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1 Introduction
Consider the following multiobjective programming problem:

(P) K-minimize f(x)

subject tox € X° = {x €S:—gx) e C},

where S C R" be open, f: S — R¥, g: S — R™, K, and C are closed convex pointed cones
with nonempty interiors in RX and R™, respectively.

Several researchers have studied the duality relations for different dual problems of (P)
under various generalized convexity assumptions. Chen [1] considered a pair of symmet-
ric higher-order Mond-Weir type nondifferentiable multiobjecive programming problems
and established duality relations under higher-order F-convexity assumptions. Later on,
Agarwal et al. [2] have filled some of the gap in the work of Chen [1] and proved a strong
duality theorem for a Mond-Weir type multiobjective higher-order nondifferentiable sym-
metric dual program. Khurana [3] considered a pair of Mond-Weir type symmetric dual
multiobjective programs over arbitrary cones and established duality results under cone-
pseudoinvex and strongly cone-pseudoinvex assumptions. Later on, Kim and Kim [4] ex-
tended the results in Khurana [3] to the nondifferentiable multiobjective symmetric dual
problem. Gupta and Jayswal [5] studied the higher-order Mond-Weir type multiobjective
symmetric duality over cones using higher-order cone-preinvex and cone-pseudoinvex
functions, which further extends some of the results in [3, 6, 7].

Agarwal et al. [8] formulated a pair of Mond-Weir type nondifferentiable multiobjec-
tive higher-order symmetric dual programs over arbitrary cones and established duality
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theorems under higher-order K-F convexity assumptions. In the recent work of Suneja
and Louhan [9], the authors have considered Wolfe and Mond-Weir type differentiable
symmetric higher-order dual pairs. The Mond-Weir type model studied in [9] is similar
to the problem considered in Gupta and Jayswal [5]. However, the strong duality result in
[9] is for arbitrary cones in R¥ instead of only those cones which contain the nonnegative
orthant of R¥ as considered in [5].

In the present paper, a pair of Wolfe type higher-order multiobjective nondifferentiable
symmetric dual program have been formulated and we established weak, strong, and con-
verse duality theorems under K-F convexity assumptions. We also illustrate a nontrivial

example of a function which satisfies the weak duality relation.

2 Definitions and preliminaries

Let C; € R" and C, € R™ be closed convex cones with nonempty interiors and let S; and
S, be nonempty open sets in R” and R, respectively such that C; x C; € §; x S;. For a
real valued twice differentiable function f(x,y) defined on S; x S,, V,f(x,y) denotes the
gradient vector of f with respect to x at (x,y), V,f(x,y) denotes the Hessian matrix with
respect to x at (x, y). Similarly, V,f(x,y), V., f(x,¥), and V,,f(x, y) are also defined.

Definition 2.1 [8] A point X € X° is a weak efficient solution of (P) if there exists no x € X°
such that

F(® - f(x) € intK.

Definition 2.2 [5] A point X € X° is an efficient solution of (P) if there exists no x € X°
such that

S &) - f(x) € K\{0}.
Definition 2.3 The positive dual cone K* of K is defined by
K*=|y:x"y=0forallx e K}.

Definition 2.4 For all (x,u) € S; x S,, a functional F : S} x S, x R" — R is said to be
sublinear with respect to the third variable, if

(i) F(x,u;a1 + a) < F(x,u;a1) + F(x, u;a,) for all aj,a, € R",

(ii) F(x,u; Ba) = BF(x,u;a), for all B € R, and for all a € R".
For convenience, we write F(x, u;a) = Fy,,(a).

Definition 2.5 [8] Let F:S; X Sp X R" — R be a sublinear functional with respect to the
third variable. Also, let /; : S; x R" — R, i =1,2,...,k be a differentiable function. Then
the function f : S; x S, — R is said to be higher-order K-F convex in the first variable at
u € 8 for fixed v € S, with respect to 4, such that forx € Sy, p; e R",i=1,2,...,k,

(A v) =f(,v) = Fou(Vafi (V) + VI (, p1)) = (. 1) + pf [V (o )]s -
S, v) = filt, v) = s (Vafic (1, v) + Vi it pi)) = bt pi) + P [ Vi i pi)])
ek.
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Definition 2.6 [10] Let ¢ be a compact convex set in R”. The support function of ¢ is
defined by

Sx|p) = max{xTy B AS go}.
The subdifferentiable of S(x|¢) is given by
IS(xlg) = {z € 12" x = S(xlp)}.
For any set S C R", the normal cone to S at a point x € S is defined by
Ns(x)={yeR":y"(z-x) < 0forallz € S}.
Foreachi=1,2,...,k letf;:S1 xSy = R, h;: 8§; x Sy x R" — Rand g;: §; x S, x R" - R
be differentiable functions. p = (p1,pa,...,px) and r = (r,rs, ..., rx), for p; € R" and r; € R,

i=1,2,...,k Cf and C; are the positive dual cones of C; and C,, respectively. D and E are
the compact convex sets in R” and R™, respectively. Also, we use the following notations:

h(x,y,p) = (1%, 5,1, 12 (%, 9, p2)s - .., B, 9, 1))
g(u,v,r)= (gl(u, v,1), &L, v,r2),...,g(u, v, rk)),
Vph(x,y,p) = (Vplhl(x,y,pl), Vo, 02 (%, 9, p2)5 - . Vpkhk(x,y,pk)),
V,g(u,v,r) = (Vrlgl(u, v, 11), Vi @2 (U, V,72)s ., Vi gk (W4, v, rk)),
P Vph(x,3,p) = (pf Vo 115,301, 03 Vi, B (%, 3, 02), ..., P Vi (%, y,p1))  and
r'V,g(u,v,1) = (r] Vi g1, v,11), 73 Vo2 (v, 1), .., 7 Vi gty v, 1) ).
3 Problem formulation

Consider the following pair of Wolfe type higher-order nondifferentiable multiobjective
symmetric dual programs:

(WHP) K-minimize f(x,y) + h(x,y,p) + S(x|D)e —pTVph(x,y,p)
k
- J/T <Z )"i { Vyﬁ(xry) + Vpihi(x»y»pi)}e>
i=1
subject to
k
- (Z Al Vifi, ) + Vi, v, p:) } —Z) €Cs, @)
i=1

A= AnA2, ..., ) €intKT, rAle=1, x € Cy, z€E, )
(WHD) K-maximize f(u,v) + g(u,v,r) — S(v|E)e — rTV,g(u, v, r)
k
—uf (Z A Vifi(,v) + V., gi(u, v, ri)}e>
i=1

subject to
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k
(Z )\i{V%fi(u, V) + V,.gi(u,v, r,»)} + w) ey, (3)

i=1

A=, Ag,..., ) €IntK™, rAle=1, ve G, weD, (4)
where e = (e}, e0,...,e;) € intK is fixed.

Remark 3.1 If D = {0} and E = {0}, then our problems (WHP) and (WHD) become the
problem studied in Suneja and Louhan [9].

Next, we will prove weak, strong, and converse duality results between (WHP) and
(WHD).

Theorem 3.1 (Weak duality) Let (x,y,A,z,p) and (u,v, A, w,r) be feasible solutions for
(WHP) and (WHD), respectively. Assume the following conditions hold:
(@) f(,v) + (-)Twe is higher-order K-F convex at u with respect to g(u,v,r) for fixed v,
() —f(x,-) + ()T ze is higher-order K-G convex at y with respect to —h(x, y, p) for fixed x,
(1) R* CK,
where F: 8 x So X R" — Rand G :S; x Sy x R™ — R are the sublinear functionals with

respect to the third variable and satisfy the following conditions:

Fuya)+u’a>0 forallaeCy, (A)

Gy(b) + b'y=0 forallbeC;. (B)

Then

k
|:f(u, v) +g(u,v,r) — S(|E)e - rTV,g(u, vr)—u’ Z Ai{VJ(u, V) + V,.gi(u,v, ri)}ej|

i=1

- [f (x,9) + h(x,y,p) + Sx|D)e — p" V,h(x,y,p)

k
¥ ) M Vif () + thi(x,m)}e}

i=1

¢ K\{0}. (5)

Proof We shall obtain the proof by contradiction. Let (5) not hold. Then

k
|:f(u, v) +g(u,v,r)— S(|E)e - rTV,g(u, vr)—u’ Z Ai{VJ(u, V) + V,.gi(u,v, ri)}e:|

i=1

- {f (x,9) + h(x,y,p) + Sx|D)e — p" V,h(x,y,p)

k
¥ M Vif () + thi(x:m)}e}

i=1

€ K\{0}.
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It follows from A € intK* and ATe =1 that

k
[Z rilfi(w,v) + g, v,ri) = 1] V80w, v,m) | = S(VIE)
i=1

k

—i4T Z )\,»{Vufi(u, V) + V,.gi(u,v, ri)}i|

i=1

k
- {Z Ailfi,y) + hi%, 3, i) — P} Vi hi(x,y,01) )
i=1

k

+S(x|D) - yT in{Vxﬁ(x,y) + Vpih,»(x,y,pi)}] >0.

i=1

(6)

Now, since f(-, v) + (-) T we is higher-order K-F convex at u with respect to g(u, v, r) for fixed
v, we get

(ﬁ(x, v) +xTwey — fi(u,v) — uT we, — Fy, [Vufl(u, v) + wer + V, &1(u, v, rl)]
—gw,v,n)+ rlTV,lgl(u, V1), i v) + x  wey — fi(u,v) - uT wey
- Fx,u[vu‘ﬁ((uj V) + weg + Vrkgk(uy v, rk)] _gk(ur v, rk) + ’"kTVrkgk(% v, rk)) ek.

Using A € intK* and A7e = 1, it follows that

k
Z )»i{fi(x; V) _ﬁ(ur V) —gi(u, v, 13) + ’”gTVrigi(M, v, ri)} +alw—u'w

i=1

k
> ZAin,u[(V%ﬂ(u, V) + V. gi(u, v, 1)) + we;].

i=1
Since A € intK* C intR’j (by hypothesis (III)), hence A > 0. Therefore, using (2) and sub-
linearity of F in the above expression, we obtain

k

> nlfi@ )~ fiwv) - g v, ri) + 1] Vg, vir) ) + 2w - u"w

i=1

It follows from (A) and the dual constraint (3) that

k

i=1

3 alfiev) —fiw,v) - i, v, ) + 1] Vgl vr) )+ xTw —u"w

i=1

k
>yl (Z M Vifi(u,v) + Vi gi(u,v,ri) | + w) (7)

fora = (Zf=1 Ml Viufi(u,v) + V. gi(u,v,r)] + w) € Cf.
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Similarly, using hypothesis (II), (B), » > 0, (1), (2), and sublinearity of G, we obtain

k
Z)"l{ﬁ(xiy) _ﬁ(xr V) + hi(xyyypi) _piTVpihi(x;y;pi)} + VTZ —J’TZ

i=1

k
>y" <Z N[ Vifi(x,9) + Vi hi(x, 3, pi)] - Z> )]
i=1

for b = —(Zf=1 MIVyfi(x%, 9) + Vi, hi(x, 5, pi)] — 2) € Cs.
Now, adding (7) and (8), we have

k
Z )hi{fi(x;y) —filu,v) — g, v, 1) + V;TVr,-gi(M, v, 1)
i=1

+ hi(x,y,01) — b Vb, y,p)} + 2" w+ vz

k

>—u’ Z Ai[VMﬂ(u, V) + V,.gi(u,v, r,«)]

i=1
k
+97 Y L[ Vifi@,y) + Vi hilx, ).

i=1

Finally, it follows from x”w < S(x|D) and v7z < S(v|E) that

k
Z)‘-l{ﬁ(x;y) + hi(x1y1pi) _piTvp,'hl'(x;y;pi)}

i=1
k
+8(1D) 3" Y A Vi@, 9) + Vi, il 3, 11) ]

i=1

k
2> xilfiwv) + g v, 1) = 1]V, giu v, 1)}

i=1
k

—SWIE) =" Y M Vil v) + Vi, v, 1)),
i=1

which contradicts (6). Hence the result. O

Example 3.1 Let k=2, n=m=1.Let S; =S, =R, ={x€R:x20},C; =C, =R,, and
K={(xy) eR:x20,y > —x}.

Then Cf = C§ =R, and K* = {(x,y) € R? :x = 0,x = y}. Obviously, R> C K.

Letf:851 xS — R,g:85 xS xR"— Rand h:S§; x S x R" — R be defined as

feey) = -y%"),  guv,r)=(-nu,-ru) and h(x,y,p) = (13, p2y)-

Let D = [0,1] and E = {0}. Then S(x|D) = %'xl and S(v|E) = 0. Suppose (e, e2) = (1,1) €
intK. Also, suppose the sublinear functionals F and G are defined as

Fou(a)=xTa and G,,(b) = bTy.

Page 6 of 12
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Now, substituting the above defined expressions in the problems (WHP) and (WHD), we
get

x+ |x| X+ |x|

+ (A = A)y?,a + — (A - )\2))’2>

(EP) K-minimize <x2 -9+

subject to
(M —A2)y 20,
A1>0, A=A >0, AM+Ar=1, x20,
(ED) K-maximize (u2 12— (M + A u? = (0 + AZ)MZ)
subject to
A +A)u+w=0,
A1>0, Al—Ae >0, Al+Ary=1, v=0, we [0,1].
Now, we shall show that for the primal-dual pair (EP) and (ED), the hypotheses of Theo-
rem 3.1 hold.

(A1) £(-,v) + () Twe is higher-order K-F convex at u = 0 € S; with respect to g(u, v, r) for
fixed v and for all x € Sy, 11,7, € R, and we have

(Al v) +x"wer — fi(u,v) — u" wey — Fyu[ Vi (,v) + wer + Vg1 (u,v,11)]
—-g(u,v,m) + rlTvrlgl(u, v, 1), fo(x,v) + xT wey —fou,v) - uTwe,y
= Fou[Vifo(u,v) + wey + Vo (1, v, 1) |
—gu,v,r) + rZTV,Zgz(u, v, 7'2))
= (xz,xz) ek.

(A.2) —f(x,-) + (-)Tze is higher-order K-G convex at y = 0 € S, with respect to —k(x, y, p)
for fixed x and for all v € Sy, p1, p» € R, and we have

(A V) + v zer + fi(x,) — ¥ ze1 — Gy [-Vyfix,9) + ze1 = Vy i (3,3, p1) |
+ 11 (%,9, 1) = Py Vi (%, 9, 01), ~fo (%, v) + v zes + fo(x,) — y" ze
= Gy[-Vifa(x,9) + zes = Vi, ha(x, 9, 02) |
+ ha(%,,2) = P3 Vp, (%, y,2))
= (v2,0) ek.

(A.3)

Fou@)+ua=x+u)’a>0, VYaeCandVxucs,

Gy(b) + bTy=(w+y'h=0, VbeC;andV¥yycs,.

The points (x,y,A1,A2,z,p1,p2) = (1,0,2,1,0,1,1) and (4, v,A1, 2, w,r1,72) = (0,1,3, 1,1,

1,1) are feasible for the problems (EP) and (ED), respectively. These feasible points do
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satisfy the result of the weak duality theorem since

k
|:f(u, +g(u,v,r) = SW|E)e —r'V,g(u,v,r) —u Z A Vif (v +V,lg,(u,v,rl)}e:|

i=1

- [f (x,9) + h(x,y,p) + Sx|D)e - p" V,h(x,y,p)

k
¥ ) M Vif () + thi(x:m)}e}
i=1
= (=3,-2) ¢ K\{0}.

Theorem 3.2 (Strong duality) Let (x,7, A, Z, p) be a weak efficient solution of (WHD). Let
(I) the Hessian matrix Vpp,hi(%,5,p;) for all i =1,2,...,k be positive or negative
definite;
(II) p; #0, forsomeie{1,2,...,k} imply that ZL &V, fix,y)p; #0 forall & € K*;
(D) YK, &V, fi® )P € span{Vyi(®3) + Vyhi(®, 5, 52), Vofi(%,9) + Vi hi(E 5,5,
i=12,...,k}\{0}, for all £ € K*;
(IV) the set of vectors {V,fi(x,y) i =1,2,...,k} be linearly independent;
(V) Vyi(%,30) = 0 = V, (&5, 0), (3,3, 0) = gi(%, 3, 0), V(% 5,0) = V,,&(&7,0), for
alli={1,2,...,k}.
Then
(1) there exists w € D such that (%,y, A, w, 7 = 0) is feasible for (WHD) and
(II) the objective values of (WHP) and (WHD) are equal.
Also, if the hypotheses of Theorem 3.1 are satisfied for all feasible solutions of (WHP) and
(WHD), then (%, %, A, w,T = 0) is an efficient solution for (WHD).

Proof Since (%,7, A, z, p) is a weak efficient solution for (WHP), by the Fritz John necessary
optimality conditions [11], there exist & = (&1, a3, ...,0) € K*, B € Cy, and 1 € R such that

k k
[Z i (Vifi®5) + Vihi(%,5,0)) + («"e)y + > hi{ B — (" e)7} Vaufi(,7)
i=1 i=1
k T
+ Y Vi@ 3,5 (M - Ml e)y - oziﬁ,'):| (x-X%) 20 forallxeC, )
i=1
k k
D[ Vifi ) + Vil 5,80] - (e e) A Vifi &) + V(x5 5i) }
i=1 i=1
* Zk wfi® ) (B~ (" e)7)
Z p,yh (x:y:Pz )‘ iB - A (O[ e)}’ azlﬂz) =0, (10)
[B-(a"e)7} [Vifi@5) + V@5, 5:) | + nes =0, i=1,2,....k, (11)

Vouihi® 3,00 (LiB — hi(a )y —aipi) =0, i=1,2,...,k 12)

Page 8 of 12
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k
BT (Z A Vifi®,9) + V(% 5,1) ) - z) =0, i=1,2,...,k 13)
i=1
n"(ATe-1) =0, (14)
B € N(2), (15)
yeD, yTx=SxD), (16)
(a, 8,1) #0. 17)

Now, hypothesis (I) and (12) imply that
riB—hi(a"e)y—ap;=0, i=12,... k. (18)

Using (18) in (10), we have

k k
> iV fi@ i = (ae) Y Mi(Vifi® ) + Vo (%, 5, 1))
i=1 i=1

k
=Y (V& 5) + Vo5, b)), (19)
i=1
which yields
k
> iV, fi@ 3)p: € span{Vyfi(®,5) + Vyhi(E,5, Bi), Vofi(%,5)
i=1
+ V. hi(%,5,01),i=1,2,...,k}. (20)

Now, we claim that p; = 0 for all i =1,2,...,k. On the contrary, suppose that for some
ie€{1,2,...,k}, p; # 0, then using hypothesis (II), we have

k
Y@V i 3)pi #0. (21)
i=1

This contradicts hypothesis (III) (by (20) and (21)). Hence,
pi=0 foralli=1,2,...,k (22)

Using (22) in (18), we have 1,8 = A;(a e)y, i =1,2,...,k.
Since A € intK*, A; # 0 for at least one i,

B = (aTe)}_/. (23)

It follows from (11) and (23) that ne; =0, i =1,2,..., k, which from e € int K implies 5 = 0.
From (19), (22), and hypothesis (V), we get

k

Z{O[,’ - (aTe))_»i}Vyﬁ(a'c,jf) =0,

i=1

Page 9 of 12
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which from hypothesis (IV) yields
o= (aTe)X. (24)

Now, if a = 0, then a”e = 0. Therefore, from (23), we get 8 = 0 and hence, («, 8,7) = 0.
This contradicts (17). Thus @ # 0. Since « € K* and e € intK, we have

aTe>0. (25)

From (23) and (25), we obtain

- B
y= —(O[Te) € C2.

Further, using inequalities (18), (23)-(25) in (9), we obtain

k T
|:Z ):i{foi(o'c,)'/) + Vxhi(a_c,)'l,[ai)} + yi| (x—x)=0 forallxeC;.
i=1

For r = 0, it follows from (22) and hypothesis (V) that

k T
[Z M{VAET) + Vigi® 7)) + y} (x=%)20. (26)
i=1
Let x € C;. Then ¥ + x € C; and hence from (26), we have
k T
|:Z)_\i{v,cﬁ(5c,51) + Vg% 5,7} + y:| x>0 forallxe Cy.
i=1

Therefore, [Zf=1 M{Vifi(%,9) + V,.gixy, )} +yleCy.
Thus, (,%, A, ¥ = w,7 = 0) is a feasible solution for the dual problem.
Consider x = 0 and x = 2% in (26), we get

k T
[Zii{vxﬁ(fc,y) + V(&) + y} 5-0,

i=1

which implies that

Y M Vifi®5) + Vgi(®5,7) ) = &y = -S@&ID). (27)

-

1l
—

L

Now, (15) and (23) yield («7e)y € Ng(z). Since a”e > 0, § € Nx(2).
Again as E is a compact convex set in R", 37z = S(J|E).
Further, (13), (23), and (25) yield

k
I M VihE5) + Vo i@, 5,5} = 772 = SGIE). (28)
i=1
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By hypothesis (V) for 7 = 0, (22), (27)-(28), we obtain

k
f&3) +h@5,5) + SED)e - p" V,ph(%,5,5) - 7" ) Al Vifi®) + Yy hil® 3.5 fe
i=1

k
=f(x,y) +g(x,y,7)—SH|E)e -7 V,g X,,7) Z V,in(a_c,j/) +V,. g%y, ?i)}e.

Hence, the two objective values are equal.
Now, let (%, 7, A, W, 7 = 0) be not an efficient solution of (WHD), then there exists a point

(21,7, A, , 7) feasible for (WHD) such that

k

|:f(it, V) + (i, 0,7) — SP|E)e — 7'V, g(i1, ¥, 7 Z Vuf V) + VgL, v, rl)}ei|

- [f(fc,?) +8(®%7,7) - SGIE)e - 7" V,g(x,5,7)

k

—9_CT Zi,{Vxﬁ(a'cJ) + Vrigi(;c:j_/: ;'i)}ei|

€ K\{0}.

From (27), (28), and hypothesis (V) for 7 = 0 and p = 0, we obtain

k

[f(a, )+ g(@,9,7) - SOIE)e - FV,g(1, 9,7 — 17 S K Vi1, 9) + V@ 9, r;)}e]

- [f(fc»i) +h(%,5,p) + S&ID)e - p" V,yh(Z,5,p)

k
=Y K Vfi@® ) + Vp,'hi(y_c>)_/>l_7i)}e:|

i=1

€ K\{0},

which contradicts Theorem 3.1. Hence, (x,,A,w,7 = 0) is the efficient solution of

(WHD). g

Theorem 3.3 (Converse duality) Let (iz, %, A, w,7) be a weak efficient solution of (WHP).
Let
(I) the Hessian matrix V,,,g(u,v,1;) for all i =1,2,...,k be positive or negative definite;
(II) 7; #0, for some i€ {1,2,...,k} implies that Zle EVufi(,V)r; #0 forall & € K*;
(III) Zf;l EVoufi(, V)r; & span{V,f; (i1, V) + Vg (i, v, 1), Vo fi(i4, V) + V. 8:(1, v, 77),
i=12,...,k\{0}, forall £ € K*;
(V) the set of vectors {V,fi(i, V) : i =1,2,...,k} be linearly independent;
(V) V.gi(it,v,0) =0 = V,,g:(14,V,0), gi(14,v,0) = hy(it, v, 0), V,gi(&4,v,0) = Vp, hy(us,v,0), for
alli={1,2,...,k}.
Then
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(I) there exists z € E such that (i1, v, 1, %, p = 0) is feasible for (WHP) and

(II) the objective values of (WHP) and (WHD) are equal.
Also, if the hypotheses of Theorem 3.1 are satisfied for all feasible solutions of (WHP) and
(WHD), then (it, v, 1, Z, p = 0) is an efficient solution for (WHP).

Proof The proof follows along the lines of Theorem 3.2. O
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