
 

 

 

 
Vol. 8(45), pp. 2044-2052, 9 December, 2013 

DOI: 10.5897/IJPS2013.4065 

ISSN 1992 - 1950 © 2013 Academic Journals 

http://www.academicjournals.org/IJPS 

International Journal of Physical  
Sciences 

 
 
 
 

Full Length Research Paper 

 

Numerical solution for a class of singular  
integral equations 

 

Samah M. Dardery1* and Mohamed M. Allan2 
 

1
Department of Mathematics, Faculty of Science, Zagazig University, Egypt. 

2
Department of Mathematics, Faculty of Science and Arts Al-Mithnab, Qassim University, KSA, Saudi Arabia. 

 
Accepted 29 November, 2013 

 

This paper is concerned with finding approximate solution for the singular integral equations. Relating 
the singular integrals to Cauchy principal-value integrals, we expand the kernel and the density 
function of singular integral equation by the sum of the chebyshev polynomials of the first, second, 
third and fourth kinds. Some numerical examples are presented to illustrate the accuracy and 
effectiveness of the present work. Numerical results show that the errors of approximate solutions of 

examples in different cases with small value of n  are very small. These show that the methods 
developed are very accurate and in fact for a linear function give the exact solution. 
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INTRODUCTION 
 
During the last three decades, the singular integral 
equation methods with applications to several basic fields 
of engineering mechanics, like elasticity, plasticity, 
aerodynamics and fracture mechanics have been studied 
and improved by several scientists (Chakrabarti, 1989; 
Ladopoulous, 2000, 1987; Zabreyko, 1975; Prossdorf, 
1977; Zisis and Ladopoulos, 1989). Hence, it is of interest 
to solve numerically this type of integral equations 
(Chakrabarti and Berghe, 2004; Abdou and Naser, 2003). 
Chebyshev polynomials are of great importance in many 
areas of mathematics particularly approximation theory 
(Abdulkawi et al., 2009; Eshkuvatov et al., 2009). 

In this paper, we analyze the numerical solution of 
singular integral equations by using Chebyshev 
polynomials of first, second, third and fourth kind to 
obtain systems of linear algebraic equations; these 
systems are solved numerically. The methodology of the 
present work is expected to be useful for solving singular 
integral equations of the first kind, involving partly 
singular and partly regular kernels. The singularity is 
assumed to be of the Cauchy type. The method is 
illustrated by considering some examples. 

Singular integral equation of first kind, with a Cauchy 
type singular kernel, over a finite interval can be 
represented by: 
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where 
),(,),( xtLxtk

and 
)(xf

 are given real-valued 
continuous functions belonging to the class Holder of 

continues functions and 
0),( ttk

. In Equation (1) the 
singular kernel is interpreted as Cauchy principle value. 
Integral equation of form 1 and other different forms have 
many applications (Chakrabarti, 1989; Ladopoulous, 
2000; Ladopoulous, 1987; Gakhov, 1966; Martin and 
Rizzo, 1989; Zisis and Ladopoulos, 1989). The theory of 
this equation is well known and it is presented in Sheshko 
(2003) and Muskhelishvili (1977). An approximate 
method for solving Equation (1) using a polynomial 

approximation of degree n  has been proposed by 
Chakrabarti and Berghe (2004). 
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It is well known that the analytical solutions of the 
simple singular integral equation 
 

11),(
)(

1

1






xxfdt
xt

t

                    (2) 
 

at 
1),( xtk

 and 
0),( xtL

, for the following four 
cases, 

(I) The solution is unbounded at both end-points 
,1x
 

(II) The solution is bounded at both end-points 
,1x
 

(III) The solution is bounded at end 
,1x
but 

unbounded at end 1x , 

(IV) The solution is unbounded at end 
,1x
but 

bounded at end 1x , 
 
are given by Lifanov (1996). In this paper, the used 
approximate method for solving Equation 1 stems from 
recent work (Eshkuvatov et al., 2009) wherein an 
approximate method has been developed to solve the 
simple Equation (2). The approximate method developed 
below appears to be quite appropriate for solving the 
most general type Equations (1). Some examples are 
presented to illustrate the method.  
 
 
THE APPROXIMATE SOLUTION 
 
In this section, we present the method of the approximate 
solution of Equation (1) in four cases. Let the unknown 

function 


 in Equation (1) be approximated by the 
polynomial function  
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Where 
nic j

i ,...,2,1,0,)( 
 are unknown coefficients and 

in case (I): 
)()()1( xTx ii 

, in case (II): 

)()()2( xUx ii 
, in case (III): 

)()()3( xVx ii 
and in 

case (VI): 
)()()4( xWx ii 

, where iT
, iU

, iV
 and  

,,...1,0, niWi 
 are the Chebyshev polynomials of the 

first, second, third and fourth kinds respectively can be 
defined by the recurrence relations (Prem and Michael, 
2005; Abdulkawi et al., 2009). 
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and ,,...1,0, niW i  are the corresponding weight 
functions. Substituting the approximate solution Equation 
(3) for the unknown function  into Equation (1) yields: 
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In above Equation (8), we next use the following 

chebyshev approximation to the kernels 
),( xtk

 and 

),( xtL
, given by (for fixed x ,cf.(Chakrabarti and 

Berghe, 2004)  
 





s

q

q

q

m

p

p

p txLxtLtxkxtk
00

)(),(,)(),(

        (9) 
 

with known expressions for 
)(xK p  and 

 xLq  . Then 
Equation 8 gives  
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Let 4,3,2,1,)( jx j

k , be the zeros of 

)(),(),( 12 xWxTxU nnn   and 
)(1 xVn , respectively.  
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Substituting the collocation points 4,3,2,1,)( jx j

k  into 
Equation 10, we obtain the following systems of linear 
equations: 
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Solving the system of Equation 14 for the unknown 

coefficients 
4,3,2,1,)( jc j

i , and substituting the values 

of 
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ic
 into Equation 3 we obtain the approximate 

solutions of Equation 1 in the form of  
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NUMERICAL EXAMPLES 
 
In this section, we consider some problems to illustrate 
the above method. All results were computed using 
FORTRAN code. 
 
Example 1. Consider the following singular integral 
equation 
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Thus Equation 11 gives 
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Firstly, let us consider in detail the case (I) ,
1j

,  for 

3n . This result in 
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By applying the following relations 
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It is easy to estimate the values 
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By choosing the collocation points 
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From Equation (23) we obtain the approximate solution of 
Equation (17) in the form   
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Which coincides with the exact solution. The error of 

approximate solution (24) of Equation 17 at
20n

 is 
given in Table 1. 
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Table 1. Errors of approximate solutions of Equation 17 in Cases (I)-(IV) at n=20. 
 

X error (j=1) error (j=2) error (j=3) error (j=4) 

-9.500000E-01 0.000000E+00 0.000000E+00 5.960464E-08 5.960464E-08 

-9.000000E-01 0.000000E+00 0.000000E+00 1.192093E-07 1.192093E-07 

-7.000000E-01 0.000000E+00 0.000000E+00 1.192093E-07 1.192093E-07 

-5.000000E-01 5.960464E-08 5.960464E-08 1.788139E-07 1.788139E-07 

-3.000000E-01 0.000000E+00 5.960464E-08 1.788139E-07 1.788139E-07 

-1.000000E-01 5.960464E-08 5.960464E-08 1.192093E-07 1.192093E-07 

0.000000E+00 5.960464E-08 5.960464E-08 1.192093E-07 1.192093E-07 

1.000000E-01 1.192093E-07 5.960464E-08 5.960464E-08 5.960464E-08 

3.000000E-01 8.940697E-08 8.940697E-08 8.940697E-08 8.940697E-08 

5.000000E-01 8.940697E-08 8.940697E-08 5.960464E-08 5.960464E-08 

7.000000E-01 1.043081E-07 7.450581E-08 1.490116E-08 1.490116E-08 

9.000000E-01 9.313226E-08 5.029142E-08 4.656613E-08 1.303852E-08 

9.500000E-01 5.774200E-08 3.632158E-08 6.705523E-08 4.656613E-09 
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By applying the following relations 
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From Equation (30) we obtain the approximate solution of 
Equation (17) in the form  
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Which coincides with the exact solution. The error of 

approximate Solution (31) of Equation (17) at
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 is 
given in Table 1. 
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By applying the following relations 
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By choosing the collocation points 
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2
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




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
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n

k
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, for 
,3n
 we obtain the 

following system of linear equations: 
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3

0
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By solving this system for the unknown coefficients 

  3,2,1,0,3 ici  that produces 
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       (37) 
 
From Equation (37) we obtain the approximate solution of 
Equation (17) in the form of  
 

 12
1

12
)( 2 




 xx

x

x
xn




            (38) 
 
Which coincides with the exact solution. The error of 

approximate Solution (38) of Equation (17) at
20n

 is 
given in Table 1. 
 

Fourthly, In case (IV) ,
4j

,  for n=3. This result in 
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By applying the relations  
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t
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It is easy to estimate the values 

     4

,0

4
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4

,0 ,, iii uu 
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 4

,3 i
. 

From the relations (7) and Equations (39) to (42) we get 
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     (43) 
 
By choosing the collocation points 
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
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


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n
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, for 
,3n
 we obtain the 

following system of linear equations: 
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3
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By solving this system for the unknown coefficients 

  3,2,1,0,4 ici  that produces 
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      (44) 
                   
From Equation (44) we obtain the approximate solution of 
Equation (17) in the form of  
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x

x
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Which coincides with the exact solution. The error of 

approximate Solution (45) of Equation 46 at
20n

 is 
given in Table 1. 
 
Example2 .  Consider the following singular integral 
equation 
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Which corresponds with 
1),( xtk

 and 
23),( txxxtL 

 . So one gets 
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Hence we find that relation (10) produces  
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Thus (11) gives 
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Firstly, let us consider in detail the case (I) ,
1j

,  for 

3n . This result in  
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From the relations (18) to (21) and (47) we obtain 
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By choosing the collocation points 
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, for 
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 we obtain the 

following system of linear equations: 
 





3

0

)1()1( 4,3,2,1,)()(
i

kkii kxfxc 
 

Dardery and Allan          2049 
 
 
 
By solving this system for the unknown coefficients 
  3,2,1,0,1 ici  that produces 
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From (49) we obtain the approximate solution of Equation 
46 in the form of  
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Which coincides with the exact solution. The error of 

approximate Solution (50) of Equation (46) at
20n

 is 
given in Table 2. 
 

Secondly, let us consider in detail the case (II) ,
2j

,  

for 3n . This result in    
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By applying the relations (25)-(28) and (51) we get 
 

 

 








































3188

2
8

25
4

112

0
4

7

2

)(

24

3

2

3

)2(

ixx

i
x

x

ix

i
x

x

xi











          (52) 
 
By choosing the collocation points 

)4,3,2,1(,
)2(2

)12(
cos)2( 












 k

n

k
xk


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following system of linear equations: 
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By solving this system for the unknown coefficients 

  3,2,1,0,2 ici  that produces 
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Table 2. Errors of approximate solutions of Equation 46 in Case (I), Case (II) and Case (IV) respectively at n=20. 
 

x error (j=1) error (j=2) error (j=4) 

-9.500000E-01 0.000000E+00 0.000000E+00 0.000000E+00 

-9.000000E-01 5.960464E- 08 5.960464E- 08 0.000000E+00 

-7.000000E-01 8.940697E- 08 1.192093E- 07 5.960464E- 08 

-5.000000E-01 8.940697E- 08 1.192093E- 07 1.192093E- 07 

-3.000000E-01 8.940697E- 08 1.788139E- 07 1.192093E- 07 

-1.000000E-01 1.192093E- 07 1.788139E- 07 1.788139E- 07 

0.000000E+00 1.043081E- 07 1.788139E- 07 1.788139E- 07 

1.000000E-01 1.192093E- 07 1.788139E- 07 1.192093E- 07 

3.000000E-01 8. 940697E-08 1.788139E- 07 5.960464E- 08 

5.000000E-01 8.940697E- 08 1.192093E- 07 1.192093E-07 

7.000000E-01 8.940697E- 08 1.192093E- 07 0.00000E+ 00 

9.000000E-01 5.9604641E-08 5.960464E- 08 5.960464E-08 

9.500000E-01 0.000000E+00 0.000000E+00 0.000000E+00 

 
 
 
From Equation (53) we obtain the approximate solution of 
Equation (46) in the form of  
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which coincides with the exact solution. The error of 

approximate solution (54) of Equation 46 at
20n

 is 
given in Table 2. 
 

Thirdly, In case (IV),
4j

, for n=3. This result in        
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By applying the relations (39) to (42) and (55) we get 
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By choosing the collocation points 
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, for 
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 we obtain the 

following system of linear equations: 
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By solving this system for the unknown coefficients 

  3,2,1,0,4 ici  that produces 
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From Equation (57) we obtain the approximate solution of 
Equation (46) in the form of  
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which coincides with the exact solution. The error of 

approximate Solution (58) of Equation (46) at
20n

 is 
given in Table 2. 

Similarly, doing the same operations as we did for 
Case (I), Case (II) and Case (IV), one can solve for Case 
(III). 
 

Example 3.  Consider the following singular integral 
equation 
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which corresponds with 
1),( xtk

 and 
22),( txxtL   . 

So, one gets 
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Table 3. Errors of approximate solutions of Equation 59 in Case (II) and Case (III) at 
n=20. 
 

x error (j=2) error (j=3) 

-9.500000E-01 2.980232E-08 2.980232E-08 

-9.000000E-01 2.980232E-08 5.960464E-08 

-7.000000E-01 0.000000E+00 5.960464E-08 

-5.000000E-01 0.000000E+00 1.192093E-07 

-3.000000E-01 0.000000E+00 1.192093E-07 

-1.000000E-01 5.960464E-08 1.192093E-07 

0.000000E+00 5.960464E-08 1.192093E-07 

1.000000E-01 5.960464E-08 1.192093E-07 

3.000000E-01 1.192093E-07 1.192093E-07 

5.000000E-01 1.192093E-07 8.940697E-08 

7.000000E-01 1.192093E-07 0.000000E+00 

9.000000E-01 8.940697E-08 1.788139E-07 

9.500000E-01 5.960464E-08 3.278255E-07 

 
 
 
Hence the relation (10) produces  
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where Equation (11) gives 
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Firstly, let us consider in detail the case (II), 
2j

,  for 

3n . From Equation (25) to (28) and (51) we get   
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By solving the system (60), at the collocation points 
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coefficients 
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So the approximate solution of Equation 59 is given by  
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Which coincides with the exact solution, the error of the 

approximate solution (63) of Equation 59 at 20n  is 
given in Table 3. 
 

Secondly, In case (III),
3j

, for n=3. This result in 
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From (32)-(35) and (64) we get  
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By solving the system (60), at the collocation points 
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Hence, the approximate solution of Equation 59 is given 
by  
 

)45(
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1
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 xx
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x
xn
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                   (67) 
 
Which coincides with the exact solution, the error of the 

approximate solution (67) of Equation (59) at 20n  is 
given in Table 3. 

Similarly, doing the same operations as we did for 
Case (II) and Case (III), one can solve for Case (I) and 
Case (IV). Table 1 illustrates errors of approximate 

solutions of Equation 17 in Cases (I)-(IV) at 20n . 
Table 2 illustrates errors of approximate solutions of 
Equation 46 in Case (I), Case (II) and Case (IV) 

respectively at 20n . Table 3 illustrates errors of 
approximate solutions of Equation 59 in Case (II) and 

Case (III)  at 20n . 
 
 
Conclusion 
 
Numerical results (Tables 1, 2 and 3) show that the errors 
of approximate solutions of Examples 1-3 in different 

Cases with small value of n  are very small. These show 
that the methods developed are very accurate and in fact 
for a linear function give the exact solution. 
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