Electronic Transactions on Numerical Analysis. ETNA
Volume 16, pp. 165-185, 2003. Kent State University
Copyright 0 2003, Kent State University. etna@mcs.kent.edu
ISSN 1068-9613.

ANALY SIS OF TWO-DIMENSIONAL FETI-DP PRECONDITIONERS
BY THE STANDARD ADDITIVE SCHWARZ FRAMEWORK *

SUSANNE C. BRENNERT

Abstract. FETI-DP preconditioners for two-dimensional elliptic boundary value problems with heterogeneous
coefficients are analyzed by the standard additive Schwarz framework. It is shown that the condition number of the
preconditioned system for both second order and fourth order problems is bounded by C(l + ln(H/h)) 2 where
H is the maximum of the diameters of the subdomains, h is the mesh size of a quasiuniform triangulation, and the
positive constant C' is independent of h, H, the number of subdomains and the coefficients of the boundary value
problems on the subdomains. The sharpness of the bound for second order problems is also established.
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1. Introduction. The Finite Element Tearing and Interconnecting (FETI)
method [14, 20, 21, 19, 32, 18, 15, 34, 35, 1] is a nonoverlapping domain decomposi-
tion method that has been implemented for large scale engineering applications. In the FETI
approach the system of finite element equations for the nodal variables (primal variables) is
enlarged to a system where the nodal variables on any subdomain are independent of the
nodal variables on the other subdomains, and the continuity of the finite element functions
across the interface of the subdomains is enforced by Lagrange multipliers (dual variables).
By eliminating the primal variables, a system of equations for the dual variables is obtained,
which can then be solved by the conjugate gradient method. In the case of many subdomains,
preconditioning is necessary for fast convergence and FETI preconditioners have been
studied in [29, 31, 23, 24, 5, 4].

Recently, a new FETI approach for two-dimensional problems was introduced in [16, 17,
33], where the continuity of the finite element functions at the cross points is retained in the
enlarged system and Lagrange multipliers are introduced only to enforce the continuity at the
other nodes on the interface of the subdomains. After the primal variables associated with
these other nodes and the nodes off the interface have been eliminated, a system involving
both primal variables (nodal variables associated with the cross points) and dual variables
(Lagrange multipliers associated with the nodes on the interface that are not cross points)
is obtained. Two notable features of the FETI-DP approach are: (i) the evaluation of the
operator associated with the dual-primal system no longer involves the solutions of singular
problems on floating subdomains, and (ii) a coarse problem is built into the evaluation of the
reduced operator associated with the dual variables.

Dirichlet preconditioners for the FETI-DP approach were studied in [30] where poly-
logarithmic bounds for the condition numbers of the preconditioned systems were obtained
for second and fourth order problems on two-dimensional domains. The goal of this pa-
per is to give an alternative derivation of the results in [30] and demonstrate that the
bound for second order problems is sharp, using the standard additive Schwarz framework
[11, 2, 39, 38, 12, 22, 37, 6]. This paper is therefore a continuation of the earlier work
[5, 4, 8]. Note that this approach can also be applied to three-dimensional FETI-DP methods
[17, 33, 25] and such an analysis of 3D FETI-DP methods will be carried out in a separate
paper.
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166 Analysis of Two-Dimensional FETI-DP Preconditioners

The rest of the paper is organized as follows. The description of the FETI-DP algorithm
for two-dimensional second and fourth order elliptic boundary value problems is given in
Section 2, followed by the definition of FETI-DP preconditioners and some preliminary es-
timates in Section 3. Condition number estimates for the FETI-DP preconditioners are then
given in Section 4. The sharpness of the condition number estimate for second order problems
is established in Section 5.

2. Two-Dimensional FETI-DP Methods. LetQ C R? be a bounded polygonal domain
subdivided into nonoverlapping (open) polygonal subdomains 4, ..., (cf. Figure 2.1),
with diameters Hy, ..., Hy. The maximum of Hy, ..., H; will be denoted by H.

Q, Q3 | Qe RRSSRRRRRERE]
.l o,
Q21 g | g4

F1G. 2.1. A nonoverlapping subdivision with an underlying triangulation

For concreteness we will consider two model problems. We take
(2.1) a;(vj,w;) = Oéj/ Vo; - Vw;de — Vv;,w; € H(Q;)
Q;

for the second order model problem, and

22)  aj(v; w')—a-/ Z O 0w, dr Vo, w; € H(Q;)
' IR Jay | £, Onk0m OO, 7 7
for the fourth order model problem, where the a; are positive constants.

Let 7 be a quasiuniform triangulation of €2 with mesh size h such that each Q; is a union
of the triangles in 7 (cf. Figure 2.1), and V(Q) C HJ*(€2) be the P; finite element space
associated with 7 when m = 1 and the Hsieh-Clough-Tocher macro finite element space (cf.
[9]) when m = 2. The discrete problem that we want to solve is:

Find u € V() such that
(2.3) a(u,v) = / fvdz Yo eV(Q),
Q

where f € Ly(2) and

J

(2.4) a(u,v) = Y a;(u;,vy),

Jj=1

with u; = u|Qj andv; = 1)|Qj.

REMARK 2.1. The results of this paper also hold for other elements for second and
fourth order problems, such as the bilinear finite element and the reduced Hsieh-Clough-
Tocher macro element [10].

The description of the FETI-DP approach requires some terminology from domain de-
composition: The set of all the vertices of the polygonal subdomains Q4,...,Q; will be
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denoted by V. For example, there are 16 such vertices in V for the domain decomposition
depicted in Figure 2.1. The subset of V consisting of vertices not on 92 will be denoted by C
(the set of cross points). For example, there are 5 cross points on the boundary of the subdo-
main Q4 in Figure 2.1. An open line segment on the boundary of a subdomain between two
consecutive vertices in V will be referred to as an edge of the boundary of the subdomain. For
example, there are 5 edges on the boundary of the subdomain €2, in Figure 2.1. The interface
of the subdomains is the set I’ = U;.Izl [';, whereT'; = 09 \ 09 is the part of 9€2; disjoint

from 992. The set T'; \ C will be denoted by T, and I is the setI" \ C = U;.Izl .

We will also use As to denote the set of the nodes of the finite element space belonging
to the geometric object S and |G| to denote the number of elements in a set G.

Let V(Q; UT;) be the subdomain finite element space associated with the triangulation
on ©2; induced by 7 whose members vanish up to the derivatives of order m — 1 on 9§2; NOS2.

Let V be the subspace of the product space V(Q2; UT1) x --- x V(€25 UT ) defined by

(2.5) V=A{(v,...,v5) : v; € V(Q; UT;) for 1 < j < J and vy = v up to the
derivatives of order m — 1 at all the cross points on 99, N 9%, }.

Note that the definition of a(-,-) in (2.4) can be extended to the space V. Furthermore,
a(v,v) = 0 implies that v; is a polynomial of degree < m — 1 on Q; for1 < j < J. The
continuity at the cross points then implies that v is a global polynomial of degree < m — 1
on Q and hence v = 0, because of the homogeneous Dirichlet boundary condition(s) on 0f2.
Therefore, the bilinear form a(-, -) remains symmetric positive definite (SPD) on V.

REMARK 2.2. Sometimes a cross point is defined to be a point in  belonging to the
boundaries of at least three subdomains. Let € be the set of cross points according to this
definition. In the case where all the subdomains are convex we have ¢ = C. But in general C
is a proper subset of C. Note that in the case where a subdomain is surrounded by another,
the absence of cross points according to the stricter definition creates a singular problem on
the inner subdomain in the FETI-DP approach. This would not happen if the larger set C is
used.

We can identify the global finite element space V (€2) with the subspace of V' whose
members (or more precisely their components) are continuous up to the derivatives of order
m — 1 along the interface I". Moreover, the continuity of the derivatives of the finite element
functions on I up to order m — 1 can be enforced by Lagrange multipliers.

For each p € Nt/ we introduce the Lagrange multiplier space M), as follows. Let p €
I'y, N Ty. Inthe second order case p is a vertex and M, is spanned by the linear functional
Hp ke € V' defined by

(26) <,u/p,k,€a/u)V = U@(p) - Uk(p) Vo= (Ula Tt aUJ) € Va

where (-, -}y represents the canonical bilinear form defined on V' x V. In the fourth order
case p is either a vertex or a midpoint. If p is a midpoint, then M, is spanned by ;. , € v’
defined by

n 611[ ka
(2.7) (tip ks V)V = a—m(p) + o, ) Yu=(v1,--,vg) €V,

where ny (respectively ny) is the outer unit normal of Q, (respectively Q). If p is a vertex,
then M, is spanned by g, ke, 177 1. 4o 12} 1 o € V. The linear functionals p, ¢ and p7* ;. , are
defined as in (2.6) and (2.7), and Ng,k,e is defined by

(9’l)k

81}1
()+6—tk

(28) </~‘L§),k’g;v)V = 6_t[ b (p) Vo= (Ula' 0T 7UJ) € VJ
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where ¢, (respectively ¢) is the unit tangent along 0§, N 02, obtained by rotating the unit
normal n, (respectively ny) counterclockwise through a right angle.

Q, Q, Q,

¢ O
©
©

' Jot
Mok - Hopk 7 Mook

T e —-————- >

Q k Q k Q k
F1G. 2.2. Lagrange multipliers along the interface of two subdomains

The three types of Lagrange multipliers are depicted graphically in Figure 2.2. The
Lagrange multiplier space M is taken to be

M= McV'
PENr/

Using M we can characterize the subspace of V' corresponding to V(2) as {v € V :
(u,v)y =0forall u € M}.
The first step in the FETI-DP approach is to replace (2.3) by the following problem:
Find (@, ¢) € V x M such that

J
(2.9) Z (it,v5) + (¢, v V_Z/ fvjdz  Yvev,

<Nau>V =0 Ve M,

where @ = (@1,...,45) and v = (v1,...,vy). It is easy to check that (2.9) is non-
singular and the solution of (2.3) is related to the solution of (2.9) through the relation
U= |Q > u|

We can also rewrlte (2.9) more concisely as

J
(2.10) B0 w.0) =3 [ fojds Vo) eV X
=179
where
B ((w, ZaJ wj,vj) + Ny +{pw)yy YV (w,A), (v,u) €V x M.

Let Vi = {v = (v1,...,v5) € V : the nodal variables of v;, 1 < j < J, vanish
at all the nodes in C N 9Q;} (i.e., v; vanishes at the cross points on 9€; for the P; finite
element and v; vanishes up to the first order derivatives at the cross points on 9€); for the
Hsieh-Clough-Tocher macro element). The space V' x M admits the decomposition

VxM=Wa&W°,



ETNA

Kent State University
etna@mcs.kent.edu

Susanne C. Brenner 169

where W = Vig x {0} and W° = {(v,p) € V x M : B((v, p), (w,0)) = 0 for all
w € Vig}. Indeed, since the bilinear form 9B(-, -) is nonsingular, we have

dim(V x M) = dimW + dimW°.
Moreover, if (v,0) € WN W?, then
0 =B((v,0), (v,0)) = a(v,v),

which implies v = 0, because a(-,-) is SPD on V.
We can therefore write

(2.11) (@, ¢) = (@, 0) + (a°, ¢),

where @ € Vrg and (@°, ¢) € W°.
The second step in the FETI-DP approach is to reduce (2.10) to the following dual-primal
problem:

Find (@°, ¢) € W° such that
J
(212 B(@0).000) =Y [ ofds V0t e
=179

REMARK 2.3. Since @ in (2.11) is determined by

J J
Zaj(ﬂ;-",v;-") = Z/ fv;'-’" dx Voi" € Vig
j=1 j=17%

and the components of " are independent of one another, the reduction in the second step
of the FETI-DP approach involves solving SPD problems on the subdomains in parallel.
Let Ve C V be the orthogonal complement of Vg with respect to a(-, -). Note that

(2.13) V=Vira,
Ve x {0} € W*° and W* has the decomposition
We = (Ve x {0}) @ (V x {0})°,

where (V x {0})° = {(w,)\) € V x M : B((w,\),(v,0)) = 0forallv € V}. Note
also that (w, ) € (V x {0})° is completely determined by A and therefore can be written as
(T'A, \), where T is the linear map from M to V' defined by

(2.14) %((T)\,A), (v,O)) =0 YveV.
Hence, we can write
(2.15) (@°,¢) = (a°,0) + (T, ¢),

where @€ € Ve.
In the final step of the FETI-DP approach the dual-primal problem (2.12) is further re-
duced to the following problem:;
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Find ¢ € M such that

J
(2.16) B(T6.0). (M) =Y. [ 1Twde Vue
=179

The role of a FETI-DP preconditioner is to improve the conditioning of the system (2.16) so
that it can be solved efficiently by a preconditioned conjugate gradient method.
REMARK 2.4. Since @° in (2.15) is determined by

J
Za(ﬂ?,vf) = 2/ fvjdz Vb e Ve,
‘ = Q;

Jj=1

the reduction in the final step of the FETI-DP approach involves solving a SPD coarse prob-
lem whose dimension is

IC| for the P finite element,

dimVe =dimV —dimVig =
¢ m {3|C| for the Hsieh-Clough-Tocher macro element.

The description above of the FETI-DP approach follows the actual solution process given
in [16, 17]. It shows that the evaluation of the operator defined by (2.16) on a given u € M
involves solving SPD problems on the subdomains in parallel and also solving a SPD coarse
problem that provides global communication among the subdomains. But the analysis of
FETI-DP preconditioners (cf. [30]) is best carried out through an alternative formulation of
(2.16) that is based on a decomposition of V' different from (2.13).

Let Vi = {v = (v1,...,v5) € V :v;,1 < j < J, vanishes up to the derivatives of order
(m —1) on 0€2;}. The space V' admits the decomposition

V=View,
where Vr is the orthogonal complement of V; with respect to a(-, ), i.e.,
(2.17) Ve ={veV:alvw)=0 VweVr}

Note that V& x M = (V7 x {0})° = {(w,)) € V x M : B((w, ), (v,0)) = 0 for all
v e V]}.

REMARK 2.5. For v" € Vr, the nodal variables of v can take arbitrary values along
Nr and share common (but arbitrary) values at the cross points. The rest of the nodal
variables (at the nodes in Mg, u...uq, ) are then determined by the a(-, -) orthogonality of V-
to V7. In particular, v; is a discrete harmonic function on €2; in the second order case and a
discrete biharmonic function in the fourth order case.

REMARK 2.6. Since {u,v)y = 0forallv € Vyand p € M, we will treat M as a
subspace of V.

We can write
a=a'+a,

where 4' € Vr and 4" € Vi, and reduce (2.9) to the following problem:
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Find (4", ¢) € Vr x M such that

J
(2.18) Z aj,v}) + (¢, 0" r—Z/ foSds Vot €V,
<

") =0 YueM,

where (-, -)r is the canonical bilinear form defined on V% x V.
Let S : Vi — V! be defined by

J
(2.19) (Sv", wh)r = a(v",w" Z
forall v* = (v,...,v}),w" = (wi,...,w}) € Vr,and v, € V1 be defined by
J
(2.20) (v;,v")r = Z/ fvj dz Vo' = (vi,...,v5) € Ir.
: Q;

We can now rewrite (2.18) as

(221) (Sﬂ'ravr)r + <¢7 vr)F = (’YfaUF)F Yo' € VF;
(1, @) -0 Ve M.

Note that the operator S is SPD, i.e.,

(2.22) (Sv", w"r = (Sw",v")r Vo', w" € Vr,
<S’Ur,vr)r >0 Vo' € Vr \ {0}

From (2.21) we obtain the following problem for ¢:
Find ¢ € M such that

(223) <IU/7 S_1¢)F = (l”’a S_l'yf>l" vll’ € M.

The two problems (2.16) and (2.23) are identical since they both come from (2.9) by
eliminating @. Indeed, we have, by (2.14), (2.17), (2.19), (2.20) and (2.22),

Tp=-S'u YueM,
B((Th, ), (Tu,p) = —(u, S~ " )r Vue M,

J
Z/Q‘f(Tﬂ)jd%“:—(u,S*lvf)r Ve M.

Our analysis of FETI-DP preconditioners will be based on the formulation (2.23).

3. FETI-DP Preconditioners and Preliminary Estimates. Let S: M — M be
defined by

(3.1) (w1, Spa)nr = (w1, S ' p2)r Yy, p2 € M,

where (-, -} s is the canonical bilinear form defined on (M') x M' = M x M'. It follows
from (2.22) that S is SPD, i.e.,

</~‘L1:S/~‘L2>M:<N2;S,U/1>M VH1,M2€M,
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A

(B, Sy >0 Ve M\{0}.

We see from (2.23) that Sis the operator that needs to be preconditioned in the FETI-DP
approach. The preconditioner for S will be constructed using Schur complement operators
associated with the subdomains.

Let V; C V(2; UT;) be the space of discrete harmonic functions (m = 1) or the space
of discrete biharmonic functions (m = 2) that vanish up to the derivatives of order m — 1 at
the cross points on 9€2;. In order words, v; € V; is characterized by the following conditions:

3.2) aj(vj,w;) =0 Yw; € V(Q; UT;) N H"(9;),

(3.3) v; vanishes up to the derivatives of order m — 1 atevery p € C N Ar,.
Note that
(3.4) Vix---xVyCVWr.

The Schur complement operator S; : V; — V; is defined by
(3.5) (SjUj,UJj)j = aj(vj,wj) ij,wj € V},

where (-, -); is the canonical bilinear form on V;/ x V;. Itis clear that .S; is SPD.
In order to define the FETI-DP preconditioner we need connection maps

L : V] — M.

We will treat the second order case and fourth order case separately.
Let p € Np+. Then p belongs to the common boundary of two subdomains Q; and €.
We define the function x,, : {k,€} — {k, ¢} by

(3.6) xp(k) =€ and x,(¢) = k.

For the second order model problem we define, for arbitrary ; € Vj’,

Qxp ()
3.7) Lipj= #<¢j75@j)jﬂp,)¢p(j),j7
peNL, x» (5)

where the a;’s are the coefficients appearing in (2.1) and d,, ; € V; satisfies

1 =p,
(3.8) 0p.(9) = {o Z € JI\)/'F'. \ {p}.

REMARK 3.1. The scaling . (j)/(c; + @y, (;)) in (3.7) and (3.9) below enables us

to obtain an estimate for )\max(lBBS) that is independent of the a;’s. This technique is well-
known in the literature (cf. [36, 28, 13, 35, 34, 24, 25, 4, 5]). In fact, the results in this paper
remain valid if a; (respectively a, ;) in (3.7) and (3.9) is replaced by o} (respectively
a;p(].)) forany ¢t > 1/2. We choose ¢t = 1 in (3.7) and (3.9) for simplicity.

The definition of I; for the fourth order model problem follows the same principle. First
we introduce the discrete biharmonic functions d,, ;, 67 ;, &% . and 47, ;. Note that a function
in V; is determined by its values and the values of its normal and tangential derivatives at
the vertices of 7 on IV, and also the values of its normal derivatives at the midpoints of the

edges of 7 on I'. For a vertex p € Nrv, we define (i) §,,; € V; to be the function that
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takes the value 1 at p and takes the value zero for all other nodal variables, (ii) 7 ; € V; to
be the function Whose normal derivative at p is 1 and takes the value zero for all other nodal
variables, and (|||) ; € Vj to be the function whose tangential derivative at p is 1 and takes
the value zero for aII other nodal variables. For a midpoint m € F’ we define 47, ; € Vj to
be the function whose normal derivative at m is 1 and takes the value zero for all other nodal
variables.

We can now define, for arbitrary ; € V/,

Uy () n\on
Iy = Y =22 (05, 0p, ) iboxp i) + (Vis )il (i),

peny, % T ()
(3.9) + (W55 04 1) il xp (5) )
aXP(j)
—xeW) g g N
+ me;rl Qa] + ax}’(]) <¢J7 m’])Jum’Xp(J)’J,

where Nr‘lj’l is the set of the vertices of the triangulation 7 on 1“;. and Np;,,z is the set of the
midpoints of the edges of 7 on T
LetE; : V; — Vi x -+ x V; C V¢ be the embedding map defined by

w k=7

(3.10) (Bjw)g = Vw e Vj,
0 k#j

and R; : M — V; be the restriction map defined by

(3.11) (Rjp, w); = (p, Ejw)r YweV;.

Then the maps R; and I; form a partition of unity on A:

J
(3.12) N LRju=p VYpeM,

which can be easily verified using (2.6)-(2.8), (3.7) and (3.9).
The FETI-DP preconditioner B : M’ — M is given by the formula

J
(3.13) B=>Y LS,

where I% : M' — Vj is the transpose of I; with respect to (-, -); and (-, -)

Our analysis of the operator BS : M — M is based on the following well-known
characterizations of A\pin (BS) and A\pax (BS) from the additive Schwarz theory [11, 2, 39,
38,12, 22, 6]:

(3.14) Amin(BS) = min {4, S ) :
0£ueM J )
min Y (1, S75);
H= ZJ 1 J'w]] 1
Y EVy

(3.15) Amax(BS) = max {4, S 1) .
0#peM J |
min (V5,85 i)
u= Z_;I 1 1 ]Z]_ ! ! 7
Y; €V}
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In the rest of this section we provide characterizations of (u, S 1) »s and (¥, ijlzpj)]-,

and derive a lower bound for A, (B S).
LEMMA 3.2. Given any u € M, we have

(3.16) —{u,Sp)pr = min [a(vp,vr) + 2{u, UF)F].

Wrevr

Proof. We can, by (2.19), rewrite the right-hand side of (3.16) as

min [(Sv",v")r + 2(u, v")r].
veVr

Therefore the minimum occurs at ™ = —S~! and the value of the minimum is, by (3.1),

(S8, ST ) — 2(u, ST = —(u, STy = —(u, Sy -

The proof of the following lemma is similar.
LEMMA 3.3. Givenany ¢; € V/, we have

(3.17) — (5,85 "j); = Ufjnelf‘}] [aj(vs,v5) + 2(¢j,v5)5]-

A lower bound for Amin (BS) can be derived as a corollary of Lemma 3.2 and Lemma 3.3.

LEMMA 3.4. For both the second order model problem and the fourth order model
problem, it holds that

A

(3.18) Amin (BS) > 1.

Proof. Let 4 € M be arbitrary and ¢; = R;u € Vj’. It follows from (3.12) that
J
(3.19) p=y I
j=1

Letv; € V; be arbitrary. Then v" = (vq,...,v5) = ijl E;v; € Vr (cf. (3.4) and (3.10)),
and in view of (3.11),

J J
p, 0" )r = NaZEUJ ZZ i V) wavj
= j=1 j=1
J
3 [a5(v5,05) + 2085, v5);] = a(™, ") + 2, ")
j=1
It follows that
J
(3.20) Z:l rjneln [aj(vj,v5) + 2(;,v5);] > v{pelgr [a(vr,vr) + 2(p, v )r
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We deduce from (3.16), (3.17) and (3.20) that

J
(3.21) = b S ) = =, S

Jj=1

The estimate (3.18) follows from (3.14), (3.19) and (3.21). 0

The estimates for )\max(]BS) in the next section requires another characterization of
(1, S p)30% and (15, Sj_lzpj);ﬂ as dual norms.

LEMMA 3.5. Given any p € M, we have

(3:22) §u)hy? = ma L2t
H; N M )
wLevr |Ur|a
’UF750
where
J 1/2
(3.23) [v']a = a(v”,v")? = (Z ) .

Proof. Let v, = S~1u. From (2.19), (3.1), (3.23) and a standard duality formula we
have

A Svy, v )r (1, 0"
S2 =, ST ? = Sy, v 1/2 - x7< N = ma ’
(s Spnr = (1, S™ '™ = Wt = o (Som, o) 2 v [Tl
vT#£0 vF#£0
O

The proof of the following lemma is similar.

LEMMA 3.6. Given any 1; € V, we have
3.24 ,871 Y2 — max <¢j’vj>j,
( ) <¢J ¢]> ’U]EV |Uj|aj

Vj

where
(325) |Uj|a,j = aj (’l)j,’l)j)l/2.

4. Condition Number Estimates. We first derive an upper bound for )\max(]BS) for the
second order model problem.

In order to avoid the proliferation of constants, from here on we use A < B (or B > A)
to represent the inequality A < constant x B, where the constant is positive and independent
of h, H and J. The statement A ~ B is equivalentto A < Band A > B.

Let u = EJJ 1 ¥, where ¢p; € VJ for 1 < j < J. Inorder to apply (3.15) we need to
bound (u, S p)ar in terms of 205 _1<¢], Sy L4h;) ;. This will be accomplished by exploiting
the characterizations (3.22), (3. 24) and weII known estimates for discrete harmonic functions.

Let v* = (vf,...,v}) € Vp be arbitrary and v® = (v{',...,v¥), where v is the
discrete harmonic function on ; with the following properties:

vi(p) =vj(p) YpeodQ;NV and o™ ispiecewise linear on 9%y,
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i.e., vj' agrees with v} at all the vertices in 9€2; NV and is linear on the edge between any
two consecutive vertices.
Our first observation is that

(4.1) vj =v; —vj' €Vj,
and
J J
(42) <H7 UF>F = <N7 vt — vH>F = <N; Z Ekvk Z J"vbJ: Ekvk
k=1 J.k=1

where we have used the fact that the components of v are continuous across the interface of
the subdomains and therefore (u, v*)r = 0.

REMARK 4.1. The relation {u,v")r = {(u,v" — v")r allows us to use well-known
estimates for the BPS preconditioner [3] in the study of the FETI-DP preconditioner. In
this sense the FETI-DP algorithm is dual to the iterative substructuring algorithm while the
original FETI algorithm is dual to the balancing domain decomposition algorithm [27].

Our second observation is that

(4.3) (I;%j, Exvg)r = 0 unlessT'; and T’ share a common edge.

Let e be an edge on I';,. We will denote by vy . the discrete harmonic function on Qj,
that agrees with v, on e and vanishes on 99y, \ e, i.e.,

(4.4) Vk,e = Z ’l)k(p)(spyk.
PEN.

Clearly, we have
(4.5) Uk =D Uke,
ecty

where &y, is the set of the edges on T',.
Let e € £(T), the set of edges on T'. We denote by o, the set of the indices of the two
subdomains sharing e. From (4.2)—(4.5), we have

(4.6) (o= D > (I, Byvge)r-

e€&(D) jrkEoe.

Note that the inner sum on the right-hand side of (4.6) is given by
(Ij1hj, Ejvje + Egvg,e)r + (Ix¥r, Exvi,e + Ejvje)r,

where {j, k} = o.. Below we will focus on the term (I;¢;, E;v; . + Ervk.c)r, Where e is
a common edge of T'; and T', (cf. Figure 4.1), since a similar result also holds for the term
(Ix ¥k, Exve,e + Ejvje)r.

We have, by (2.6), (3.7), (3.10) and (4.4),

Qg
its, Ejvier = 2 GZN<¢j,a,,,j>j<up,k,j,Ejvj,e)V
= +ak<¢w > e ()00 = o Wi tieds,

pEN.
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NN
Qj Qy
AVEAN|

FiG. 4.1. Acommon edge of T'; and T,

and hence it follows from (3.24) that

4.7 (Ijvj, Ejvje)r < <¢ja5;1wj>;/2|vj,e|aj-

Let 3; be the mean of v over €2, i.e.,

1
(4.8) B; = —/ vt dx.
190 Ja,
We have by scaling
(4.9) [vj" = Bilurracey S vj' = Billwate)s

and it follows easily from the definition of v* that

(4.10) |} = BillLwa(e) < Ivj = BillLoaiy)-

We can then apply the discrete Sobolev inequality, the Poincaré-Friedrichs inequality,
(4.1), (4.8)-(4.10), and well-known estimates from the theory of nonoverlapping domain
decomposition (cf. [3, 6]) to obtain

1/2
0j.ela; = @} [vj.el 1 ()

Q

T
< ) [[oselamace) + (1+10(H; /1) 2,0
S oy ?[10f = 8) = 0 = B)lmrae)
(4.11) + (14 In(H; /0) w8 = B5) = @) = B)lpcio)]
Dvmm”+u+mﬂvmﬂmﬁ—mmdmﬂ
< 03?05y + (1 -+ n(H; /R)) (IS = Billage,) + 105 o))

su+mWWM)”%ﬂmm)—u+mWJMWH%

o)

2

Let 9;. be the discrete harmonic function on €2; that agrees with vy, . at the nodes in AV,
and vanishes at the other nodes of 9€2;. Then we have, by (3.7) and (3.10),

A

Lvy; E
(Iivj, Exvk,e)r o + o

Z (V5 0p,5) i thp ks> ErVk,e)v

PEN.
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= _a +a (s, Z ke (P)0p,j); = a +a ———— (), Tje);s
pEN.
and hence it follows from (3.24) that
_ 1/2
(4.12) (Ijhj, Exvk,edr < W(%a 3105 el

_ 1/2 — ~
< 305, 5700 @y ) P el
Moreover, the analog of (4.11) for vy, . implies that
_ 1/2)~
@13) (kg ) lbjela; S 0 lbsel e,
1/2
= 0okl oy S (1+10(H /1) o o

We then obtain from (4.6), (4.7) and (4.11)—(4.13) the estimate

(o) S (Lrm(Em) Y (S wnsiten) (T i)

ecE(l') je€oe JEoe
J
(4.14) 5(1+1n(H/h))(Z(¢],SJ ;) ) (Z )
Jj=1 j=1
J /2
= (t+m(E/m) (S 57w,) (e v e
j=1

Combining (3.22) and (4.14) we find
& \1/2 < 4 1/2
(4.15) (1, S Y% < (1 + In(H/h) (Z v, S; ) ,
j=1

whenever u = ijl Iivp; and ¢; € Vj’ for1 < j < J. The following lemma is then a
simple consequence of (3.15) and (4.15).
LEMMA 4.2. For the second order model problem, it holds that

(4.16) Amax(BS) < C(1 +In(H/h))?,

where the positive constant C' is independent of 4, H and J.

The derivation of an upper bound for /\max(IBS) for the fourth order model problem
follows a similar line, with the necessary modifications of some of the definitions.

Let p = Z;’Zl Ijap;, where ¢; € VJ. For an arbitrary v* = (vf,...,v5) € Vr, we
define vj’ = (vf’,...,vJ) to be the discrete biharmonic function on Q; with the following
properties:

v™ agrees with v" up to the first order derivatives at 9Q2; NV,
v™ is piecewise cubic on 9€2; and Ov™ /On is piecewise linear on 9.

Note that the components of v* are continuous up to the first order derivatives along the
interface of the subdomains and therefore (4.1)—(4.6) remain valid, provided we take v; .
to be the discrete biharmonic function on €2; that is identical with v; up to the first order
derivatives on e and vanish up to the first order derivatives on 99; \ e.



ETNA

Kent State University
etna@mcs.kent.edu

Susanne C. Brenner 179

Let e be an common edge of I'; and I'x,. Again (4.7) holds because of (3.9) and (3.24).
Letw; = bjz1 + c;x2 be defined by the property

0 , . _ 0 (v .
(4.17) /Qj 6—:121(1)j —wj)dr = /Q,- B2 (v; —wj)dz =0.

We can then apply the discrete Sobolev inequality, the Poincaré-Friedrichs inequality, (4.17)
and well-known estimates from the nonoverlapping domain decompaosition theory for fourth
order problems (cf. [39, 26, 7]) to obtain the following analog of (4.11):

H2(Q;)

1/2
~ ;" Vuje

1/2
|Uj,e|aj = O‘j/ |vje

1/2
|Hoé ()

1/2

(418) S )10 lmaca,) + (1+ In(H; /) IV (05 = w))llz.0 o)

< 05|10 a2+ (1 4+ D /) (9 0 =) gy + 15 L)
S (14 n(H;/h)) oy [08 | iz, = (1 +In(H;/h))[0F |-

If we define ¥; . to be the discrete biharmonic function on €2; such that ¢; . agrees with
Uk, UP to the first order derivatives on e and #; . vanishes up to the first order derivatives on
095 \ e, then the estimates (4.12) and (4.13) remain valid. Finally (4.6), (4.7), (4.12), (4.13)
and (4.18) imply (4.14) and (4.15), and we have proved the following analog of Lemma 4.2.
LEMMA 4.3. For the fourth order model problem, it holds that

(4.19) Amax(BS) < C(1 + In(H/R))?,

where the positive constant C' is independent of 4, H and J.

Combining Lemma 3.4, Lemma 4.2 and Lemma 4.3, we have the following theorem for
two-dimensional FETI-DP preconditioners.

THEOREM 4.4. For both the second order model problem and the fourth order model
problem, it holds that

v Amax(BS)

(4.20) k(BS) < C(1 +1In(H/R))?,

Amin(BS) ~
where the positive constant C' is independent of 4, H and J.

REMARK 4.5. A closer inspection of (4.16) and (4.19) reveals that the constant C
in (4.20) depends on the quasi-uniformity of the triangulation, the shape regularity of the
subdomains, and the numbers and positions of the cross points on the boundaries of the
subdomains.

5. Sharpness of the Condition Number Estimate for Second Order Problems. In
this section we will show that the bound in Theorem 4.4 is sharp for second order problems.
We will take © to be the unit square and the subdomains to be nonoverlapping squares with
side H obtained by a uniform subdivision (cf. Figure 5.1). The triangulation 7 is then
obtained by a uniform subdivision of the subdomains into triangles. Furthermore, we take the
coefficients a;; to be 1 identically. We need to show that

Amin(BS) S 1 and  Amax(BS) > (1+ In(H/R))*.

Without loss of generality, we may assume (H/h) > 1.
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F1G. 5.1. A uniformly subdivided square

Let Vr, = {v" = (vf,...,v}) € Vp o}, for 1 < j < J, vanishes at every node on
I"; whose distance from the nearest cross point is less than or equal to H/8} (cf. Figure 5.1,
where we have marked every node whose distance to the nearest cross point is H/8). It is
clearthatdim Vi, ~ 3/4 dimVranddim M = 1/2 dim V. Let Vi, C V- be the orthogonal
complement of V¢, with respect to af(-,-). Since the dimension of the subspace V- of 1!
defined by Vi = {n € &' : (n,v")r = 0 for all v* € V1, } equals the dimension of V¢, ,
the intersection of M and VFLO is nontrivial. Let ., € M N VFLO be a nontrivial Lagrange
multiplier. Then we have, by (3.22),

S p *;’U£ T
[via
for some v} = (viy,...,v5;) € W, C Vi x--- x V.

Given any decomposition
J
(5.2) e =Y I,
j=1

where 1; € V}, we have, in view of (4.3),

J
(5.3) (s V0T = (0, Y Broly) = D Y (Lwhj, Broggedr,
k=1

e€&(T) j,k€oe
where vy, . is the discrete harmonic function on €, that agrees with v, on e and vanishes on
O \ e. Note that
(5.4) Z (Iithj, Exvp,e)r = (Ij4;, Ejvj.e + Epvge)r + (Ix¥j, Exvi,e + Ejvje)r,
j.k€oe

where {j,k} = 0., and it suffices to analyze the first term on the right-hand side of (5.4).
Let @; . be the discrete harmonic function on ; that agrees with vy, . (or equivalently
vy,,) on e and vanishes on 99 \ e. We can then write, by (2.6), (3.7) and (3.10),

1 3
(5.5) (4, Ejvj,e + Exve)r = 555050 = Tje)j-

Observe that since v}; (respectively vy;) vanishes at all the nodes within a distance of H/8
from the corners of Q; (respectively €2;), we have

(56)  vjela; = |vjelm(s) S [Vgel (o) S Vil S 10ilmt o) = Wil
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and similarly
(5.7) B,ela; S |Uk,e|Hé(§2(e) S |viklax-
It follows from (3.24) and (5.5)—(5.7) that
(5.8) (I Evje + Byvpedr S (05,8700 2 ([vj.ela; + [Gr.ela;)
S Wir S5 5 (105 las + [0k law) -
Combining (5.3), (5.4) and (5.8) we find

J

1/2
(a0 S (D, S7103)5) 0%l
7j=1
which together with (5.1) implies
£ )2 J ) 1/2
(5.9) (e S S (Do S5 M0%) s

j=1
whenever (5.2) holds. We conclude from (3.14) and (5.9) that
(5.10) Amin(BS) < 1.

Now we turn to the derivation of a lower bound for Amax(]BS), which involves the spe-
cial piecewise linear functions constructed in [8] for proving the sharpness of the condition
number estimates for the BPS and the Neumann-Neumann preconditioners.

By Corollary 3.6 and Corollary 3.9 in [8], there exists a continuous piecewise linear
function g5, on the real line with respect to the uniform subdivision with nodes jh (j € Z)
such that

(5.11) gn(z) =0 for |z| > H/4,
(5.12) gn(z) = gn(-2) Vz eR,
(5.13) 9n(0) = llgnllzo(r) = 1 +1n(H/h),
(5.14) |gh|%[1/2(R) ~1+In(H/h),
3
(5.15) |gn — H(H/4)9h|§{ééz(7H/470) = lgn — H(H/4)9h|§{ééz(0,H/4) ~ (1+In(H/h))",

where I1f7/4) is the piecewise linear nodal interpolation operator with respect to the nodes
j(H/4) for j € Z.
LEMMA 5.1. Let £, (x) be the continuous piecewise linear function on [0, H] defined by

gn(z) — gn(0) 0<z<H/4,
(5.16) ln(w) = 4 —gn(0) H/4< z < 3H/4,
gn(z — H) — g1 (0) 3H/4<z < H.
Then we have
2 ~ 3
(5.17) [nl31s2 g ry & (1+ In(H/R))".
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Proof. We can write £, = (£, — H(g/4y€n) + M(g/ay€n. Note that TI g ,4)€5 is linear
between the four nodes 0, H/4, 3H/4 and H, equal to 0 at 0 and H, and equal to —g(0) at
H/4 and 3H /4. Therefore, in view of (5.13) and a scaling argument, we have

2
(5.18) |H(H/4)€h|i1éé2(0,H) ~ [9n(0)]* ~ (1 +In(H/h))".

On the other hand, £, — (g /4)£n agrees with gy — I /4y gn 0ON [0, H /4], vanishes on
[H/4,3H /4] and agrees with (g, — IL(gr/4ygn) (- — H) on [3H /4, H]. Therefore, it follows
from (5.15) that

_ 2
[ H(H/4)£h|Héé2(0’H)

(5.19) ~ |gn — H(H/4)gh|i[ééz + |gn — H(H/4)gh|ilééz

(—H/4,0) (0,H/4)

~ (1+In(H/R)®.

The estimate (5.17) follows from (5.18) and (5.19). O

Our derivation of a lower bound for Amax(BS) involves the 9 subdomains depicted in
Figure 5.2. First we define v to be the discrete harmonic function on €2, that is identical with
the function £, defined by (5.16) on the common side of £2; and §29 and vanishes on the other
three sides of ;. From (5.17) we have

. 3

(5.20) [vtla, = ot @) & il 00, = ot ~ (14 In(H/R))"
Moreover, there exists, by (3.24) and a simple dimension argument (or the Hahn-Banach
theorem), ¢4 € V{ such that

(5.21) (W, ST )2 = <@|b;,|v+>1,
tlas
and we define
(5.22) it = L.
QG Qs Q4 &
Q, Q, Q, €4 Q 1 e
. . = (c,d) €

FIG. 5.2. The definition of v
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Next we define a special vg € Vr as follows: (i) vg; = 0 except for 1 < j < 9; (ii) vg;,
for 1 < j < 8, is the discrete harmonic function on 2; whose trace on 6Q; is identical with
gr, around the corners indicated in Figure 5.2 and zero at all other nodes (so each of v5;, vs,
vs5 and vy, are nontrivial around two corners, and each of v5,, v, v and vig are nontrivial
around only one corner); (iii) vgg is the constant function gy, (0).

A more precise definition of, say vy, is as follows. Let (¢, d) be the lower left corner of
Q, and the four edges of 9, be ey, ..., eq (cf. Figure 5.2). Then vy; vanishes on e;. On the

edges es and e4, we have

0 0<.’E2<3H/4
5 H,d =vg (c,d = - - ;
et b dt ) =t e d ) {gh(xrﬂ) 3H/4 <, < H,
and v}, on eg is defined by
gn(1) 0<z < H/4,
Wiy (e+ay,d+ H) =40 H/4 <z, < 3H/4,
gn(z1 — H) 3H/4 <z < H.

Now we make two crucial observations. The first is that, by (3.7), (5.16), (5.22) and the
definitions of vy and v}, we have

(5.23) {py,v5)r = %W’ra vi)1-

The second observation is that (5.12), (5.14) and the definition of v3 imply

9
(5.24) 0512 = |vejlH1(q,) & 1+ In(H/R).

j=1
It follows from (3.24), (5.20), (5.21), (5.23) and (5.24) that
(5.25) {ut, )t = (¥t, ST ¥p)lvtl3,
~ (1+In(H/W) (Wt Sy i & (1 +In(H/R) |52 (b, S '
Combining (3.22) and (5.25) we find

(5.26) (u, S pi)ar 2 (14 In(H/R)) (W, Sy )
Finally (3.15), (5.22) and (5.26) yield

(5.27) Amax(BS) > (1 +In(H/h))>.
Therefore, for the second order model problem we have, by (5.10) and (5.27),

o Amax(BS) 2
5.28 K(BS) = ———=>C(1+1In(H/h y
(5.28) (BS) Nein(BS) = ( (H/h))
where C'is independent of h, H and J.

In summary we have established the following theorem.

THEOREM 5.2. The condition number estimate (4.20) is sharp for the second order
model problem.
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REMARK 5.3. The sharpness of (4.20) for the fourth order model problem can also
be established within the additive Schwarz framework. Indeed (5.10) can be obtained in a
similar fashion with only minor modifications. However, the derivation of (5.27) requires the
construction of special piecewise quadratic polynomial functions whose symmetry properties
are different from the piecewise linear functions constructed in [8]. Such piecewise quadratic
polynomial functions will also be useful for showing that the condition number estimates in
[39] for iterative substructuring algorithms are sharp. The investigations in this direction
will be pursued elsewhere.
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