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Abstract

We establish the imbedding inequalities for the composition of the homotopy
operator and Green’s operator in the weighted Sobolev spaces and Orlicz-Sobolev
spaces of differential forms. First we prove both the local and global [P estimates for
the composite operator acting on differential forms and obtain the boundedness of
the composite operator in the weighted [P spaces. Then, we further study the local
and global L#-norm inequalities for the composite operator. As a consequence we
obtain the imbedding inequalities in the Orlicz-Sobolev spaces.

Keywords: differential forms; imbedding inequalities; the homotopy operator;
Green’s operator

1 Introduction
Recently the L”-theory of differential forms on R” has been widely applied in many fields,
such as quasiconformal mappings and the nonlinear elasticity theory. In the meantime,
the operator theory of differential forms and the applications also motivate interest in this
subject; see [1-4]. Note that before these operators can be effectively exploited, their L?
theories must be developed. Specially, the study on the boundedness of operators and the
descriptions to more geometric spaces of differential forms are crucial to the development
of the L? theory of differential forms. This paper is devoted to establishing the local and
global imbedding inequalities for the composition of the homotopy operator and Green’s
operator in the weighted Sobolev space and Orlicz-Sobolev space of differential forms.
Let M be an open subset of R”, n > 2, and B C R” be a ball. Here we do not distinguish
the balls B and cubes Q. We use |M| to denote the Lebesgue measure of a set M C R”.
A k-form w(x) = Y, w;(x)dx; = )" Wi iy,
over all ordered k-tuples I = (i1, io, ..., ix), 1 <iy <ip <--- < ix <n. AK(M), k=0,1,...,n,

(x)dx; A dxiy A --- A dx;, with summation

denote the linear space of all k-forms in M. If each coefficient w;(x) of k-form w(x) is
differential, we call w(x) a differential k-form in M. D'(M, A¥) is the space of all dif-
ferential k-forms in M. We use A = A(M) to denote the graded algebra of differential
forms in M constructed from the AK(M). As usual, we still use » : A — A to denote the
Hodge star operator. Let d : D'(M, A¥) — D'(M, A**1) denote the differential operator and
d* = (-1)""*1 x dx : D' (M, AK*1) — D'(M, A), k = 0,1,...,1n — 1 be the Hodge codifferential
operator.
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We are interested in the L” spaces of differential forms. Let
LP (M, %)= {a) = o) ds o € LP(M)}
I

be the Banach space with the norm

1p P2\ lp
||w||p,M:</M |w(x)|"dx) :(/M (Zywl(x)f) dx) .
I

A weight w(x) is a non-negative locally integrable function on R”. We use L?(M, A¥, w)
to denote the weighted L? space with norm [|@l|paw = ([,, |o(x)Pw(x) dx)"?. The (1,p)-
Sobolev space W (M, AX) is the space of k-forms which equals L?(M, A¥) N ', AK).
For a bounded domain M C R”, the norm is

. -1
ol wipa ik = diam(M) ™ @l a1 + |Vl

o o
dx1? "7 Oxy

Ak, w) to denote the weighted (1, p)-Sobolev space with the norm

where Vo = ( ) is a vector-valued differential form. Similarly, we use W?(M,

. -1
ol wrp gk w = diamM) ™ [|@llpatw + Vol patw-

Furthermore, if M C R” is a bounded convex domain, Iwaniec and Lutoborski in [5]
defined the linear operator K, : C®°(M, A%) — C®(M, A*1) as

1
(I<yw)(xr Eb 52’ e rgk—l) = / tk_lw(tx +y- t)’;x =Y slr EZ! e gk—l) dt.
0

The homotopy operator T : C*(M, AK) — C®(M, AF1) is defined by Tw = o eK,wdy,
where ¢ € C5°(M) is normalized so that [ ¢(y)dy = 1. In [5], they also proved that there
exists an operator T : L} (M, AK) — LL (M, A* 1), k=1,2,...,n, such that

loc loc

T(dw)+dTw = w, (1.1)

ITwllps < Cllollp,s- 1.2)

The k-form wy € D'(M, A¥) is defined by wy; = ﬁ fM o) dy if k =0 and wy = d(Tw)
if k=1,2,...,n. It is easy to see that wy is a closed form. Recently, the definition of the
homotopy operator is further generalized to any domain €2 in R”. See [6] for the details.
Let AXE denote the kth exterior power of the cotangent bundle. W/(AXE) is the space
ofall w € Llloc(/\kE) which has generalized gradient, and the harmonic /-field H(AXE) is
the subspace of W(AXE) where the element w satisfies dw = d*w = 0, w € L? for some
1 < p < 0. The orthogonal complement of 7 in L' is denoted as H* = {w € L' : (w,h) =
0 for all # € H}. Green’s operator G : C*(AFE) — H* N C®(AKE) is defined by assigning
G(w) as the unique element of H+ N C*®(AXE) satisfying Poisson’s equation AG(w) = w —
H(w). In [7], Scott developed the definition of Green’s operator to L? spaces, 2 < p < 00,
as G: L?(AYE) — WY N'H* by G(w) = Q(w — H(w)). This implies that VG(w) = @ — H(w).
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Here Q(w) satisfies VQ(w) = w, for € H+ N L? (p > 2). Further, for p > 2, Scott obtained
the estimate

|dd*G@)|, , + |d"dG@)], + |dG@)]

+ a6, + 6@ ; = Cllolz (13)

for all w € L?, where C = C(p) is a constant.

2 The local imbedding inequalities for the composite operator in the weighted
Sobolev space
In this section, we prove a local imbedding inequality for the composition of Green’s op-
erator and the homotopy operator in the weighted (1, p)-Sobolev space when n < p < co. It
should be pointed out that the weighted inequality holds not only for the solutions of the
A-harmonic equation but also for all differential form u € L?(M, Ab.
The A, weight was first introduced by Muckenhoupt in [8].

Definition 2.1 We say a weight w(x) satisfies the A,(M) condition for r > 1, write w(x) €
A, (M) if w(x) >0 a.e. and

1 1 1 1/(r-1) r—1
sup (—/wdx) (—/(—) dx) = [crw] < 00.
scm\ |B| JB |B| Je\w

Here [c,,,] is called the A, constant. The A, weight satisfies the following lemma, which
appears in [9].

Lemma 2.2 Ifw € A, (M), then there exist constants B > 1 and C, independent of w, such
that

Iwllg.s < CIBI" P lwl s
for all balls BC M.
The following result appears in [10].

Lemma 2.3 Let M C R" be a bounded convex domain. The operator T maps LP (M, N)
continuously to L1(M, A7) in the following cases:

Either1 <p,gq<ocandl/p-1/q<1/n,

orl<p,q<ooandl/lp-1/q<1/n.

We now prove the following local weighted norm inequality for the composite operator
G o T acting on differential forms.

Theorem 2.4 Let M C R" be a bounded convex domain, n < p < oo. T : LP(M, A!) —
LP(M, A Y, 1=1,2,...,n, is the homotopy operator and G is Green’s operator. If w satis-
fies the A, (M) condition with 1 < r < p/n, then we have the following inequality:

|G(T)||, 5., < C.p MYCral P 1l

for all balls BC M.
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Proof Note that w(x) € A,(M). From Lemma 2.2, there exist constants 8 > 1 and C, such
that

[w) 5,5 = GBI |wi)] 2D

for all balls B C M. Take k = Bp/(B — 1). It is easy to see that k > 1. From the Holder in-

equality with % + ﬂl—p = 1%, we have

1/p
1G(T(w) ||p,B,w = ( /B |G(T(w)) |Pw(x)dx)

< ( /B \G(T(u))|kdx>l/k( /B wh dx)l/ﬁp

= [ G(T@)] HIwlh- (2.2)

Substituting (2.1) into (2.2), we obtain

1
|G(T@)], 5, < C 1BIPP|G(T@W) | 5wl (2.3)

Take s = p/r. It is easy to check that s >1 and % - % < % Thus, from Lemma 2.3 and (1.3),
we immediately have

1G(TW)) |5 < CO|TW)|, 5 < C@)ulss- (2.4)
Combining (2.3) and (2.4), we have
|G(T@)],5,, < CO.p)BIPP ullgpliwl 5. (2.5)

Using the Holder inequality with % + ’;71 = %, we have

a1 r-1

llaells,p = (/B Iulsdx>% < </B(|M|W”p)pdx)1/p</g<%>H dx)T

r—

- ||u||p,3,w( /B (%)_ dx)T. (2.6)

Note that w € A,(M). Hence, for all balls B C M,

1 1/p 1 1 1/(r-1) (r-1)/p 1
(—/wdx) <—/(—) dx) <[Crw]? < o0.
|Bl JB 1B Je\w

Thus, combining (2.5) and (2.6), we have

—

1 r-1

|G(1)],,5,, < Clrp)IBI 7 ||u||p,B,w( /B wdx)p ( /B (%) dx) ’

a-g) 1 r=1 1
< C(r,p)|B| #7 |B|?|B| ? [Cy]? ||ttllp5w

1
=< C(V,P,M)[Cr,w]” ”u”p,B,w (2.7)

We complete the proof of Theorem 2.4. d
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Theorem 2.5 Let M C R” be a bounded convex domain, n < p < oo. T : [P(M,A') —
LP(M, A, 1=1,2,...,n, is the homotopy operator and G is Green’s operator. If w satis-
fies the A, (M) condition with 1 < r < p/n, then we have

IVG(1)],5,, < COp MYCr]? 1l

,B,
for all balls BC M.

Proof Using a similar method and notation from (2.1) and (2.2) as we did in the proof of
Theorem 2.4, we have

[VG(T @), 5, = CF 1BIF [VG(T ) | gl 28)

,B,

We still take s = p/r. From (1.3), it is easy to see that there exists a constant C(p) such that
IVG@)llks < C(p)|lulx,5- Thus, from Lemma 2.3 and (1.3), we obtain

IVG(TW)], 5 < CO|TW|, , < C:@lulss. (2.9)

Thus, combining (2.8) and (2.9), we have

1 1-8 1
< G IBIP" Cyp)llullsslwly g

Bw —

[ve(r)l,

1

1-8 1
= C(r,p)[BI 7 [lullsslWllyp- (2.10)

Using the Holder inequality with % + ’;71 = %, we have

N\
||u||s,Bs||u||p,B,W< / (—) dx) . @.1)
B\ W

Combining (2.10), (2.11) and the A,(M) condition, we obtain

1 r-1

[VG(TW)|, 5 < CODIBIF [l ( /B de),, ( fB (%) dx) ’

g 1l 1
< C(r,p)|B| ## |B|? |B| 7 [Cyu]? lullpBw
1
< C(r,p, M)[Cyu]” 14l p,Bw-
We complete the proof of Theorem 2.5. O

Note that the past weighted inequalities with A, weights only hold for the solutions of
the A-harmonic equation when r > 1 and 1 < p < co. However, the results in Theorems 2.4
and 2.5 show that the A, weight inequalities for the composite operator also apply to all
the differential forms in L?(M, A") under the condition of 7 < p < 0o and 1 < r < p/n. This is
to say, on the one hand, we extend the scope of the operator; on the other hand, the results
limit the spaces where the operator inequalities hold.
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3 The global imbedding inequalities for the composite operator in the
weighted Sobolev space
The problem of proving sharp one or two-weight norm inequalities for the classical op-
erators of harmonic analysis has a long history. It usually needs to find the best value for
the exponent a(p) to prove the sharp dependence on the A, constant [C,,]. Therefore, it
is attractive to estimate the sharp value of a(p). In the previous section, we have obtained
the local imbedding inequalities for the composite operator. In this section, we prove the
global results in the weighted Sobolev space by means of the modified Whitney cover and
obtain the power a(p) = p%' In order to obtain the main theorem, we need the following
lemma, which appears in [11].

Lemma 3.1 Each open subset M C R" has a modified Whitney cover of cubes Q = {Q;}
which satisfies

UQi=M,

> xysao,®) <K - xu ()
QieQ

for all x € R” and some K > 1, where x is the characteristic function for the set M.

Theorem 3.2 Let M C R” be a bounded convex domain, n < p < oo. T : [P(M,A') —
LP(M, A, 1 =1,2,...,n, is the homotopy operator and G is Green’s operator. If w satis-
fies the A, (M) condition with 1 < r < p/n, then we have the following inequality:

|G(T@)], pg0 < C2IDICr 17 il a1

Proof From Lemma 3.1 and the properties of the modified Whitney cover, we know that
there exists a sequence of cubes {Q;} such that | JQ; =M and Y ) x \/gQ x) <K - xpx)
z i

for all x € M, where K > 1 is some constant. Thus, we have

|6(Ta)l,

»Mw

= f |G(T(w))["wx) dx
M

< E G(1 ? d
i=1 '/Qi‘ ( (M))| w(x) dx

< C(r, ,M)[C,,W]IL’ (x)d
;:1 rp /f|u|1‘wx X

— C(r,p, M)[C,.,]7 0 d
(1,2 M)[Cy) ;wa X, (W) dx

:C(r,p,M)[C,,W]% lim / ZluV’in(x)w(x)dx, (3.1)
n—00 Jar =

where the constant C(r,p, M) is independent of u and each Q,. If we write b,(x) =
Z;’zl |ul? xq;(x) for x € M, then it is easy to find that {b,(x)} is an increasing sequence
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of functions in M and b,,(x) < K|ul? xa(x) for all x € M. Thus, from the monotone con-

vergence theorem, we have
n
lim ul? xo.(x)w(x) d
Moszy P Xo, (oow(x) dx
i=

:/ lim Z|u|pri(x)w(x)dx
M}’l*)OO 1

<K / Wl xar (i) dx
M

= K||u||§, M (3.2)

Combining (3.1) and (3.2), we obtain the boundedness of the composite operator Go T in
the weighted L? space. g

Using the same method, we have Theorem 3.3.

Theorem 3.3 Let M C R” be a bounded convex domain, n < p < oco. T : LP(M,A') —
LP(M, A1), 1= 1,2,...,n, is the homotopy operator and G is Green'’s operator. If w satis-
fies the A, (M) condition with 1 < r < p/n, then we have the following inequality:

1
IVG(T @), 0y, < C 2, MICri? 2l 110
Combining Theorems 3.2 and 3.3, we have the following imbedding inequality.

Theorem 3.4 Let M C R” be a bounded convex domain, n < p < oo. T : [P(M, Al) —
LP(M, A, 1 =1,2,...,n, is the homotopy operator and G is Green’s operator. If w satis-
fies the A, (M) condition with 1 < r < p/n, then we have

|G(T) | yrpapntg < COMCrn]? 1l rt e

Proof Applying the results of Theorems 3.2 and 3.3, we have

“ G(T(”)) ” WLe(M,ALw)

= diam(M) Y| G(TW)], .. + |[VG(TW)|

pMw pMw

1 1
=< Cl(r:pyM)[Cr,w]p ”u”p,M,w + C2(V,10,M)[Cr,w]" ”u”p,M,w

1
= C(V;prM)[Cr,w]p ”u”pM,w' O

4 The imbedding inequality for the composite operator in the Orlicz-Sobolev
space

In this section, we prove the imbedding inequality for the composite operator in the

Orlicz-Sobolev spaces. Precisely, for the Young functions in the class G(p,q, C), we es-

tablish the local LY-norm estimates and the subsequent global version by the modified

Whitney cover. To do this, we need some definitions and notation.
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We call a continuously increasing function ¢ : [0, 00) — [0, c0) with ¢(0) = 0 an Orlicz
function. A convex Orlicz function is further called a Young function. L?(M, A') is the
space of all /-forms w on M such that fM¢(|a)|/k) dx < oo for some A = A(w) > 0. LY (M, AD)
is equipped with the nonlinear Luxemburg functional ||@||g = inf{A > 0: |, qu(%) dx <
1}. We use W (M, Al) = L2(M, A N LY (M, A!) to denote the Orlicz-Sobolev space of
[-forms, which is equipped with the norm

ol ws g, nty = diam(M) ™ @llgar + [Vl g -
Definition 4.1 We say a Young function ¢ lies in the class G(p,q,C),1 <p<g< oo, C > 1,
if

P(P)
g() =G

G
h(e) ~

C

=

al—= al~

for all £ > 0, where g is a convex increasing function and / is a concave increasing function

on [0, 00).

From [12], each of ¢, g and /# mentioned in Definition 4.1 is doubling, from which it is
easy to know that

Gl <h'(p(0) <Cott,  C¥ <g'(p()) < Cot? (4.1)
for all £ > 0, where C; and C, are constants.

Theorem 4.2 Let ¢ be a Young function in the class G(p,q,C),1 <p<g<o00,C>1and M
be a bounded convex domain. Assume that T : C° (M, Al) - C®(M, AN, 1=1,2,...,n,is

the homotopy operator and G is Green’s operator. If ¢(|u|) € L- (M) for all u € C*(M, A

loc
and L — 1 <L then we have
p q n

|G(TW) |, 5 < Clluligs

for all balls BC M.
Proof Note that i - é < % Thus, from (1.3) and Lemma 2.3, we have
|G(TW)|, 5 < C@|TW) 5 < C@)llullys (4.2)

for all u € C*°(M, A'). Thus, by Jensen’s inequality for /! and (4.1), we have

[ st as - n(w( [ o(s(rw))as))
=i [ e (ere))as)

< h(c1 /B |G(T(u))|"dx>. (4.3)
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Note that ¢ € G(p, g, C). From Definition 4.1, (4.2) and (4.3), we obtain

h((:1 [B |G(T(u))}qu>
<Gy (c}/q < fB |G(T(u))|qu) Uq)
ccofc( o))
=Cs¢ ((Cﬁj ( /B lu|? dx))up). (4.4)

Furthermore, (4.4) implies that

ool [0
< ng<Cf§ /B |ul? dx)
=C£(Acmmhm>

§Q/ﬂﬁwﬂm
B
<G fB ¢ (Calul) dx. (4.5)

Noting that ¢ is doubling, we have

/¢(C4|u|)dx§Cg/¢(|u|)dx. (4.6)
B B

Combining (4.3)-(4.6), we have

Lamammym§@ﬁ¢wnm. 47)

Replacing |G(T'(u))| by %|G(T(u))|, we immediately obtain

‘/305(@) dx§C10/3¢<lki|) dx. (4.8)

Finally, (4.8) implies that
|G(T@)] 5 = Crollull.z
We complete the proof of Theorem 4.2. d
Using the same program as we did in the proof of Theorem 4.2 and replacing (4.2) by

IVG(T@)],5 < CIT@)], 5 = Cllull,s, (4.9)

lgs =<

we have the following theorem.
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Theorem 4.3 Let ¢ be a Young function in the class G(p,q,C),1 <p<qg< oo, C>1and
M be a bounded convex domain. Let T : C®°(M, A\ = C®(M, A1), 1=1,2,...,n, be the

homotopy operator and G be Green’s operator. If §(|ul) € L}, (M) for all u € C*(M, A and
1_1

<L then we have
p g n

|VG(T@))], 5 < Cllullgs
for all balls BC M.

Using the method analogous to the proof of Theorem 3.2, we have the following global

estimates.

Theorem 4.4 Let ¢ be a Young function in the class G(p,q,C),1 <p<g<o0, C>1and
M be a bounded convex domain. Let T : C¥°(M, A\Y) — C®(M, A1), 1=1,2,...,n, be the
homotopy operator and G be Green’s operator. If p(|u|) € L. (M) for all u € C*°(M, A') and

loc
L_ 1 1 y4hen we have
p q n

|G(T@) 0 = Crllllgan, (4.10)

IVG(TW)], ,, < Colltllgpn- (4.11)

¢M —
Here the constants Cy and C, are independent of u.
Finally, we have the following imbedding inequality in the Orlicz-Sobolev spaces.

Theorem 4.5 Let ¢ be a Young function in the class G(p,q,C),1 <p<q< o0, C>1and
M be a bounded convex domain. Let T : C¥°(M, A\Y) — C®(M, A1), 1=1,2,...,n, be the
homotopy operator and G be Green’s operator. If p(|u|) € L. (M) for all u € C*°(M, A') and

loc
111 then we have
p q n

”G(T(u)) ” wLe (M,Al) = C”u||¢>,M~
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