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1 Introduction
Ifp>1, % + é =1and f(x),g(x) > O satisfy

</ fP(x)dx<oo and 0</ gl(x) dx < 00,
0 0

then
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where the constant factor 7 /(sin 7w /p) is the best possible. Inequality (1) is called Hardy-
Hilbert’s inequality [1] and is important in analysis and applications [2].
In 2001, Yang gave an extension of (1) involving beta function as (see [3]):

/ f x)g(y) ) ey
(x +y)*
A=2 grr—2\[ [ b i
- - v q
B(’” 1T ){/ Xl fp(x)dx} {/ xl-*gq(x)dx} , @)
V4 q 0 0
where the constant factor B(’%, %‘1_2) (A > 2 — min{p, q}) is the best possible.

Recently, some new Hilbert-type inequalities in the whole plane have been obtained [4,
5]. Xin and Yang in [5] established the following:
pr>1,%+ %1 =1,|B8l<1,0<a; <0y <7, f,g >0, satisty

0</ || PP P (x)dx < 0o and 0</ Iy|7P~1g7(y) dy < o0,

—00
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then we have
o0 o0 1
i dxd
/_OO /_OO lIer{llnzl}{ x2 + 2xycos a; + y2 }f(x)g(y) xay

< k(ﬂ)( / xl PP () dx) ’ ( f 1% 1g7() dy) " 3)

and

0 a-p)1 0 1 p
pli-$)- i dx) d
/_OO i (/_OO lIer{lllrzl}{ x2 + 2xycosa; +y? }f(x) x> 4

<Kk (B) /OO x| PPLfP (x) dx, (4)

where the constant factors k(8) = —Z— (SR sinflx—c2)y and k¥ (B) are the best possible.

sin B \ sinag sinap
Inequalities (3) and (4) are equivalent.

By introducing some parameters, we establish generalizations of inequalities (3) and (4)
with the homogeneous kernel of degree —21 and the best constant factor which involves
the hypergeometric function.

2 Preliminary lemmas
In order to prove our assertions, we need the following lemmas.
Recall that the hypergeometric function F(w, 8; y; x) is defined [6] by

=\ (@) (B), %
F(a,ﬂ;y;x):;; o

(5)

where (), is the Pochhammer symbol defined by

(o +71)

(a)rza(a+1)~~~(a+r_1): F(a)

It is known the series (5) converges for || < 1 and diverges for |x| > 1. The hypergeometric
function satisfies the integral representation

Fla,B;y;x) = A -0 P YA —xt)%dt, ify>p>0.

m/

Lemma 2.1 (See [7]) Suppose that a,c> 0, b* <ac, 0 < a < 2A. Then we have

o0 xe1 Lo o, o o 1 b?
dx=a 3B, 2= a)F| k= —sh+ =31 — — ).
o (ax?®+2bx +c)* 2 2 2 ac

Lemma 2.2 Let a,c,A>0,b>0,1-2A< B <1land 0 <oy <ay <7 be real parameters
such that b* max{cos® a;,cos?(m — &)} < ac. Define the weight functions w(x) and @ (y)
(%, y € (=00, 00)) as follows:

~ 1 |x|ﬂ+2A 1 J
()= / lIEnIZ { (ax? + 2bxycosa; + cy*)* } T
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» / " mi ! by
w(y) = min »
ie1,2} | (ax? + 2bxycosq; + cy?)* | |x|-A-22+2

Then we have w(x) = @ (y) = C;, (x,y #0), where

1- 1- 1 b2 2
2 2 2 ac
1- 1- 1 b? 2( —
e 2B, L oS m )\ T
2 2 2 ac

Proof For x € (—00,0), setting u = y/x, u = —y/x in the following two integrals, respectively,
and using Lemma 2.1, we get

0 B2
(x) f - = 4
a) =
oo (@ax? + 2bxycosay + ¢yt (—y)P 7

o] 1 ( x)ﬂ+2k 1
+ / dy
o (ax?+2bxycosay + cy?)* yP

00 u—ﬂ 00 u—ﬁ

= / du + / du
o (cu?+2bucosay +a)* o (cu? +2bucos(mr —ay) +a)*

=G;.

For x € (0,00), setting u = —y/x, u = y/x in the following two integrals, respectively, and
using Lemma 2.1, we get

0 1 B+22-1
w(x) = / x dy

oo (@x? + 2bxycosay + cy?): (—y)P

oo 1 B+21-1
+ / dy
o (ax?+2bxycosay +cy?)*  yP

00 u B 00 u—ﬂ

= / du + / du
o (cu?® +2bucos(m —as) + a)* o (cu?® +2bucosay + a)*

=C,.

By the same way, we still can find that w(x) = @ (y) = C;. (x,y # 0). The lemma is proved.
O

Lemma 2.3 Let p and q be conjugate parameters with p > 1, and let a,c,. >0,b> 0,1 -

21 < B <1,0 <) <ay < and b? max{cos? a1, cos?(r —ay)} < ac, and f (x) be a nonnegative
measurable function in (—oo, 00), then we have

1 p
p(1-p)-
Ji= / bl (/ zglllz { (ax? + 2bxy cos ; + cy?)* }f(x) dx) b

< f | PP () ., (6)
—00
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Proof By Lemma 2.2 and Holder’s inequality [8], we have

[e'e) 1 p
i d.
( [ ~ zler{lfrzl}{ (ax? + 2bxycos a; + cy?)* }f(x) x)
- [/ zlenlg { (ax? + beycosozl +cy?)* }

|x|(—ﬁ—2?»+2) q |y|ﬁ/p
X( NG ﬂx))(l P2+ )d]

|x| 1-p)(B+21-2)

o0
< min
- ,/,oo ie{1,2}{ (ax? + beycos a; +cy?) ly|?

o 1 e N
x min x
(/oo ie{l,Z}{ (ax? + 2bxy cos a; + cy?)* } || (=F~24+2) )

—p)(B+22-2
_ o pyp-va [ 1 L
=C, bl min 3 IR
—oo i€(L2} | (ax? + 2bxycosa; + cy?) ly|#

-fP(x) dx

@) dx. (7)

Then by the Fubini theorem, it follows that

o1 0 0 1 |x|(1—p)(/3+21—2)
<G i P(x)dx | d
/=G /_oo |:_/_OQ zrerillnzl}{ (ax? + 2bxycos a; +cy2)/\} I -7 (x) x:| ly

:Cffl/‘ w(x) x| PPPDLEP () iy
—00

=t / x| PP2A2Lep () .

The lemma is proved. O

3 Main results

Theorem 3.1 Let p and q be conjugate parameters with p > 1, and let a,c,. >0, b > 0,

1-21<B<1,0<a) <ay <7 and b? max{cos? ay,cos®(w — ay)} < ac, and f,g > 0, satisfy
00 _ 2A—2)— 00 _

0 < [ | PP2=DLfP (x) dx < 00 and 0 < [ |y17Pg4(y) dy < 00. Then

(0] 0] 1
- i dxd
/_OO [w Lg{llllzl]{ (ax? + 2bxycosa; + cy?)* }f(x)g(y) xey

%) 1/p 00 1/q
([ w0 .

and

1 p
p(1-p)-
/= / bl (/ l(IEI?IZ {(ax2 +2bxycosa; + cy?)* }f(x) dx) b

<C’;/ |x|‘1’(‘3+%_2)_lf"(x)dx, 9)

where the constant factors C; and C} are the best possible and C; is defined in Lemma 2.2.
Inequalities (8) and (9) are equivalent.
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Proof If (7) takes the form of the equality for a y € (—00,0) U (0, 00), then there exist con-

stants A and B such that they are not all zero, and

|| PV (B+20-2) ly|@Ds

P(y) = in (— _
77 fP(x) = PR a.e. in (—00,00) X (—00, 00).

Hence, there exists a constant K such that

AlxPB2=Dgp(x) = Bly|?® = K a.e. in (-00,00) X (=00, 00).
We suppose A # 0 (otherwise B = A = 0). Then |x[PP+=2-1fP(x) = K/(Alx|) a.e. in
(—00,00), which contradicts the fact that 0 < [ |x|7¥+**-2-LfP(x) dx < co. Hence, (7)

takes the form of a strict inequality, so does (6), and we have (9).

By Holder’s inequality [8], we have

o0 1 ,3 [o¢] 1
I= - i d
/_oo <|}/| /_OO zrer{lllrzl}{ (ax? + 2bxycosa; + cy?)* }f(x) x)

x Iyl ag(y)) dy

oo 1/q
5]”1’( f Iyl"‘s‘lgq(y)dy) : (10)

o0

By (9), we have (8). On the other hand, suppose that (8) is valid. Set

apaf [T 1 !
= p - - 1 d >
g0) =l (/_oo ZIEI{IIIIZI}{ (ax? + 2bxycos; + cy?)* }f(x) x)

then it follows J = [ |y|7%%~1g(y) dy. By (6), we have ] < c0. If ] = 0, then (9) is obviously
valid. If 0 < J < 0o, then by (8), we obtain

0< / WP g () dy =] =1

o0

00 1/p 00 1/q
<Cx< / |x|-P<ﬁ+”-2>'vp<x>dx) ( / |y|qﬁ'lgq(y)dy) ,

{o.¢] (o.¢]

and

00 1/p
Jr ( [ g dy)

o]

00 1/p
<C,\</ lep(ﬁ*mz)lfp(x)dx> )

00

Hence, we have (9), which is equivalent to (8).
For ¢ > 0, define functionsf(x), g(y) as follows:

x(ﬂ+2)»—2)—28/p’ x e (1, OO),

fx):=10, xe[-1,1],
(_x)(ﬂ+2)»—2)—28/p’ X € (_OO’ _1);
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y P, ye(l,00),
g(y) = 0’ y € [_17 1];
(_y)_ﬁ_zs/qx y € (—OO, _1)

Then

N 00 - Up s poo g 4
L:= ( / e P2 () dx) ( / I?7g() dy) =
—00 - €

o0

and

~ o0 oo 1 ~
I:= i g(y) dxd
.[m [OO zg{lllrzl}{ (ax? + 2bxycosa; + cy?)* }f(x)g(y) xa

= 11 +12 +13+14,

where

-1 -1 (_y)—ﬁ—ZS/q
I = / (_x)(ﬂ+2k—2)—2s/p / dy dx,
0o —oo (ax? + 2bxycos oy + cy?)*
-1 00 —B-2¢elq
L= A\ (B+21-2)-2¢/p f Y dy | dx,
2 ,/,oo( %) 1 (ax? +2bxycosay + ¢y?)* |

0 -1 (_y)—ﬁ—Zs/q
. / ((B+2-2)2¢lp / dy | dx,
1 —oo (ax? + 2bxycos ay + cy?)*

and

% (Br2n-2)-2e) * yh2el
Iy:= x\PHerme)mselp / dy | dx.
N /1 [ 1 (ax? + 2bxycos oy + cy?)* y]

Taking u = y/x, by the Fubini theorem, we obtain

F e [T u P2l dnd
hi=1= X udx
e /1 /l./x (cu? + 2bucosay + a)*

00 1 u-P-2¢lq ) y-B-2¢la
= / K% / du + / du | dx
1 1x (cu? + 2bucosay + a)* 1 (cu?® +2bucosay + a)*
1 o0 uB-2ela
= / / x 2% dx du
0o \Ji/u (cu?® + 2bucosay + a)*
1 o] u—ﬂ—Za/q
+ 52 / du
2¢ )1 (cu? +2bucosay + a)*

1 1 uP-2¢lq 00 u-B-2¢lq
=— / du + / du |,
2e \ Jo (cu?® +2bucosa; + a)* 1 (cu? +2bucosay + a)*

and

1 1 ufﬁ—z(e/q 0 ufﬁ—ZE/q
L=L=— du + du ).
278 9 (_/0 (cu? = 2bucosay + a)* _/1 (cu? = 2bucosay + a) )
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In view of the above results, if the constant factor Cj in (8) is not the best possible, then
there exists a positive number C with C < C; such that

1 u-P-2¢lq [eS] u-B-2¢lq
5 x du + 5 - du
o (cu?+2bucosoy +a) 1 (cu? +2bucosa; + a)

1 u—ﬂ—Za/q 00 u—ﬂ—Za/q
+ du + du
o (cu? —2bucosay + a)* 1 (cu? =2bucosay + a)*

=¢l<eC-L=C. (11)

By the Fatou lemma and (11), we have

00 u—ﬂ 00 u—ﬂ
Cy = du + du
* /0 (cu? + 2bucos oy + a) /0 (cu? —2bucosay + a)*
u—ﬂ—%/q

1 oo
= lim du + lim du
/0 e—0* (cu? + 2bucosoy + a)* 1 e—0* (cu? + 2bucosay + a)*

1 u—ﬂ—2s/q 0 ufﬂ—z‘s/q
+/ lim du+/ lim - du
o ¢—=0* (cu? —2bucosay + a)* 1 e—0* (cu? —2bucosas + a)

u—ﬁ—2s/q

1 u—ﬁ—Zs/q [ u—ﬁ—Zs/q
< lim 5 du + 5 du
e—0t| Jo (cu? +2bucosay +a)* 1 (cu? + 2bucosay + a)*

1 Lfﬁ—Zs/q 0 Lfﬁ—Zs/q
+ / du + / du
o (cu?—=2bucosay +a)* 1 (cu? =2bucosay +a)*

=G

which contradicts the fact that C < C;. Hence, the constant factor C; in (8) is the best

possible.
If the constant factor in (9) is not the best possible, then by (10), we may get a contra-
diction that the constant factor in (8) is not the best possible. Thus the theorem is proved.
O

Remark1 Setting A =a =b=c=1in Theorem 3.1, we have (3) and (4).

Remark 2 Setting A =1/2 in Theorem 3.1, we have the following particular results:

oo o0 1
min x)g(y)dxd
/ﬂa /:oo i€{1,2}{ Vax? + 2bxycosa; + cy> }f g0 Y

00 1/ 00 1/
<C1/2( / le‘”"s‘”‘lf”(x)dx) ,,< / |y|qf‘-1gq<y>dy> |

o0 o0

and

0o 00 1 p
p(-F)-1 min { } x) dx) d
/—oo 4 (/oo i€l2}| \/ax2 + 2bxycos a; + cy> S Y

o0
<Cf/2/ || PEDLEP () dix.

00
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