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Abstract

In this paper, some new Gronwall-Bellman type integral inequalities on time scales
containing integration on infinite intervals are established. They provide new bounds
for unknown functions concerned and can be used as a handy tool in the research of
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1 Introduction
The development of the theory of time scales was initiated by Hilger [1] as a theory capable
to contain both difference and differential calculus in a consistent way. Since then many
authors have expounded on various aspects of the theory of dynamic equations on time
scales (for example, see [2-9], and the references therein). In these investigations, integral
inequalities on time scales have been paid much attention by many authors, and a lot of
integral inequalities on time scales have been established (for example, see [5-16] and the
references therein), which are mainly designed to unify continuous and discrete analysis
and play an important role in the research of boundedness, uniqueness, stability of solu-
tions of dynamic equations on time scales. Among these inequalities, Gronwall-Bellman
type integral inequalities are of particular importance as such inequalities provide explicit
bounds for unknown functions. For related results, we refer to [10—16]. But to our knowl-
edge, Gronwall-Bellman type integral inequalities on time scales containing integration
on infinite intervals have been paid little attention so far in the literature.

In this paper, we establish some new Gronwall-Bellman type integral inequalities on
time scales containing integration on infinite intervals. New explicit bounds for unknown
functions concerned are obtained due to the presented inequalities. Also we present some

applications for the established results.

2 Some preliminaries

Throughout this paper, R denotes the set of real numbers and R, = [0, 00), while Z denotes
the set of integers. For two given sets G, H, we denote the set of maps from G to H by
(G,H).
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A time scale is an arbitrary nonempty closed subset of real numbers. In this paper, T
denotes an arbitrary time scale. On T we define the forward and backward jump operators
o0 €(T,T) and p € (T, T) such that o (¢) = inf{s € T,s > t}, p(¢) = sup{s € T,s < £}.
Definition 2.1 The graininess u € (T,R,) is defined by u(t) = o (¢) — £.

Definition 2.2 The cylinder transformation &, is defined by

Loslehd) iy £ 0 (for z # —3),
z ifh=0,

&u(2) =

where Log is the principal logarithm function.

Definition 2.3 For p € R, the exponential function is defined by

ey(t,s) = exp(/téﬂ(,)(p(f))Ar) fors,t e T.

Definition 2.4 If sup,.r ¢ = 00, p € R, we define

€,(00,s) = exp(/wéﬂ(,)(p(r))Ar> forteT.

Remark 2.1 If T = R, then we have

ep(t,s):exp(fstp(t)dr) fors,t e R,
ey(00,8) =exp([ p(r)dr) forseR.

If T = Z, then we have

ey(t,s) = ]_[i;ls[l +p(r)] fors,teZands<t,
ey(00,8) = [175,[1+ p(r)] forseZ.

The following two theorems include some known properties on the exponential func-

tion.

Theorem 2.1 [17, Theorem 5.2] If p € %R, then the following conclusions hold:
(i) ey(t,t) =1ande(t,s) =1,
(i) ep(()s) = (1 + w(OP(E))ey(L,9)
(iii) ifp € R*, then e,(t,s) >0,Vs,t T,
(iv) if p € R*, then ©p € R,
(v) ep(t,s) = % =egp(s,t),
j

where Op = T

Remark 2.2 If s = 0o, then Theorem 2.1(iii), (v) still holds.
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Theorem 2.2 [17, Theorem 5.1] If p € R, and fix ty € T, then the exponential function

e,(t, to) is the unique solution of the following initial value problem:

y2(8) = p()y(t),
y(to) = 1.

For more details about the calculus of time scales, we refer to [18, 19].

The following lemma is important for proving our results.

Lemma 2.1 Suppose that sup,.q« t = 00, u,q € Ca, p € R*, and u is delta differential at

t € T%, then

u(t) > p(tyu(t) - q(t), teT" (21)
implies

u(t) < u(00)eay(00, ) + /t " d0ey(t,o(s)As, teT . 2.2)

Proof Since p € R*, then from Theorem 2.1(iv) we have ©p € %, and furthermore, from
Theorem 2.1(iii) we obtain eg,(t, ) > 0, Vo € T*.
So,

[1(t)ecy(t, )] = [eap(t, )] ul@) + ecp (o (2), ) (8). (2.3)
On the other hand, from Theorem 2.2 we have
[ecp(t,)]* = (@P)(Decy(t, @). (2.4)

So, combining (2.3), (2.4) and Theorem 2.1, it follows that

[u(t)ec,(t, )] = (Ep)(B)eap(t, )ult) + ecp(o (), a)u® (1)

. (©p)(#)
- el0 0| [

= ecp(o (), o) [u™ () - p()u(®)]. (2.5)

(t) + uA(t)]

Substituting ¢ with s and an integration for (2.5) with respect to s from « to oo yield

o]

u(oo)egy (00, o) — u(ar)egy (o, o) = / ecp (o (s),a) [MA(S) —p(s)u(s)] As. (2.6)

Since egp(a, @) =1, from (2.1) and (2.6) we have

[e.¢] [e¢}

u(00)egy (00, o) — u(ar) > —/ eop(0(s),a)q(s)As = —/ ep(a,0(s))gq(s) As,

o o
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which is followed by
oo

u(ar) < u(oo)egy(00, ) + / ep(a,o(s))q(s)As. (2.7)

o

Since o € T* is arbitrary, after substituting o with ¢, we obtain the desired inequality. O

Lemma 2.2 [20] Assume thata>0,p>q >0, and p #0, then for any K >0

q q 1P P—q

a?* < =K'?P a+ Klz’.
p

S

3 Main results
Theorem 3.1 Suppose that sup,.p« t = 00, u,a,f,g,h € Cd(T,R,), and a is decreasing. If
u(t) satisfies the following inequality:

u(t) <alt) + / [f(s)u(s) +g(s)/ h(S)u(E)A$:|As, teT", (3.1)
then
u(t) < a(t)ee;(oo, t), teT", (3.2)

~

provided that 1 + u(t)f (t) > 0, where

f@) = —[f(t) +g() / h(E)Aé}- (3.3)

Proof Fix T € T%, and let ¢ € [T,00) N T*. Since a(t) is decreasing on T*, from (3.1) we
have

u <am)+ [ [f(s)u(s) re) [ h(s)u(sms} As telT,o)nT.  (34)
Denote the right-hand side of (3.4) by v(£). Then it follows that
u(t) <v(t), te[T,o0)NT" (3.5)
and furthermore,
V() = —[f(t)u(t) ret) [ mh(s)u(sms]
> —[f(t) ret) [ wh(s)As]v(t) ~Femo), (3.6)
where f is defined in (3.3). ~ ~
Under the condition 1 + (£)f(£) > 0, in fact we have f € R*. So, a suitable application of

Lemma 2.1 yields

V(£) < v(o0)egf(00,t), te[T,00)N T*. (3.7)
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Since v(00) = a(T), then (3.7) can be rewritten as

v(t) < a(T)eef(oo, t), tel[T,o0)NT . (3.8)
Combining (3.8) with (3.5), we have

u(t) <a(T)egp(oo,t), te[T,00)NT". (3.9)

Setting ¢ = T in (3.9), since T is selected from T* arbitrarily, after substituting T" with ¢,
we obtain the desired inequality (3.2). d

Since T is an arbitrary time scale, if we take T for some peculiar cases, then we have the

following corollaries.

Corollary 3.1 Suppose that T =R. u,a,f,g,h € C(R,R,), and a is decreasing on R. If u(t)
satisfies the following inequality:

u(t) <al(t) + / [f(s)u(s) +g(s)/ h(E)u(E)dE:| ds, teR, (3.10)
then
u(t) < a(t)exp <- / oof(f) dr), teR, (3.11)

where f(t) = —[f(¢) + g(t) [ h(g) d&].

Proof When T = R, we have u(t) = o(t) — t = 0, and then ef = —%}e = —]7. Obviously,
1+ ,u(t)’f(t) =1> 0. Furthermore, from Remark 2.1 we have

ee;(oo,t) = exp(/t (ef)(t)dr) = exp(—/t f(t)dr). (3.12)

Combining (3.12) and (3.2), we obtain the desired result. O

Corollary 3.2 Suppose that T = Z. u,a,f,g,h € (Z,R,), and a is decreasing on Z. If u(n)
satisfies the following inequality:

u(n) < a(n) + Z[f(S)u(S) +g(s) Zh(é)u(é)} new, (3.13)
s=n E=s
then
u(m) <am| | n +}(f), nez, (3.14)

provided that 1 +]7(n) >0, wheref(n) =—[f(n) +g(n) Zg’;n h(&)].
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Proof When T = Z, we have u(n) = o(n) —n =1, VYn € Z, and then ef -1

T T T
Furthermore, from Remark 2.1 we have
oo - o0 1
e~7(0o,n) = 1+(&f)(r)|= ~. 3.15
(00, n) H[ ©))] E“M (315)
Combining (3.15) and (3.2), we obtain the desired result. O

Theorem 3.2 Suppose that sup,.qp« t = 00, u, a, f, g are defined as in Theorem 3.1. p is a
positive number with p > 1. If u(t) satisfies the following inequality:

u(t) < alt) + /Oo[f(s)u(s) +g(s)] As, teT~, (3.16)
then
u(t) < {a(t)eef(oo,t) + /wg(s)ef(t,o(s))As}p, te T, (3.17)

provided 1 + u(t)f(t) >0, where

70 =K 7,

1 (3.18)
20) = f(t)’%l](? +g(t), VK>O0.
Proof Fix T € T*. Let t € [T,00) N T*, and
v(t) =a(T) + fwv(s)u(s) +g(s)]As, teT”. (3.19)
Then
u(t) <ve (), telT,o00)NT, (3.20)
and furthermore,
vA(E) = -[fO)ul®) + g()] > —[f(t)wlﬂ ) +g(®)], telT,00)NT*. (3.21)
On the other hand, from Lemma 2.2 we have
1 1 1» p-1_1
ve(t) < —K7? v(t) + ——KP, VK>D0. (3.22)
p p
So, combining (3.21) and (3.22), we obtain
0= {0+ L2k ) o)
va(@E) = —f@e)| =K 7 v(t) + ——K? | +g(t)
p p
= F(Ov() -2, te[T,00)NT¥, (3.23)

where f and 7 are defined in (3.18).
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Since v(00) = a(T), and 1 + M(t)}’\(t) >0, we havef(t) € R+, and a suitable application of
Lemma 2.1 yields
[o¢]
v(t) < a(T)egp(oo, ) + / gs)er(t,0(s))As, ¢ [T,00)NT*. (3.24)
t

Combining (3.24) and (3.20), we have

u(t) < {a(T)eef(oo,t) + /oofg\(s)ef(t,a(s))As}p, te[T,o0)NT . (3.25)

Setting ¢ = T in (3.25), and considering T is selected from T* arbitrarily, after substituting
T with t, we obtain the desired inequality (3.17). O

Corollary 3.3 Suppose that T =R. u,a,f,g € C(R,R,), and a is decreasing on R. p is de-
fined as in Theorem 3.2. If u(t) satisfies the following inequality:

W (t) <al(t) + /w[]’(s)u(s) +g(s)] ds, teR, (3.26)
then

u(t) < {a(t) exp(—/mf(r)dr> + /‘00?(8) exp(/tf(r)dt) ds}ﬁ, teR, (3.27)

wheref, g are the same as in Theorem 3.2.

Corollary 3.4 Suppose thatT =Z.u,a,f,g € (Z,R,), and a is decreasing on Z. p is defined
as in Theorem 3.2. If u(n) satisfies the following inequality:

() <aln) + Y [f$)uls) +g(9)], ne, (3.28)

then

o ) 3
u(n) < Ya(n ]_[1 N Zg (]_[“f(r))} ne’, (3.29)

T=n s=n T=n
where f, g are the same as in Theorem 3.2.

The proofs for Corollaries 3.3 and 3.4 are similar to those for Corollaries 3.1 and 3.2,

and we omit them here.

Theorem 3.3 Suppose that sup,.p« t = 00, u, a, f, g, h are defined as in Theorem 3.1, and
p > 1. If u(t) satisfies the following inequality:

u?(t) < alt) + /Oo[f(s)up(s) +g(s)u(s) + h(s)]As, teTs, (3.30)
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then
u(t) < { [a(t)eeHl(oo, )+ f Hy(s)ep, (t,o(s)) As]ee(_f)(oo, t)}p, (3.31)

provided that 1 — u(t)f (¢) > 0, 1 + w(¢)H(t) > 0, where

1-p
Hi(t) = ~g(£) ,K 7 eg(-)(00,t),

Hy(t) = g(O) 51 K7 + h(e), YK >0, (332
Proof Let
v(e) = alt) + /t e + hs)]As, e T~ (3.33)
Then
WP (t) < v(t) + /t o)A, teTs, (3.34)

Since 1 — u(t)f(t) > 0, we have —f € R, and furthermore &(—f) € R*. Treating u”(t) as a
variable, by Corollary 3.5 we obtain

W (t) < v(t)eorp(00,t), teT~. (3.35)

Now fix T € T*. Let t € [T, 00) N T*, and

y(t) =a(T) + /w[g(s)u(s) + h(s)]As, teT”. (3.36)
Then
v(t) <y(t), te[T,00)NT". (3.37)

Since ©(-f) € ;i*, we have eg(_f)(00, ) > 0. From (3.35) and Lemma 2.2, we obtain

Y2(0) = ~[gOult) + h(£)] > ~[g(&) (Dean(00D) 7 +h({)]

> — [g(t) (ll(lpp v(t)eg(-f) (00, £) + p;ll(}a) + h(t):|
P P

> —[g(t) (;K%p}’(t)ee(—f)(oox 0+ ”7‘11«%) . h(t)}

= Hy(£)y(t) - Ha (), (3.38)

where Hy, H, are defined in (3.32).
Since 1+ u(t)Hi(¢) > 0, we have H; € R*, and a suitable application of Lemma 2.1 yields

y(t) < y(oo)egn, (00, t) + / Hj(s)en, (t,a(s)) As. (3.39)
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Since y(00) = a(T), we obtain

y(t) < a(T)egn, (00, t) +/ Hj(s)em, (t,U(s)) As. (3.40)

Combining (3.35), (3.37) and (3.40), we obtain

u(t) < {[a(T)eeHl(oo, t) +/ Hj(s)ep, (t,o(s))As]ee(_f)(oo, t)}p,

te[T,00)NT". (3.41)

Setting ¢t = T in (3.41) yields

1

u(T) < { [a(T)eeHl(oo, T)+ /T H(s)ew, (T, o(s))As] eo(-f) (00, T) } " (3.42)

Since T is selected from T* arbitrarily, substituting 7 with ¢ in (3.42), we obtain the desired
inequality (3.31). O

Corollary 3.5 Suppose that T = R. u,a,f,g,h € C(R,R,), and a is decreasing on R. p is
defined as in Theorem 3.3. If u(t) satisfies the following inequality:

u(t) < alt) + foo[f(s)up(s) +g(s)u(s) + h(s)] ds, teR, (3.43)

then

u(t) < ”:a(t) exp(—/ooHl(r)dr) + /OOHZ(S) exp(/tHl(r)dr> ds]

Xexp</ocf(r)dt)}p, teR, (3.44)

1-
where Hi(t) = —g(t)}%KTp exp(ftoof(r) dt), and H, is defined as in Theorem 3.3.

Corollary 3.6 Suppose that T = Z. u,a,f,g € (Z,R,), and a is decreasing on 7. p is the
same as in Theorem 3.3. If u(n) satisfies the following inequality:

o]

u(n) < a(n) + ZV(s)up(s) +g(s)u(s) + h(s)], ne, (3.45)
then
3 9] 1 00 . s 1 00 1 117
w0 = e [T g 2\ e ) | T |
nez, (3.46)

1-
where Hy(1) = —g(r)}%[(Tp Hg‘if 1_}(5), and H, is defined as in Theorem 3.3.
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Theorem 3.4 Suppose that sup,.« t = 00, u, a, f are defined as in Theorem 3.1, and p > 1.
LeC(T*xR,,R,),and 0 < L(s,x)—L(s,y) < M(s,y)(x—y) forx >y > 0, where M € C(T* x
R,,R,). If u(?) satisfies the following inequality:

u?(t) < alt) + /Oo[f(s)up(s) + L(s,u(s))]As, teT", (3.47)
then
u(t) < {[a(t)eeﬁl(oo, )+ / ﬁz(s)eﬁl (t,a(s)) As]ee(f)(oo, t)}p’ (3.48)

provided that 1 — u(t)f () > 0, 1+ u()Hy () > 0, where

Hy(t) = —M(t, (ea(p (o, t))p K”)(ee (oo,t))p L,

- (3.49)
Ay (8) = L(t, (ea()(00,£))? 1’71107 ), VK >0.
Proof Let
v(t) = a(t) + /wL(s,u(s)) As, teT“. (3.50)
¢
Then
uf(t) < v(t) + /oof(s)up(s)As, te T~ (3.51)
t
Similar to the process of (3.34) to (3.35), we obtain
uf (t) < v(t)eg(—p(0o,t), teT". (3.52)
Now fix T € T¥. Let t € [T, 00) N T, and
y(t)=a(T) + /OOL(s, u(s)) As, teT“. (3.53)
t
Then
v(t) <y(t), te[T,00)NT". (3.54)

Since 1 - u(£)f (£) > 0, we have ©(—f) € R*, and furthermore eg(_s) (00, t) > 0. From (3.52),
(3.54) and Lemma 2.2, we obtain

YA = ~L(6u(®) = ~L(t (10 (ean(00,5) 7))
> 11, (ear(00,) 1%}7 K7 5(0) + (eo f(oo,t))ll’p_ll(}?)
[L(t, eoi)(00,1)) i}? K7 y(t) + (earpn (00 0) 72 1<p>
L<t, ) [ 1(11'7>+L<t,(ee ) [ 1<117>]
p p
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p-1
p
-1

ST

> — |:M(t, (69(,.,()(00, t)) 1<;) (ee(,f)(oo, t))}”}gl(l%jy(t)
1p 1
+ L £, (es(-p) (00, t)) p 5 KP>:|

= Hi()y(t) - Ha(t), (3.55)

where H;, H, are defined in (3.49).
We note that the structure of (3.55) is just similar to (3.38). So, following in a similar
manner as the process of (3.38)-(3.40), we deduce

y(t) < a(T)egg, (00,t) + / Hy(s)eg, (t, 0 (s)) As. (3.56)

Combining (3.52), (3.54) and (3.56), we obtain

u(t) < {[a(T)eeﬁl(oo, ) +/ 1'/-}2(5)8171 (t,a(s))As]ee(f)(oo, t)}p,

te[T,00)NT". (3.57)

Setting t = T in (3.57), since T is selected from T* arbitrarily, after substituting T" with ¢,
we obtain the desired inequality (3.48). O

Remark 3.1 If wetake T = R or T = Z in Theorem 3.4, then we obtain another two corol-
laries, which are similar to Corollaries 3.1-3.6.

4 Applications

In this section, we give some applications for the results presented above. In Examples 1
and 3, new explicit bounds for solutions of certain dynamic equations on time scales are
derived by the results established, while in Example 2, we deal with the quantitative prop-
erties of solutions of a kind of a dynamical equation on time scales.

Example 1 Consider the following dynamic integral equation on time scales:
wW(t)=C+ / F(s,u(s)) As, teTv, (4.1)
t

with the condition u(00) = C, where u € Cq(T,R), p is a positive number with p > 1.
Assume that |F(¢t, u)| <f(¢)|u| + g(¢), where f,g,h € Cq(T,R,), then

1

|u(t)|§ {|C|e67(oo, t)+/ :g\(s)ef(t,a(s))As}p, teT", (4.2)

o~ o~

provided 1 + w(£)f(¢) > 0, where f(¢), g(¢) are defined the same as in Theorem 3.2.
In fact, from (4.1) we have

’u(t)|p§ |C|+/ ‘F(s,u(s))‘Asg |C|+/ [f(s)|u(s)|+g(s)]As.

Then a suitable application of Theorem 3.2 yields the desired result.
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Example 2 Consider the following dynamic integral equation on time scales:
ut)=C+ / F(s,u(s)) As, teT", (4.3)
t
where u is the same as in Example 1.
Assume that |F(¢, 1) — F(¢, u2)| <f(£)|u1(£) — uz(2)|, where f € C,q(T, R,), then Eq. (4.3)

has at most one solution.
In fact, if u;(¢) and u;(¢) are two solutions to Eq. (4.3), then

’ul(t)—uz(t)‘ = ‘f F(s, ul(s)) —F(s, uz(s))As

< / ’F(s, ul(s)) - F(s, ug(s)) ’ As
< f f(s) |u1(s) —uy(s) | As. (4.4)

Then a suitable application of Theorem 3.1 yields |u; (£) — u5(£)| < 0, which implies u (¢) =
I/tz(t).

Example 3 Consider the following dynamic differential equation on time scales:
@) = -G(t,u(r)), teT, (4.5)

with the condition u(oc0) = C, where u € Cq(T,R), and p is a constant with p > 1.
Assume that |G(¢, u)| <f(t)|ul? + L(¢, |u(2)]), where f, L are defined the same as in The-
orem 3.4, then

’u(t)| < H:|C|89]?[1(OO, t) +/ 1":12(s)e,q(1 (t,o(s))As]ee(_f)(oo, t)}p, (4.6)

provided that 1 — u(£)f(£) > 0,1+ u(t)ﬁl(t) > 0, where ﬁl(t), Hz(t) are the same as in The-

orem 3.4.

In fact, considering u(c0) = C, then the equivalent form of (4.5) is denoted by
o0
u?(t) =C+ / G(s, u(s)) As, teT~. (4.7)
t

Furthermore,

o]

|u(t)|p§ |C|+/ |G(s,u(s))|As

< |C|+/ [f(s)|u(s)|p+L(s,

u(s)‘)]As, teT”. (4.8)

Then a suitable application of Theorem 3.4 yields the desired inequality (4.6).

5 Conclusions

We have established some new Gronwall-Bellman type integral inequalities on time scales
containing integration on infinite intervals, which can be used in the research of bound-
edness and other qualitative properties as well as quantitative properties of solutions of
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certain dynamic equations on time scales. From the corollaries in Section 3, one can see
the established inequalities unify continuous and discrete analysis. Finally, we note that
the process of Theorems 3.1-3.4 can be applied to establish delay inequalities with two
independent variables on time scales.
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