f(y) – f(x)||x – y|α
(|x – y| + |x – y|)n+δ

dy dy

� ‖f‖Lipα (Rn)|x – y|δ
∫

B

|f(y) – f(x)|
|x – y|n dy

∫
Rn\B

|x – y|–n–δ+α dy

� ‖f‖Lipα (Rn)|x – y|α
∫

B

|f(y) – f(x)|
|x – y|n dy

� ‖f‖Lipα (Rn)|x – y|α+γ

(∫
|y–x|≤|x–y|

|f(y) – f(x)|
|x – y|n+γ

dy

)/

.

Thus,
∫
Rn

∫
Rn

|III|
|x–y|n+s dx dy � ‖f‖

Lipα (Rn)‖f‖
Ḃs–α (Rn).

Combining the estimates above, we obtain

∫
Rn

∫
Rn

|T̃(f, f)(x) – T̃(f, f)(y)|
|x – y|n+s dx dy � ‖f‖

Lipα (Rn)‖f‖
Ḃs–α (Rn).

This concludes the proof of the theorem. �
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