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1 Introduction and preliminaries
Let b € BMO(R") and T be the Calder6n-Zygmund singular integral operator. The com-
mutator [b, T] generated by b and T is defined by

[b, T1f (x) = b(x) Tf (x) — T(bf) ().

By using a classical result of Coifman et al. (see [1]), we know that the commutator [b, T]
is bounded on L?(R") (1 < p < 00). Now, as the development of singular integral operators
and their commutators, some new integral operators and their commutators are studied
(see [2-7]). In [5, 8, 9], the boundedness for the commutators generated by the singu-
lar integral operators and Lipschitz functions on Triebel-Lizorkin and L?(R") (1 < p < 00)
spaces are obtained. In [10], some singular integral operators with general kernel are in-
troduced, and the boundedness for the operators and their commutators generated by
BMO and Lipschitz functions are obtained (see [10, 11]). Motivated by these, in this paper,
we will prove some sharp maximal function inequalities for the commutator associated
with certain generalized fractional singular integral operators and the BMO and Lipschitz
functions. As an application, we obtain the boundedness of the commutator on Lebesgue,
Morrey and Triebel-Lizorkin space.

First, let us introduce some preliminaries. Throughout this paper, Q will denote a cube of
R" with sides parallel to the axes. For any locally integrable function f, the sharp maximal
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function of f is defined by

P = sup o / F0) fol d,

and here, and in what follows, fo = |Q|™ [, 0 f(x) dx. It is well known that (see [12, 13])
M#(f) (%) ~ sup 1nf— / [f(y) - c| y.

We say that f belongs to BMO(R") if M*(f) belongs to L>°(R") and define ||f|zrmo0 =
|M*(f) || 1< . It is well known that (see [7])

If = fakollBaro < Ck||f || ato-

Let

vm»wya/mmw-

For n > 0, let M, (f)(x) = M(|f|")Y" (x).
ForO<n<nandl <r<oo,set

1 . 1r
Mn,r(f)(x)=zgg(W/Qlf(y)l dy) :

The A, weight is defined by (see [12])

p-1
A, = {weLlOC(R”) sup(|Q|/w(x)dx><|Q|/w(x)W’”dx) <oo},

l<p<oo,
and

A] {WGLP

loc

(R") : M(w)(x) < Cw(x), ae.}.

For B>0and p>1, let Fl’f’oo(R”) be the homogeneous Triebel-Lizorkin space (see [9]).
For >0, the Lipschitz space Lipg(R") is the space of functions f such that

Lf( x) —fOll _
xyeR” x — y|'3
XAy

flip, =

In this paper, we will study some singular integral operators as follows (see [10]).

Definition 1 Fix 0 <8 < n. Let Ts : S — S’ be a linear operator such that T is bounded
on L(R") and has a kernel K|, that is, there exists a locally integrable function K(x,y) on
R" x R"\ {(x,y) € R" x R": x = y} such that

1)) = [ Ky
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for every bounded and compactly supported function f, where for K we have the following:
there is a sequence of positive constant numbers {Ci} such that for any k > 1,

/ (|K(xy) - K(x,2)| + |[K(y,%) - K(z,%)|) dx < C,
2ly—zl<|x-y

and

1/q
(/ (‘ K(x,y) — K(x,z | |K(yx - K(z, )‘)qdy>
2K|z—y|<|r-y|<2Kk+1|z—y|

< Ce(2Klz—y) 7, )

where 1 <¢q' <2 and 1/q + 1/q' = 1. We write Ts € GSIO(S).
Let b be a locally integrable function on R”. The commutator related to T} is defined by

() (x) = /R (b)) K50 )y

Remark (a) Note that the classical Calderén-Zygmund singular integral operator satisfies
Definition 1 with C; =27, ¢ > 0 and § = 0 (see [12,13]).

(b) Also note that the fractional integral operator with rough kernel satisfies Definition 1
(see [2]), that is, for 0 < § < n, let T be the fractional integral operator with rough kernel
defined by (see [2])

Tof @) - / Q@D ) a,

|lx — y|"-3

where Q is homogeneous of degree zero on R”, fS”’l Q«')do(x') =0 and Q € Lip, (5" )
for some 0 < ¢ < 1, that s, there exists a constant M > 0 such that for any x, y € S Q) -
Q)| <M|x—y|°. When Q =1, T; is the Riesz potential (fractional integral operator).

Definition 2 Let ¢ be a positive, increasing function on R* and there exists a constant
D > 0 such that

©(2t) < Dy(t) fort=>0.

Let f be a locally integrable function on R”. Set, for 0 <n<nand1<p<n/y,

1 ) 1/p
o= sup (o ) d) :
Iflzpne = sup (w( T /Q A

x€R", d>0

where Q(x,d) = {y € R" : |x — y| < d}. The generalized fractional Morrey space is defined
by

171 (R") = {f € Lo (R") : [fllpne < 00}

We write LM% (R") = LP#(R") if n = 0, which is the generalized Morrey space. If ¢(d) =
d", n > 0, then LP?(R") = LP"(R"), which is the classical Morrey spaces (see [7, 14]). If
¢(d) =1, then LP*(R") = L (R"), which is the Lebesgue spaces.
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As the Morrey space may be considered as an extension of the Lebesgue space, it is
natural and important to study the boundedness of operator on Morrey spaces (see [3, 4,
6,15, 16]).

It is well known that commutators are of great interest in harmonic analysis, and they
have been widely studied by many authors (see [2, 7]). In [7], Pérez and Trujillo-Gonzalez
prove a sharp estimate for the commutator. The main purpose of this paper is to prove
some sharp maximal inequalities for the commutator T?. As an application, we obtain
the L7-norm inequality, and for Morrey and Triebel-Lizorkin spaces boundedness for the

commutator.

2 Theorems
We shall prove the following theorems.

Theorem 1 Let there be a sequence {(Ci} € I}, 0< B <1, qd <s<ooand b € Lipg(R").
Suppose Ts is a bounded linear operator from LP(R") to L"(R") for any p, r with 1 < p < n/$
and 1/r = 1/p — §/n, and that it has a kernel K satisfying (1). Then there exists a constant
C > 0 such that, for any f € C{°(R") and x € R",

MH(TL() @) < CllbllLip, (Mpss()®) + Mpo(T5(f)) ).

Theorem 2 Let there be a sequence {2 Ci} e I', 0< B <1,q <s<ooand b e Lipg(R").
Suppose Ts is a bounded linear operator from LP(R") to L"(R") for any p, r with 1 < p < n/$
and 1/r = 1/p — 8/n, and that it has a kernel K satisfying (1). Then there exists a constant
C > 0 such that, for any f € C{°(R") and % € R",

supint ot | [TH06) = el = Cllblu, (M) + M. (T1) B

Theorem 3 Let there be a sequence (kCy} € I', ¢ < s < 00 and b € BMO(R"). Suppose
Ts is a bounded linear operator from LP(R") to L'(R") for any p, r with 1 < p < n/§ and
1/r =1/p — §/n, and that it has a kernel K satisfying (1). Then there exists a constant C >0
such that, for any f € C3°(R") and X € R",

M*(TL(f))®) < ClIbllamo(Ms,o(f) ) + M (T5 (1) &)

Theorem 4 Let there be a sequence {Ci} € I', 0 < 8 <min(l,n — 8), ¢ < p < n/(B + 8),
1/r=1/p—(B +8)/nandb € Lipg(R"). Suppose Ts is a bounded linear operator from LP(R")
to L"(R") and has a kernel K satisfying (1). Then T(é’ is bounded from LP(R") to L"(R").

Theorem 5 Let there be a sequence {Ci} € I', 0 <D <2",0< B <min(l,n - 8), 4 <p <
n/(B +38),1/r=1/p— (B +8)/n and b € Lipg(R"). Suppose Ts is a bounded linear operator
from LP(R") to L"(R") and has a kernel K satisfying (1). Then Tab is bounded from LPP+% (R")
to L™ (R").

Theorem 6 Let there be a sequence {2/ Ci} e I, 0< B <1, 4 <p<n/8,1/r=1/p-8/n
and b € Lipg(R"). Suppose Ts is a bounded linear operator from LF(R") to L'(R") and has
a kernel K satisfying (1). Then T§’ is bounded from LP(R") to £ O (RM).


http://www.journalofinequalitiesandapplications.com/content/2014/1/211

Gu and Cai Journal of Inequalities and Applications 2014, 2014:211 Page 5of 13
http://www journalofinequalitiesandapplications.com/content/2014/1/211

Theorem 7 Let there be a sequence {(kCy} € I, q¢ <p <nl8, 1/r =1/p — 8/n and b €
BMO(R"). Suppose T is a bounded linear operator from L (R") to L' (R") and has a kernel
K satisfying (1). Then Tg’ is bounded from LP(R") to L"(R").

Theorem 8 Let there be a sequence (kCi} € I',0 <D < 2", q <p<n/8,1/r =1/p—8/n and
b € BMO(R"). Suppose T;s is a bounded linear operator from LP(R") to L"(R") and has a
kernel K satisfying (1). Then T;’ is bounded from LP*%(R") to L' (R").

Corollary Let Ts € GSIO(S), that is, Ty is the singular integral operator as Definition 1.
Then Theorems 1-8 hold for T?.

3 Proofs of theorems

To prove the theorems, we need the following lemma.

Lemma 1 (see [10]) Let Ts be the singular integral operator as Definition 1. Then T; is
bounded from LP(R") to L"(R") for 1 < p < n/8 and 1/r =1/p — §/n.

Lemma 2 (see [17]) For 0 < B <1 and 1< p < 0o, we have

~

1 1
F | 800 &2 ||sU 7/ (x) —foldx su infi‘/ (x) —cldx
lf Flf QaI-) |Q|1+ﬁ/n Qlf fQ| Qap |Q|1+ﬂ/n Qlf |

c

)i )i

Lemma 3 (see [4]) Let 0 <p <ooandw € J,_, ., Ar Then, for any smooth function f for
which the left-hand side is finite,

M) xFwx)dx < C [ M (F)(x)Pwix)dx.
R R

Lemma 4 (see [2,16]) Suppose that 0 <n<n,1<s<p<n/nyandl/r=1/p-n/n. Then

[M5()

r = C”f”Lp.

Lemma5 Letl<p< 00,0 <D < 2" Then,forany smooth function f for which the left-hand
side is finite,

[MA)] o = CIMEP]] -
Proof For any cube Q = Q(xo,d) in R", we know M(xq) € A; for any cube Q = Q(x,d) by

[18]. Noticing that M(xq) <1 and M(xq)(x) < d"/(|x —xo| — d)" if x € Q°, by Lemma 3, we
have, for f € L% (R"),

/M(f)(x)”dx = / M) (%) xqlx)dx
Q R"
< | MNP MG d

<c /R M) M) s
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_c / M) (e M) ) dx
Q

oo

# v
* Z/Z‘kﬂQ\szM (f)(x) M(XQ)(x)dx>

k=0

|Ql
# # V4
< C(/QM () dx + kéo/Z M (f)(x) 21 |dx)

k+1 Q\2kQ

# V4 - # pn—kn
< C(/QM (f)(x) dx+k2=(; 2MQM () (x)P2 dy)

< Cat P, D2 *e(21d) < (], Y (27D) vld)
k=0 k=0
< C|M* ()|}, 0@),
thus
1 1/p 1 1/p
— d Cl — # da )
(s [ poeras) " <<( [ worr as
and
[MA) e = CIMEEN] -
This finishes the proof. d

Lemma 6 Let Ts be a bounded linear operator from LP(R") to L"(R") for any p, r with
l<p<n/§andl/r=1/p-38/n,0<D<2". Then

” Ts(f) ” e = Cllf ll oo

Lemma?7 Let0<D<2",1<s<p<n/nandl/r=1/p—n/n. Then

[ 757)

1re < Cllf lzone.

The proofs of two Lemmas are similar to that of Lemma 5 by Lemmas 1 and 4, we omit
the details.

Proof of Theorem 1 It suffices to prove for f € C§°(R") and some constant C, that the
following inequality holds:

ﬁ /Q|T§’(f)(x) — Co| dx < ClIbllLip, (Mpss(F)(E) + Mps(Ts()) (&)

Fix a cube Q = Q(x¢,d) and X € Q. Write, for fi = f x20 and f5 = f x(2q)¢»

T3 () (%) = (b(x) = bag) Ts(F)(x) — T5 (b — bao)fi ) (%) — T5((b — bag)fa) ().
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Then
1 b

/| (b(x) = baq) Ts(f)(x) | dxc + — /Q|T5((b—b2Q)f1)(x)|dx

“1al QI

+ —/|T5((b—b2Q)f2)(x)—Ta((b—sz)fz)(xo)Wx
QI Jo

=Il+12 +I3.

For I;, by Holder’s inequality, we obtain

= @53p|b(x> b2Q|/|Ts<f> (@) da

1/s
= 1-1/s S
<o ,i“p“’ ~byg|IQ (/Qm(f)(x)! dx)

1/s
scnbnupﬂ|Q|‘“|2Q|””|Q|“S-ﬂ/"(lQP_sﬁ,n / | T5() ()| dx)

= C”b”LipﬁMﬂ,s(TS(f))(i)'

For I, choose 1 < r < 0o such that 1/r = 1/s — §/n, by (L*, L")-boundedness of T, we get

. . 1/r
= (@ [ 1736~ ) @) ”’x)

1/s
fCIQIW</Rn!(b( ~byo)filx |dx)

1 1/s
< C|Q|-“'||b||upﬁ|2Q|f‘/"|2Q|“S-<ﬁ+5>/"(W / lf(x)rdx)
2Q

= ClIblILipyMpss,5(f) ()

For I3, recalling that s > ¢’, we have

3<@/./. |bG) ~ bao [ )] |K (5, 9) — K50, )| dy dx

|Q|/Q '/kdl b d|1<(x,y) K(x0,)||bO) = borsrg| [f )| dy dix
<|y-xg|<2k+1

"lal /Q fzkd <y perg KD = Ko )[brrg = baol 0] dy
=ly—x0

C . 1/q
< — K(x,y) — K(x0,7) d)
QI Jo ;(fzkdflyxodkﬂd’ ) o) dy

, 1/q
X sup \b(y) —b2k+1Q| </2k+1QVW)|q dj/) dx

yEZkHQ
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1/q
|K(x,y) - K(xo,y)|qdy>

2kd<|y-xg|<2k+1d

C o0
+— [Doics1y — b |</
Q) QE AT

1/q
( Fo)|” dy) dx
k+lQ

< CZ C (2kd)—n/q/+8 |2k+1Qiﬂ/n ||b||LipB |2k+1Q|1/q/—1/s |2k+1Q|1/s—(ﬂ+8)/n
k=1

1 1/s
s
X ( |2k+1Q|l—s(ﬂ+8)/n 2ki1Q V(y) ’ dy>

+ CZ ”b”Llpﬁ |2k ‘/3/" (2kd) —nlq +8 ‘2k+1Q’1/q l/s’2k+1Q‘1/s (B+8)/n
k=1

1 s 1/s
x (W o) dy)

2k+1 Q

< ClbllLiny Mpass(F)® D Cic < ClibllLip, Mp.s.s(F) ().
k=1

These complete the proof of Theorem 1. d

Proof of Theorem 2 1t suffices to prove for f € C{°(R") and some constant Cj that the
following inequality holds:

1
|Q|1+ﬂ/n

/Q | T2(7)0) — Col d = Clbluiy, (Ms (1)@ + My (T3 () @),
Fix a cube Q = Q(x,d) and & € Q. Write, for f; = f x20 and f5 = f x20)c»

T (F)(@) = (b(x) — bag) Ts(F)() = Ts ((b — bag)fi) @) — Ts (b - bag)fa) ().
Then

@Pﬁ /Q| T2 (F)(x) - Ts((bag — b)) (x0) | dx

1 1
= g |00 = b 9 e i [ [T baclf) o)

1
+ |Q|1+ﬂ/n

=1L + 11 + 1.

/Q IT5((b = bag)fy) () T (b = bag)) (x0)| dx

By using the same argument as in the proof of Theorem 1, we get, for 1 < r < oo with
1/r=1/s—68/n,

1/s
Ih<———r sup|bx) by|1QI™ ”S(fQ|Ta(f)(x)|sdx)

|Q|1+f3/n
1/s
< ClQI™ " |1bl|Lip, 12Q1P"1QI* ”SIQl”S('Ql / | Ts(H) )| dx)

< Clblin, Me(T5() ),

Page 8 of 13
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I, < #|Q|H/’</ | T5((b- by )fl)(x)|rdx>1/r
- |Q|1+ﬂ/n " Q

C s 1/s
=g (/R |(b®) ~ bao)fi )] ””“)

C 1-1/ ~ 1 s 1/s
< — Ih i |2 ﬁ/n2 1/s-8/n / d
< fqra 2 Wl 1201720 o |7l
= C”b”LipﬂMﬁ,s(f)(jE)r

1
I < —— / / |b(y) = bag| [f )| |K (%, 9) = K (x0,)| dy dix
Q| QJeor
1 o0
< K(x,y) - K(x0,9)||b() = bos dyd
= |Q|1+ﬂ/"/<g;/zkdsyxommd‘ )= K D[60) = byl )] dy

1 oo
"iQr /ka /zkdq-xoqkﬂd'”x'” = K(xo,3)[bor11q = baol [f 01 dy

C 00 1/q
< K(x,y) - K(%0,) qdy)
|Q|1+h/n /;;(-/de<y—xo<2k*1d| 0 |

, 1/q
X sup |b(y)_b2k+1Q|</2k+1Qlf(y)|q dy) dx

y62k+1Q

C /‘ > N
b by — b |(/ K(%,9) - K (x0,7) d)
Qe Q; poaq — bag defly—x0|<2k+1d| 9) - K(xo,9)|* dy

RN
X < [f(y) |q dy) dx
2k+1Q

o0
< C|Q|_ﬂ/” Z Cy (de)_"/q +8 |2k+1Qiﬁ/n ”b”Lipﬁ |2k+1Q|l/q —8/n
k=1

1 s 1/s
x <|2k+1Q|158/n 2k+1QV0})| dy)

o0
+CIQI Y [1bllip, |24 Q|7 Cr(25a) ™ P |2k QM
k=1

1 s 1/s
(g g1 )

2/<+1Q

o0
= CllbllLipy Ms,s(f) () Z 2% Cy
k-1

< CllbllLip, Ms () R).
This completes the proof of Theorem 2. d

Proof of Theorem 3 It suffices to prove for f € C{°(R") and some constant Cj that the
following inequality holds:

|1@ _/(;|T§(f)(x) - C0| dx < CllbllBMo(M&s(f)(ic) +Ms(Ts(f))(5c)).
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Fix a cube Q = Q(xo,d) and x € Q. Write, for fi = f x20 and f> = f x2q)c»
TP (F)(x) = (b(x) = bag) T5(f)(x) — Ts((b — ba)fi ) ¥) — T ((b - bag)fs) ).

Then
|la / | T2 (f) (%) — T ((bag — b)) (x0) | dx

/ () — 20) To(F) ) dx + = /Q T3 (b~ bag)f) )] dx

“1al QI

1
|Q| ‘Tg( b ng)fg) x) T(g((l’) ngfz) X0 ‘dx
=115 + 111, + 1II5.

For I11;, by Holder’s inequality, we get

1 J 1/s’ 1/s
I < <@fQ|b(x)—sz| dx) <|Q| /|Ta(f)(x)| dx)

< ClIbllsmoM;(Ts(f)) (%)

For III,, choose 1 < p < s such that 1/r = 1/p — §/n, by Holder’s inequality and (L?,L")-
boundedness of T, we obtain

1/p

1/r
I, < (|Q|/ | T5((b - bag)fi) )| dx) <ClQI- “’(/ |(b- sz)fl(x)|pdx)

-p)/s
< C|Q|_1/r(‘/;Qib(x)_b2Q|Sp/(S_p)d ) P) p</~ lf(x)| dx)

y .y 1 ls-p) (s-p)Isp
< 1012 (o | b6 bnol " )
2Q

1 1/s
% |2 1/sz§/n( / X de)
Qg [, ool

1 1/s
< c||b||BMo|Q|“’*““’”(W [ V(x)!sdx)
2Q

< ClIbllzmoMs,s(F)(x).

For III3, recalling that s > ¢/, taking 1 < p < co with 1/p+1/g +1/s = 1, by H6lder’s inequality,
we obtain

I3 < — K(x,5) — K(x0,)||b(y) — b dyad
] o;/zkdqy_wmd' ()= K0P [P0) = b f 0] dy

1 o 1/q
< — K(x,y) — K(xo, )"d)
Ql Jo ;(/ﬂdsyxokzkﬂd‘ ‘ o) dy

1/p 1/s
X (/ |b(x) —byg |p dx) ( [f(y)|sdy> dx
21<+1Q 21<+1Q

Page 10 0of 13
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< CZ (2kd) nlq +5k(2kd)n/p”b”BMo(2kd) n(1/s—8/n)
k=1

1 s 1/s
X <|2k+1Q|135/n 2k+1Q V(y)| dy)

1/s
<C||b||BMoZka (2¢a)" “W*“”““)(W f o) dy)

k=1

< ClIbllspoMs,s(f)®) Y kCx
k=1

< ClIbllsmoMs,s(f) (%)
This completes the proof of Theorem 3. O

Proof of Theorem 4 Choose ¢’ <s < p in Theorem 1 and let 1/¢ = 1/p — §/n, then 1/r =
1/t — B/n, thus we have, by Lemmas 1, 3, and 4,

| T2 )

v = IM(TE)] = M (TN,
< ClibllLipg (| Mps(T5s(D) | - + | M55 ()
< Clblluip, (| T | e + 1 1120
< ClblILip, If l2r-

)

This completes the proof of Theorem 4. d

Proof of Theorem 5 Choose ¢’ < s < p in Theorem 1 and let 1/t = 1/p — §/n, then 1/r =
1/t — B/n, thus we have, by Lemmas 5-7,

| T2 ()

o = [M(T3(F)
< CliblILipy ([ Mps(T50)) | 1o + | Mps,5(F)
< ClibllLipy (| Ts(| 1oy + If 0000

< C”b”Lipﬂ W1l o5 -

= C|M*(T3(6)

Lo

)

This completes the proof of Theorem 5. d

Proof Theorem 6 Choose g’ < s < p in Theorem 2. By using Lemma 2, we obtain

|5 = €

SuP |Q|1+ﬁ/n / | T2 (F) (%) — T5 (b2 — b)) (x0) | dx

r)

Lr

= C”bHLlpﬁ(HMS(TS(f))
< Clibllip, (|| Ts()
= CliblIuipy IIf -

T ”M&S(f)

o+ Ifllze)

This completes the proof of Theorem 6. d
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Proof of Theorem7 Choose g’ <s < p in Theorem 3 and similar to the proof of Theorem 4,
we have

1730, < |M(T3 ()] r
< Clbllsmo (| Mo(Ts () || + [|Ms5 ()]
< Cllblismo (| Ts()| ,, + IIf l2)

=< Clibllsaollf llze-

v = CIM(TS ()|

r)

This completes the proof of the theorem. O

Proof of Theorem 8 Choose g’ < s < p in Theorem 3 and similar to the proof of Theorem 5,
we have

= C|M*(T3(6))|

Lhe —

|73

o = [M(T3 ()] e
= C||b||BMO(||Ms(T5(f)) HLW + ”M&S(f) ”Lr-w)
< Clbllsmo (]| Ts ()|

= Clibllsmollf | e -

e + ”f”[ﬂ:a:‘ﬂ)

This completes the proof of the theorem. d
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