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Abstract

In the article, we provide the necessary and sufficient conditions for the parameters o
and B such that the generalized Wilker-type inequality
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1 Introduction
The Wilker inequality [1, 2] for sine and tangent functions states that the inequality

sinx\? tanx
(—) +—=2>0 1.1)
X x

holds for all x € (0,77/2). The generalizations and improvements for the Wilker inequality
(1.1) have been the subject of intensive research in the recent years. Wu and Srivastava [3]
proved that the inequality

)\‘ 1 p t q
sinx . % anx o1 (1.2)
A+u\ x A+p\ x

holds for allx € (0,7/2) if A >0, © >0, g > 0 or g <min{-1,-A/u}, and p < 2qu/X\. Baricz

and Sandor [4] generalized inequality (1.2) to the Bessel functions.
In [5], Zhu proved that the inequalities

sink\? [tanx\” x \% x \
) o+ ==) s =) +[=) 2 (1.3)
X X sinx tanx

hold for x € (0,77/2) and p > 1. Matejicka [6] presented the best possible parameter p such
that the second inequality of (1.3) holds for x € (0, 7/2).
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Zhu [7] proved that the inequalities

x \ x x \? x \
(1—A)<_—) +k(—> <1<(1—17)<,—> +n<—)
sinx tanx Sinx tanx

are valid for all x € (0,7/2) if (p,A,n) € {(L,AN)p > LA >1- 2/n),n <1/3} U
{p:2,m)0 <p<4/5,1>1/3,n <1-(2/m)}.

In [8], Yang and Chu provided the necessary and sufficient condition for the parameter
w such that the generalized Wilker-type inequality

2 [sinx\* A [tanx\"
— + — ) -1>(<)0
A+2\ x A+ 2 X

holds for any fixed A > 1 and all x € (0,7/2).
Very recently, Chu et al. [9] proved that the two parameter generalized Wilker-type in-
equality

28 (sinx)a o (tanx)ﬂ
— ) + — ) =150 (1.4)
a+2B\ x a+2B\ x

holds for all x € (0,7/2) if («, B) € Ey, and inequality (1.4) is reversed if («, 8) € E;, where

Eo={(e, B)la>0,8>0}U{(a, B)|0 <x < 2B, > -1}

12
U (a,ﬂ)’ﬂ >O’_E §a+2ﬁ<0}

2
Ut p)le < ”Z ~3,8 5—1}

Ui ,3),”2 3 0,8 < 37 28 12 <0
B - BE—goa+2B+ — ,
o 1 <a< < 3505 z =

Er={(e, B)le < 0,0 +28 >0} U{(er, )| ~1 < B < 0, + 28>0}
12 12
U {(a,ﬁ)‘ ~1=p<0,-28-— =a <o} U {(a,ﬂ)‘0<a <_28- g}~
The main purpose of this paper is to provide the necessary and sufficient conditions

for the parameters « and § such that the generalized Wilker-type inequality (1.4) and its
reversed inequality hold for all x € (0,7 /2).

2 Lemmas
Lemma 2.1 (See [10], Lemma 2.3) Let —co < < 8 <00, fi,f2 : [&, B] = R be continuous
on [a, B] and differentiable on (o, 8), and f,(x) # 0 on (a, B). Then the inequality

[0 —fil@) | fla")
r@-h@ ha

holds for all x € (o, B) if there exists 1 € («, B) such that f/ (x)/f,(x) is strictly increasing
(decreasing) on (o, n) and strictly decreasing (increasing) on (n, B), and

A(B) - file) > (<) 1:((1*)
S2(B) - g () falet)

# 00.
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Lemma 2.2 (See [9], Lemma 2.9) Let 8 € R, x € (0,7/2), and F(x), G(x), H(x) and g(x) be

defined by
F(x) = cosx(sinx — xcos x)? (x — sinx cos x), (2.1)
G(x) = (x — sinx cos x)*(sinx — x cos x), (2:2)
. 2
H(x) = #° (sz L BE 2) sin® x cos x, (2.3)
x x
and
G(x) + H(x)
g(x) = ﬂi, (2.4)
F(x)

respectively. Then the following statements are true:
(1) The function g(x) is strictly increasing from (0,7 /2) onto (28 +12/5,3 — w2/4) if
B=-1.
(2) The function g(x) is strictly increasing from (0,7 /2) onto (28 +12/5,00) if B > -1.
(3) The function g(x) is strictly decreasing from (0,7 /2) onto (—00,28 +12/5) if
B < —37/35.

Leta, 8 € R, x € (0,7/2) and the functions I, (x), Jg(x) and Qq,g(x) be defined by

le(x) = ﬁ (a #0), lo(x) = logx —log(sinx), (2.5)
(taﬂ B_1
Jg(x) = "T (B #0), Jo(x) = log(tanx) — log x, (2.6)
and
Qa,ﬂ (x) = Jﬂ(x) )
respectively.

Then it is not difficult to verify that

11(07) = 35(0%) =0,
Ioz (x) |a (x) - Ioz (O+)

Qp )= ) ™ Iy 307 (2.7)
Q. 5(0%) = % (2.8)
Qa,ﬁ(%_) - g[(;)a - 1] (@ 0,8 <0), (2.9)
Qo (%_) = lim Qs (g) = Blog % (B <0). (210)

Lemma 2.3 (See [9], Lemma 2.10) Let x € (0,7/2) and Qq p(x) be defined by (2.7). Then

the following statements are true:
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(1) Ifa+2B+12/5> 0 and p > -1, then Qq,g(x) is strictly decreasing on (0,7/2).
(2) Ifa <7%/4 -3 and -37/35 < B < -1, then Qu p(x) is strictly increasing on (0,7/2).
(3) Ifa+2B +12/5 <0 and B < -37/35, then Qq g(x) is strictly increasing on (0,7 /2).

Lemma 2.4 Letx € (0,7/2), Qu,g(x) be defined by (2.7) and the function x — D(a, B;x) be
defined by

(e, i) = Qup) — 5. @.1)

Then the following statements are true:
(1) Ifx e Ris fixed and B < 0, then there exists a unique solution g = B(«) given by

1

=— 212
2log % @12)

o

Bla) = S TEAvEET (a #0), B(0)
satisfies the equation D(a, B;757) = 0 such that D(«, B;57) > 0 for B < B(a) and D(a, B;
57) <0 for B> B(a).

(2) If B < 0 is fixed, then there exists a unique solution o = o(B) satisfies the equation
D(a, B;57) = 0 such that D(«, B; 57) > 0 for o < a(B) and D(a, B; 57) < 0 for a > a(B). In
particular, one has

37

ap =a(-1) =-0.44367302 - - -, of = a<—£) =-0.20340978 - - - . (2.13)

(3) The two functions « — B(«) and B — «a(B) are strictly decreasing.

Proof Part (1) follows easily from (2.9)-(2.11) and the fact that [(2/7)* — 1]/« < 0.
(2) It follows from (2.9) and (2.11) that

lim D(a, 8% ) =00 lim D(a, ;% ) = - (2.14)

im a,B;= ) =o0, im Do, 8= J=—=. .
a—>—00 2 a—>00 2 2

Note that

d(2)-1 2ye 2\* 2\
- (77) = (”) log| — ) +(— -1(>0 (2.15)
da o a? T T

for a #0.

From (2.9), (2.11), and (2.15) we clearly see that the function & — D(a, 8; 5 ") is strictly
decreasing. Therefore, there exists a unique solution « = «(f) that satisfies the equation
D(a, B;57) = 0 such that D(e, 8; 57) > 0 for o < () and D(, B; 57) < 0 for @ > a(B) fol-
lows from (2.14) and the monotonicity of the function & — D(«, 8; 7). Numerical com-

putations show that

37
a(-1) =-0.44367302- - -, OZ(_%) =-0.20340978 - - - .

(3) The function @ — B(«) is strictly decreasing follows easily from (2.12) and (2.15). The
function 8 — «(p) is strictly decreasing due to it is the inverse function of « — B(«). [

Page 4 of 9
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Lemma 2.5 Let B(«) be defined by (2.12). Then

o = —0.36131140 - - - (2.16)

is the unique solution of the equation B(«) = —a/2 — 6/5 such that (o) < —a/2 — 6/5 for
a <o and B(a) > —a/2 — 6/5 for a > .

Proof Let P(«) = (@) + ®/2 + 6/5. Then from (2.12) we clearly see that

(2)" « 6
)= 1w
aEr_nooP(a) = -0, aan;oP(a) = g, (2.17)
2\« 2Va _ (2)\a
dPle) _ (3)"log(T)* —(F)+1 (2.18)

N (e

for o # 0, where the last of (2.18) due to logx —x + 1 < 0 for all x > 0 with x #1.

Inequality (2.18) implies that the function & — P(«) is strictly increasing on (0, 00).
Therefore, there exists a unique o = oy that satisfies the equation B(x) = —«/2 — 6/5
such that B(a) < —a/2 — 6/5 for a < a; and B(a) > —a/2 — 6/5 for a > a; follows from
(2.17) and the monotonicity of the function @« — P(«). Numerical computations show that
o1 =—0.36131140- - -. O

Lemma 2.6 LetQ, 4(x), B(a), g and o be defined by (2.7), (2.12), and (2.13), respectively.
Then the following statements are true:
(1) Ifaa=-2/7=-0.28571428 - - -, then the inequality Qq p(x) > 1/2 holds for all
x€(0,7/2) ifand only if B < —-a/2 - 6/5.
(2) If a = «f, then the inequality Qq,g(x) < 1/2 holds for all x € (0,7 /2) if and only if
B = Bla).
(3) If a < =2/5, then the inequality Qq g(x) < 1/2 holds for all x € (0,7 /2) if and only if
B> -al2-6/5.
(4) Ifa < g, then the inequality Qq g(x) > 1/2 holds for all x € (0,7 /2) if and only if
B < Bla).

Proof (1) If @ > —2/7 and Qq,g(x) > 1/2 for all x € (0,7/2), then from (2.5)-(2.7) one has

’

120 120

x—0t

1 5 +108 +12 50 +108 + 12
ﬁ%xJP%MM—§}=hmxdﬂmii—ﬁi—f+o@ﬁ}:_“+ B+ -0

which implies that 8 < —a/2 - 6/5.
Ifo > -2/7 and B < —a/2 — 6/5, then we clearly see

+2ﬂ+12<0 B < 37 (2.19)
o — , <——. .
5~ 35

Therefore, Qq,g(x) > 1/2 for all x € (0, 7/2) follows from Lemma 2.3(3) and (2.8) together
with (2.19).

Page 5 of 9
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(2) If ¢ > orf and Qg () < 1/2 for all x € (0,7/2), then from (2.11) and Lemma 2.4(1) we
clearly see that D(«, 8; 57) <0 and 8 > B(a).

Next, we prove that Q, g(x) < 1/2 for all x € (0,7/2) if @ > o and B > B(«). It follows
from (2.6) and (2.7) together with the fact that

nx\p B I
Jp(x) _ =) [log(tanx> +( x > _1:| -0
ap p? x tanx

for x € (0,77/2) and B # 0 that the function B — Q, g(x) is strictly decreasing. Therefore,
it suffices to prove that Q, g(x) <1/2 for all x € (0,7/2) if « > &f and B = B(«).
From (2.13) and Lemma 2.4(3) we get

B=p)<B(ag) =-=. (2.20)

Let B # 0, F(x), G(x), H(x), g(x), lo(x) and Jg(x) be defined by (2.1)-(2.6), respectively.
Then simple computations lead to

[g) + aJF ()27, (2.21)

[ I/, (x) ]' cos? xsin®#1x

Js(x) (x — sinx cos x)2

Sy = 2 (2.22)

x — sin(2x) <tanx)ﬁ_1
>0

2x% cos? x x

for x € (0,7/2).

Let oy = —0.36131140--- be defined by (2.16). Then it follows from Lemma 2.2(3),
Lemma 2.5, and (2.20) together with o > af = —0.20340978 - - - > ; that the function
x — g(x) + « is strictly decreasing on (0, 7/2) and

12
liI(I)l [g(x) + a] =a+2B8+ = >0, lim [g(x) + oz] = —00. (2.23)
x—0% x— %_

From (2.21) and (2.23) together with the monotonicity of the function x — g(x) + « on
the interval (0,77/2) we clearly see that there exists xy € (0,77/2) such that the function
X — I(;(x)/J;S(x) is strictly decreasing on (0, %) and strictly increasing on (xo, 7/2).

Note that
lo(57) = 1,(0%) (n-) < n—) 1 1
— :Qa, 21 N =D ) )= - = . 2.24
TG ) =g (09 9\ 2 whleky Jr5=3 (2.24)

Therefore, Q, g(x) < 1/2 for all ¥ € (0, 7/2) follows from Lemma 2.1, (2.7), (2.22), (2.24),
and the piecewise monotonicity of the function x — I;(x)/J;B(x) on the interval (0, 7/2).
(3) If @ < -2/5 and Qq,p(x) < 1/2 for all x € (0, 7/2), then from (2.5)-(2.7) we have

=YY%

1 50 +108 +12 5 +108 +12
lim x72| Qup(x) — = | = lim &7 —%ﬂ +0o(x?) __ba+10p+12 <0
x—0* 2 x—0* 120 120

which implies that 8 > —«/2 — 6/5.
If o <-2/5and B > —a/2 - 6/5, then we clearly see that

12
a+2ﬁ+g20, B=-1L (2.25)
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Therefore, Qg p(x) < 1/2 for x € (0,77/2) follows easily from Lemma 2.3(1), (2.8), and
(2.25).

(4) If @ < g and Qq,(x) > 1/2 for all x € (0,7/2), then (2.11) and Lemma 2.4(1) lead to
the conclusion that D(«, 8;57) > 0 and 8 < B(«).

Next, we prove that Q, g(x) > 1/2 for all x € (0,7/2) if &« < g and 8 < B(«). Since the
function B — Qq,g(x) is strictly decreasing which was proved in part (2), we only need
to prove that Q, g(x) > 1/2 for all x € (0,7/2) if & < oy and B = B(«). It follows from
Lemma 2.2(1) and (2), Lemma 2.4(3), Lemma 2.5, and o < ag < «; that 8 > S(ag) = -1

and the function g(x) + « is strictly increasing on (0, 7/2) such that

12
linol+ [gx) +a]=a+28 + =< 0, (2.26)

) _11
el [
2 - Tr =-1,

00, B>-1,
= , (2.27)
2 +3-7>0, B=-L

From (2.21), (2.26), and (2.27) we clearly see that there exists x* € (0, 7/2) such that the
functionx — I}, (x)/Jj (%) is strictly increasing on (0, x*) and strictly decreasing on (x*, 7 /2).
Therefore, Qq,g(x) > 1/2 for all x € (0,7/2) follows from Lemma 2.1, (2.7), (2.22), (2.24),
and the piecewise monotonicity of the function x — I(’x(x)/J}}(x) on the interval (0,7/2).

O

Lemma 2.7 Let Q, p(x), oo, ot and o(B) be defined by (2.7) and Lemma 2.4, respectively.
Then the following statements are true:
(1) If B = -1, then the inequality Qq p(x) < 1/2 holds for all x € (0,7 /2) if and only if
a>-28-12/5.
(2) If -1 < B <0, then the inequality Qq g(x) > 1/2 holds for all x € (0,7 /2) if and only if
o <a(B).
(3) If B < —37/35, then the inequality Qq p(x) > 1/2 holds for all x € (0,7 /2) if and only if
a < -2B-12/5.
(4) If B <—-37/35, then the inequality Qq,g(x) < 1/2 holds for all x € (0,7 /2) if and only if
a>a(B).

Proof (1) If B > —1 and Qqu g(x) < 1/2 for all x € (0,77/2), then from (2.5)-(2.7) we get

1 5 +108 +12 5 +108 +12
lim x~2 Qup(x)— = | = lim x2 _%xz + 0(x2) = _i <0,
x—0% 2 x—0t 120 120

which implies that « > -2 — 12/5.

If f>-1and a > -28 - 12/5, then Q, p(x) < 1/2 for all x € (0,7/2) follows from (2.8)
and Lemma 2.3(1).

(2)If -1 < B <0and Qqup(x) >1/2 for all x € (0,7/2), then (2.11) and Lemma 2.4(2) lead

to the conclusion that D(«, 8; 57) > 0 and & < ().
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Next, we prove that Q, g(x) >1/2 forallx € (0,7/2) if -1 < B < 0 and & < (). It follows
from -1 < 8 < 0 and « < «(B) together with Lemma 2.4(3) that

a<a(-1)=ap, B =p(). (2.28)

Therefore, Q, g(x) > 1/2 for all x € (0, 7/2) follows from Lemma 2.6(4) and (2.28).
(3) If B <—37/35 and Qq g(x) > 1/2 for all x € (0,7/2), then from (2.5)-(2.7) we have

1 5 +108 +12 5 +108 +12
lim x"z Qa,,g(x) ——|= lim x‘2 _—ﬂxz + O(xZ) = _7'3 >0,
x—0* 2 x—0t 120 120

which implies that o < -28 —-12/5.

If B <-37/35 and o < -2 —12/5, then Q,g(x) > 1/2 for all x € (0,7/2) follows from
(2.8) and Lemma 2.3(3).

(4)If B < -37/35 and Qq,(x) < 1/2 for allx € (0,7/2), then (2.11) and Lemma 2.4(2) lead
to the conclusion that D(«, 8; 57) <0 and & > ().

Next, we prove that Q, g(x) < 1/2 for all x € (0,7/2) if B < -37/35 and o > «(p). It fol-
lows from B < -37/35 and « > «(f) together with Lemma 2.4(3) that

o> a(——) =a;, pB=p). (2.29)
Therefore, the desired result follows from Lemma 2.6(2) and (2.29). a

3 Main results
Let o, B € R with af(a + 2B8) # 0 and Qg () be defined by (2.7), then we clearly see that
the generalized Wilker-type inequality

28 (sinx)a a (tanx)ﬂ
_— + _— -1>0 (31)
a+2B\ x a+2B\ x

holds for all x € (0,7/2) if and only if Q, g(x) <1/2 and af(x +28) > 0 or Qg p(x) > 1/2 and
aB(a +2) <0, while the generalized Wilker-type inequality

28 (sinx)“ o (tanx)‘3
=) + =) -1<0 (3.2)
a+2B\ x a+28\ x

holds for all x € (0,7/2) if and only if Q, g(x) <1/2 and af(« +28) < 0 or Q, g(x) >1/2 and
af(a+28)>0.
From Lemmas 2.6 and 2.7 together with inequalities (3.1) and (3.2) we get Theorems 3.1

and 3.2 immediately.

Theorem 3.1 Let o, f € R with af(a +2B) #0, B(a), ag and o be defined by (2.12) and
(2.13), respectively. Then the following statements are true:
(1) Ifa > =2/7, then inequality (3.1) holds for all x € (0,7 /2) if and only if
(o, B) € {(a, B)IB < —a/2 = 6/5,aB(cx + 2B) < 0} and inequality (3.2) holds for all
x € (0,7/2) ifand only if (a, B) € {(at, B)IB < —ct/2 - 6/5,aB(cx +28) > 0}.
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(2) If o > o, then inequality (3.1) holds for all x € (0,7/2) if and only if
(o, B) € {(a, B)IB = B(), aB(x + 2B) > 0} and inequality (3.2) holds for all
x € (0,7/2) ifand only if (a, B) € {(ot, B)|8 = Bla), af(x +28) < 0}.
(3) Ifa <-2/5, then inequality (3.1) holds for all x € (0,7 /2) if and only if
(o, 8) € {(a, B)IB = —a/2 = 6/5,aB(x + 28) > 0} and inequality (3.2) holds for all
x € (0,7/2) ifand only if (a, B) € {(at, B)IB = —ct/2 — 6/5,B(cx +2) < O}.
(4) If o« < g, then inequality (3.1) holds for all x € (0,7 /2) if and only if
(o, B) € {(a, B)IB < Bl@), aB(a + 2B) < 0} and inequality (3.2) holds for all
x € (0,7/2) if and only if (o, B) € {(a, B)|B < B(a), aB(x +28) > 0}.

Theorem 3.2 Letw, f € Rwithaf(a+2p8) #0, o, af, and o(B) be defined by Lemma 2.4.
Then the following statements are true:
(1) If B = -1, then inequality (3.1) holds for all x € (0,7 /2) if and only if
(o, B) € {(a, B)la = =28 —12/5,aB(c + 28) > 0} and inequality (3.2) holds for all
x € (0,7/2) ifand only if (a, B) € {(ot, B)|o = -2 — 12/5,B(cx + 28) < 0}.
(2) If -1 < B <0, then inequality (3.1) holds for all x € (0,7/2) if and only if
(o, B) € {(a, B)la < x(B), aB(ex + 2B) < 0} and inequality (3.2) holds for all
x € (0,7/2) ifand only if (o, B) € {(«r, B) | < a(B), B +28) > 0}.
(3) If B < —-37/35, then inequality (3.1) holds for all x € (0,7 /2) if and only if
(o, B) € {(or, B)le < =28 —12/5,af(c + 2B) < 0} U {(cr, B)lex > ex(B), B (ex + 28) > O}
and inequality (3.2) holds for all x € (0,7 /2) if and only if

(@, ) € {(ev, B)l = =2 —12/5, 0B (cx + 28) > 0} U {(o, B) ot = (), B (e + 28) < O}.
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