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Abstract
We investigated the s-number of the modified convolution operator and obtained

the following results
f(p(S) dS‘,
0

where 1 <p<2<g<oo,p = [%, Gis a set of all segments Q from [0, 1], Fis a set of all

compacts from [0, 1], |Q| is the measure of a set Q.
MSC: 42A45; 44A35

1
/fﬂ(X)dX‘ <l < csup ——
Q ’ 7ra

1 sup T3
A QeF |Ql?

QeG |Q|»

Keywords: Fourier series multipliers; convolution operator; s-number; Lorentz space;
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1 Introduction
Let1 < p<o00,0<g <oo. We denote by &,,, the space of all compact operators A, acting
in the space L;[0,1] of all 1-periodic functions square integrable on [0,1] for s-numbers

such that the following quasinorm is finite

00 1/q
_ q q/p-1
Alle,, = | Y st (A)m

m=1

if g < 00, and
L
lAlle,0 = supm?s, 1ifq=o0.
m

Recall that the sequence s,,(A) (s-numbers of operator A) are numerated eigenvalues of
the operator vA'A.

We consider the convolution operator

1
(AF)0) = /0 K(x - y)f () da

acting in L,[0,1]. Given a function ¢ € L;[0,1], we consider also the modified convolution
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operator

1
40 - [ Ko=) ds.
0
We say that ¢ belongs to the space Mpyht , if for A € G 4, Ay € Sy, and

Ag Ny y < ClAl S0

where ¢ > 0 depends only on py, g0, p1, q1.
This means that the linear operator R, defined by the equality R,(A) = A, is bounded
from &, 4, to &,, 4. Let

IIQOIIM%‘% = 1Ry ll&p.00—Spr.a1-

Given that the eigenvalues of the operator K * f coincide with the Fourier coefficients
of the kernel K with respect to the trigonometric system, in the case po =p1=qo=q1 =p
this problem reduces to the well-known problem of Fourier series multipliers. Let K €
Ly([0,1]) and {a,,(K)}ucz be the sequence of its Fourier coefficients with respect to the
trigonometric system {€?7**}; .. It is assumed that K is such that {a,,(K)},.cz € lpy1<p<
0o. Let Ty = {@, (K@)} mez € l,. The problem is to determine conditions on the function ¢
ensuring the boundedness of the operator T, : [, — I,.

This problem was considered in the works of Stechkin [1], Hirschman [2], Edelstein 3],
Birman and Solomyak [4], Karadzhov [5], and others.

We obtain sufficient conditions on a multiplier ¢ ensuring that it belongs to the space
MyyL . These conditions are expressed in terms of Lorentz and Besov spaces. We also
construct examples showing the sharpness of the obtained constants for corresponding
embedding theorems.

2 Main results
Let f be a « measurable function which takes finite values almost everywhere and let

m(o,f) = /L({x:x e [0,1], |f] > o})

be its distribution function. The function
f @) =inflo:m(o,f) <t}

is a nonincreasing rearrangement of f.

We say that a function f belongs to the Lorentz space L, , if f is measurable and

Ifllz,, = ( /0 oo(tif‘”(t))q?)q <00,

for1 <g<ooand
1,
If Il =supt?f (2) < 00,
t>0

for g = co.
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Theorem 1 Let1<p0<2§p1,1§q1§qo§oo,%:i—l,l—i—iandweLm[O,l].

s @ 4o
IfA € Gy g0 then A, € 6, 4 and
1Ay 6y < Il A6y,
ie L5[0,1] — MpUT.

In the following theorem the cases p = p, = g0, ¢ = p1 = q1 are considered. The upper

and the lower estimates of the norm ||¢|| Mt (M} := M}) are obtained.

Theorem 2 Let1<p<2<qg<oo, p' = L. Let G be a set of all segments Q from [0,1], F

p-1
/ (s)ds
Q

be a set of all compacts from [0,1], then

/Q o(x)dx

where |Q| is the measure of a set Q.

1
S||</’||M35633UP 1.1
/

ok QI

1
C1 Sup 1
oG QI

’

1
*q

We shall define the class of generalized monotone functions for which the upper and
the lower estimates coincide.
We say that function f is a generalized monotone function, if there exists a constant ¢ > 0

such that for every x € (0,1] the inequality

c X
yoi=E| [ 1oy
X1Jo
holds. The class of such functions is denoted by 1.

Corollaryl Letl1<p<2<q<oo.Ifp €N, then ¢ € M} if and only if

1.1 .,
supt? 4¢ (t) < oo.
t>0

1.1,
Moreover, ”(p”MZ ~ SUpP,otP 19 (2).

In case parameters po, p1 are both either less or greater than 2, we use the space of
smooth functions.

Let1 < p <00, > 0. We denote by B, [0,1] the space of all measurable functions f on
[0,1] such that

Il = (Z(z“knAkfnp)q) <00

k=0

for1 <g<oo,and

IF g . = sup 2| Axf I, < 00
k
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for g = oco. Here {a,,(f)}men are the Fourier coefficients of the function f by trigonometric
system {e27**Y 7, Arf = Arf(x) = D (k1)< <2k G ()X, and [2K-1] is the integer part
of 2K-1,

This class is called the Nikol’skii-Besov space.

Theorem 3 Let1<py <p1<00,2¢[po,p1l, 1<qo <q <00,

. 1 1 1 1 1 1
o= min |=—x|, - = max |--x|, ——=—-—
xelL L 2 rooxelt A 2 s qo q

and ¢ € B} [0,1].
IfA € Gy qp then A, € 8, 4 and

1Ayl 60 < clellz, 1Al

: o P1,91
Le., Br,s — MPOJIO‘

In the case py = p1 = qo = q1, Karadzhov’s result (see [5]) follows from Theorem 3:

1
r — MPP -
Bjy <> M, =M?, ~

Now consider the case 1 < q; < g9 < 00.

Theorem 4 Let1<pg<p; <00, 1 <q1<qo <00,2¢ (po,p1) %—a:
a>minx€[p%%0] %—xl.

Then B2[0,1] < Mpyi.

1 _ 1
ro p’

3 Properties of My, 3! class

To prove the properties of Mpi4 class we need the following lemma. We first define a
discrete Lorentz space. [, is called a discrete Lorentz space whose elements are sequences
of numbers & = {£;}72  with the only limit point 0 such that

1

[e’e} ) 4 q
||s||zpq:<2|s;n|qmw) , 1<g<oo
m=1

where {¢, }°° | nonincreasing rearrangement of the sequence { 1€k} oo

For g = oo,
1,
1€ 01,00 = SUPpMPE,,.
m
Lemma 1 (See [6]) Let1<7,pg,p1 <00, 1 <qo,q1,8 < 00. Then

lax by, <clbly,laly,

+

@ =

where L +1=14 1 L L
P r T po’ @ 0

Page 4 of 15
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Let X = (Xo,X1), where Xy, X, are Banach spaces, be a compatible pair. We define the
functional K (¢, a) for t > 0 and a € X, + X; by the following formula:

K(ta) = inf (laolx, + tlaillx).

We denote by )_(g,q,k the space {a € Xo + X1 : ||allg,qk = Poq(K(t,a))}, where @y 4 is a func-
tional defined on nonnegative functions ¢ by formula

00 J\
<I>9,q(¢(t))=</0 (t%(t))q{), l1<g<oo

and

Dy 0 (@(8)) =suptp(t), q=o0.
t>0
Let Xa?,p? and Xﬂ%:}’% be the spaces obtained by the method of real interpolation of Ba-
nach pairs of spaces (X}, X}), (X2, X?) respectively.

Lemma 2 (See [7]) Let O < o;,Bi<1L, 1 <p;,q; <00, i=0,1, g Far, Bo# P If T isa
bilinear operator:

T : Xagpo X Yo —> Zpo.q0
and

T: Xoppy X Y1 — Zpy gy
then

T:Xop X Yo, — Zgg

Herea:(l—e)aowal,ﬁ:(l—e)ﬁo+eﬂb},+§>1,1+§1:[§+§+(1—9)(qi0—1}0)+

0(; = 5)e %4 = max(x, 0).
Remark Since the s-numbers of convolution operator A coincide with the modules of the
Fourier coefficients of the kernel K, the problem of estimating the s-numbers of “trans-
formed” operator A, can be reduced to the study of the following inequality

laxblly,., < clallipoq 1)

and we have to describe the class of those functions ¢ with Fourier coefficients b =
{bm}mez, for which Inequality (1) holds.

Theorem 5
1

5=t =Li=0,1 Then

1
qi q;

(1) Let1 = po,pr < 00,1 <qo,q1 <00, 5 +

P40
PLAL ’
MY = M.
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2) Let 1 ! 1,1 _¢1r_1_1_ 1
(2) Let <po<r0<pl<oo,pl+pi S T T ro,then

MPLD s ALt

P0,90 70,8’

where 1 — 1 = (L
tos @ 40

Proof The proof of the first statement follows from Remark and from the fact that

I(T,)ll = I T3, where @ is a complex conjugate of the function ¢. Now we prove (2).
Let ¢ € MyyLl then by (1) it follows that ¢ € Mﬁ?’qq,o, and
111

1Aglley g = I@lypn IAT&p0 YA € Spogos

< ,
Mglls,, o < Ielyma lAlls, . YAE€G, 4
1
/

1

=+

where L + 1
pi i

= 1. According to Lemma 1, the operator T(a,¢) =a*x b

. P1,91 N
T: lpquo X Mpo,qo lplﬂl

is bounded. Using (1) we have

. P1,91
Ty g X Mg Ly

Further, applying the theorem on bilinear interpolation (Lemma 2) we find that the oper-
ator

. P1,41
Tl x MOV

: : P1,91 1.t
is also bounded, i.e., My g, <> My, where

1
»
The proof is complete. 0

and the condition 0 < 6 < 1 implies the condition 1 < pg < rg < pj < 00, where = + pl—, =1
1

By (2), in particular, the following proposition follows.
Let1<p<r<p/<oo,}la+}%=l,then
M,y — My,

where M,,, = My ¢ and g, ¢ € [1,00] are any.
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4 Proof of main results
For a given pair X = (Xo,X;) we consider the space I'(X) consisting of all functions f
bounded and continuous in the strip

S={z:0<Rez<1}
with values in X, + X;. Moreover, f are analytic in the open strip
So={z:0<Rez<1}
and such that the mapping t —> f(j + it) (j = 0,1) is a continuous function on the real axis

with values in X; (j = 0,1) which tends to 0 for |[t| — 0. It is clear that I" (X) is a vector

space. We endow I with the norm
11 = max(sup [f(i0)] , sup £ 1+ )], )

The space )_([9], 0 <0 <1 consists of all elements a € X + X; such that a = f(0) for some
function f € I"(X). The norm on X is equal to

laller = inf{|lf I - : /(6) = a,f € I'}.
In order to prove our main result, we need two lemmas in [8].

Lemma 3 (Bilinear interpolation, the complex method, see [8]) Let T be a bilinear oper-
ator such that

T:XyxYy— Zy
and

T:X1 x Y1 — 2.
Then

T: Xjo) X Yig) — Zjoy,

where Xjg), Yig, Zig) are the spaces obtained by the method of complex interpolation of
Banach pairs of spaces (Xo,X1), (Yo, Y1), (Zo,Z1) respectively.

Lemma 4 (Bilinear interpolation, the real method, see [8]) Let T be a bilinear operator
such that

T:Xo X YO—_>ZO
and

T:-Xix¥h—27
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with the norms By, By respectively. Then

T: ngtl X Y9rt2 —> Zgys,
where % +1= % + tl Moreover,

1 2
IT|l < cBy*BY.
Proof of Theorem 1 First we prove the inequality:
lax blly,, < cliglls, lallyg,,» )
where b = {by}rcz are Fourier coefficients of the function ¢.
If r < 2, Inequality (2) follows by Lemma 1 and Hardy-Littlewood-Paley inequality [9].
Indeed, since ¢ € L, by the Hardy-Littlewood-Paley theorem, we have b € [, and the
following inequality holds
1Bll;,, < cligls,.

Taking s = r, we get
161, , < cli@llz,-

Now let 2 < r<oo.Leta € bp, f ~ 3 ;. axe? ™, then by Parseval’s equality we get
lax blly = 1Fellzy < I a9l = Illzas Il

i.e., My = Lo. From Lemma 1, using Parseval’s equality we have

laxblly,,, < clelz,lally,

Lo1,1_ 1 1 _1,.1

P’ 2 po’ @ q0 " 2°
Thus, for the bilinear operator T'(a, ¢) = a x b we obtain

where L +1=1+
7

T:lz XLOO—_)IZI

T:1

'Pogo X Ly —

lpqul‘

Applying the method of complex interpolation (Lemma 3), we obtain Inequality (2). Now
we shall prove the inequality

llablly, . <clellal,,, (3)
where ! = L _ L,
s @ 4o
Let qo = 0o and py be fixed in Inequality (2). Taking i = %, i =0,1, choose parameters
1 1

70, 1, p?, p% such that

1 1 1
—=—+—, i=0,L (4)
po pp ti

Page 8 of 15


http://www.journalofinequalitiesandapplications.com/content/2012/1/146

Jumabayeva et al. Journal of Inequalities and Applications 2012, 2012:146
http://www.journalofinequalitiesandapplications.com/content/2012/1/146

Then from Inequality (2) we have

lla * bllzp?m = cillallfyy oo 1911y, »

laxbly, < callallyy g,
Using Marcinkiewicz-Calderdn interpolation theorem (see [8]), we get

6 1-6
la s bl < (@@l ) (€21l )™ 19l = claly o 9]z, 5)

wherei=%+%,l—19+0,1e,——i=l.
o p p’r rn po P

Now we apply Lemma 2 with fixed parameters r, s and parameters p}, pj), i = 0,1 satis-
fying (4) and the inequality of type (5). We have:

(Lr,s,Lr,s)G,l X (lpg,oo,lp}),oo)e,qo — (l 05, p 5)9 q1

or
T: Ly X byygo = bprars

wherei—izﬁ—é,i=# %,i=#+ﬂ,1e,—=§+i,i—i=%.
q1 q0 p1 )41 P Po )24 Py q1 q0 " Po p1

Since the parameters p!, pi, i = 0,1 are arbitrary in Inequality (5), it guarantees the ar-
bitrary of the corresponding parameters in Inequality (4).
Thus, the following inequality holds:

la s bly,,, < cllallyy g 1012,

where b = {b,,},,cz are Fourier coefficients of the function ¢ and % = pio - p%’ % = %

According to Remark, this inequality is equivalent to the statement of Theorem 1. O

1

Proof of Theorem 2 Let ¢ € M}, and Q be an arbitrary segment in [0, 1],

1, xeqQ
0, x¢Q.

Jolx) =
Note that by Boas theorem [10] (see also [11]) we get
—~ Lo pdt » 1
ol ~ 1ol - ( INGD —) QI ®)
P 0 t

Applying Theorem 5 from [12] and using (6), we obtain:

Ilfwllzq Ilfowllzq
sup
0 Ifl, = Wl

c 1
- : (t ( sup ’v/ ﬁ)
|Q|17 0 |W|=t,WeG |W|

lellag =

e\ 7
W) )

Page 9 of 15
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=

c 1 1
—supt? ( sup —’/ gu(x)dx)
e wi=twee IW | wno

Ql7 =0
/(p(x)dx.
Q

o(x)dx| =

L

Q7"

1
q

Q

QY

Since the interval Q is arbitrary, we get

/Q o(x) dx|,

where constants ¢ and ¢; depend only on parameters p and q.
The proof of obtaining an upper estimate follows from Theorem 1 and the embedding

Il g = e sup
26 ||

/*6

lyp = lpg forp<q.
Indeed, from Theorem 1 it follows

Lo — MZ’

ie.,

+

/0 (9 ds

1
= c3sup |o()| dx ~ sup ——
a<r Q"7 Jo Q<F Q¥ "4

lpllpg =< c2 surmfp () < c3sup

t>0 t>0 tlf

1
q

/go(x) dx|.

Proof of Corollary 1 Let Q be an arbitrary compact from F.
From the condition of generalized monotonicity of the function ¢ we have

/go(x)dx
0

T sup /(p(x)dx
|Q|# 7 4G |Al» A

/A<p(x) dx|.

Taking into account that Q € F is arbitrary, we have

/ @(x)dx /(; o(x) dx|.

Thus, from Theorem 2 we get

/ o(x)dx

Proof of Theorem 3 Let 2 < pg < p; < 00. For a sequence of numbers a = {a,,},,cz and a
function ¢ € L;[0,1] we consider the mapping T of the form T'(a,¢) = a * b, where b =

1
1Ql~

1 c
(/)()/ dy‘ +; /
Q|4

Cc
14
/

/+_

—_

= I

*q

\IH

< ¢y sup
AeG |A|17+

1
q

1
<csup ;
QEG|Q|¥

/+_

sup T
Q<F Q7"

1
q

1.1,
~supt? ¢ (t).
t>0 4

1
ol 2 ~ sup 1

QcF QI

Page 10 of 15
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{bim}mez is the sequence of Fourier coefficients on the trigonometric system of functions
@. This map is bilinear and from Karadzhov’s theorem [5] and Remark it follows that it is

1
bounded from /; x B3, to I;.
Since M; = L, the mapping

Tp:lp X Log— 1p
is also bounded. Thus, for the operator T, the following is true

1
T:L x By, — b,

T:ly X Lo —> 1.

Then, by Lemma 4 on bilinear interpolation, we get
1
(h,12)e,q X (BzzlpLoo)@,l — (L, 12)o g

1
i.e., the operator T is bounded from [, , x (B3, Loc)s,1 t0 lpg. In the paper [5] it is shown

1 1
that Bl — (Bzzyl, Ly)g1, where % = %. Thus, taking into account Theorem 5, we will get

1
T:lpg x Bl —> lpg, 7)

1
IR
From Minkowski’s inequality and Parseval’s equality we get

for2<p<oo,1<g<o00,1=13-

T:li x Ly — I,.
Thus, for the operator 7', the following is true

1
. r
T:lygx Bl — by

T:li x Ly — I,.
Then, by Lemma 3 we get

1
(lp,q; ll)[@] X (BVVII;LZ)[&] — (lp,qt 12)[9]

11

. . . 1
i.e., T is a bounded mapping from [, 4, x B to Ly,q1» where 2 < pg < p; < 00, Rt

o= % - pLo' The arbitrary choice of parameters guarantees the arbitrary of the parameters
available in the theorem. O

The case 1 < pg < p1 < 2 follows from the statements proved above and the property
. Pords
My = M.
Proofof Theorem 4 Letl < pg < p1 < 2.Letus consider the bilinear mapping 7'(a, ¢) = ax*b,
where b = {b,,,} ez is the sequence of Fourier coefficients of the function ¢. The mapping

T:1

pogo X Lo —> by g (8)
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is bounded according to Theorem 1. Here L — L =1

1 1
po m 2@ q

Page 12 of 15

——:%,1<q1<2<q0,1<p0<

2 < p;. The result of Theorem 3, in the case go = q1 =1, po = p1 = p can be written as

N =

T :ly1 X Bif —> L1, i

AN

)

Applying Lemma 3 on the bilinear interpolation to (8) and (9), and taking into account the

properties of the embedding of the spaces /,, and B; ,, we have:
T: lPO;l X Bf't,l —> lpl,OO’

where parameters 7, «, py, p1 satisfy the following conditions:

1 1 1 1 1
l<po<p1 <2, -——a=— - —, o> .
r Po b1 2

(10)

(11)

Let in (11) parameter 7 be fixed. Using Lemma 4 on bilinear interpolation and taking into

account that

(B)S,B}Y),, =By witha=(1-0)’+a,

rl?
we get

. o
T: lpo,hl X Br,hz ? lp,hs’

1 - 1,1 1 _1_mi 1
Whereh1+1_h2+h3’a>p1 z_mmxe[p%%]lz

Therefore, with fixed a € [, o, and r we obtain that

1
_x|’;_a:170

. RYi .
Pa 'Br,l —_—> lpi,OO’

and
< cillallyy s

P .
Il ﬂ”B(:rLl__)lpi,oo

1 _ =1 _ L1 4is 1 L
where - o= 5 Pi’a >pi 5,i=0,1.
Using Marcinkiewicz-Calderén interpolation theorem we have

P, :B‘:YS — by s
and

1Pallg, iy < clialyy -
Thus

. v
T . lPO:OO X Br,s lpl,s'
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To complete the proof we fix the function ¢ and the parameters r, s, « and we choose the

parameters pj, p}, i = 0,1 satisfying (11). We use Lemma 2 to get B%[0,1] < Mpyqi. [

The case 2 < pg < p; < 00, as in the proof of Theorem 3, will follow from ML = Mj:f) ’Z/O.
11N

5 Examples demonstrating the sharpness of the results

Proposition1 Let1l<pg<2 <py, % = plo - p%’ % = q—ll - qio)*‘ If 1 < qo, then for any € >0

there exists 1 € Ly,e such that ¢ & Myt if 1 > qo there exists ¢z € Ly such that
@2 & Mygap-

Proof Let € be an arbitrary positive number, and numbers f;, 8, be such that

1 1 1 1 1
Bi>—:, B2>—, Bithr<-+—=—.
st¢e qo S qo Q1
Let
1
b= - ,
(Ik| + DV InPr(1k| + 1)
1
ay = ,
T (kL + Do 0P (k] + 1)
and
+00
o~ Z bkeZka'
k=—00
Then for m # 0

+00

1
D) =
(@xbn= 3 (k] + DV 1P (K] + D)k = 7] + 1)VP0 1P [k — m] + 1)

k=—00

/+OO dx
oo X[ |1 |x]|PL]x = VP | In | — | |2

\/+OO dx
o |27 I ] [P e — | VPo| In | — | |2

PR /m dy
o [y ]yl + In ] [Prly = [P0 In]y 1] + In |m| 2

(1,1 B o0 d
= m| (V’+1’0)+1|ln|m|| B1 ﬂz./ y

1 In|y-1
Y1V | + Py = 110 | 5520 4+ 112

~(2+Lyn “p-pp [ dy
> |m| "7 "7’ |In|ml| . ; .
—o M| In|y| + 1Ly —1|VPo|In |y — 1] + 1|2

=

1,1
Thus, (a % b),, > c(lm| + 1)~ 5" In(jm| + 2)| P12, Since

+00
Z(((Wl N 1)_(%+1%)+1|1n(|m| + 2)|—ﬁl—ﬂ2)ql(|m| + 1)(1%—1)) = 00,

m=0
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axb¢l,,,and therefore ¢ ¢ My, '% . Since Fourier coefficients of ¢; are the sequence
{br}kez it follows that ¢ € L, .

To prove the second part of the proposition, we take s = co. Let numbers «; and «; be
such that

1 1 1 1 1
-=1-—, oy > —, agptay<l—--+—
(r—e) r—e Po r po

oy >

(note that the last inequality does not contradict the previous two). Choosing

1 1

(lk=(

+00
27 ikx
- )~ Z bre
|k| + 1)’ ¢ ’
k=—00

k= (k| + 1)’

we can show that

—a1—0+1
a*b~{(|k|+1) }keZ'
Hence a b ¢ 1, ;,, and therefore ¢, ¢ Myy" . At the same time taking into account the
monotonicity of the sequence {by}rez and Hardy-Littlewood theorem, we have that ¢, €
L, .. The statement is proved. O

Theorem 6 Let1<py<p; <2, 1<q <qo, %—ot:pio—pil,% = q—ll—qio. Then for any € >0
there exist g1 € B3 N BY, . and ¢, € BY,,, such that g, ¢ My, ¢, & ML,

flee] r—&,00 r,S+e&
Proof Let s < 0o and numbers S, B2 be such that

1 1 1 1 1
Bi>—r, Br>—,  Bitfa<-+—=—.
S+ €& 610 S q() ql

Let b = {bi}xez and a = {a}rez, where

1
(k| + D) P (k| + 2)B
1
ai = .
(|k| + D)¥/Po InP2(|k| + 2)B2

b

o
rs+e*

It is obvious that a € I, 4, and 5 ~ Y ;°°__ bre*"** belongs to B
It is easy to show that

a-1+l Bi+p2
(a*b),, > c(|m| + l) T Po (ln(|m| + 2))

and consequently, a * b ¢ l,, ;. Therefore ¢, ¢ My .
To construct the function ¢, it is sufficient to consider the sequences

S (Tl AR e
(gm0 |, lUml s ],

where

) 1
+1], Vo> —

1
y1>max<oc—e——+1,oz—
Po

r r+¢é
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and

1 1
M+ <od—-—+—.
r po

@1~ Y12 bre*™** The proof that ¢ € B2 NBY, _, ¢1 ¢ Mpyt is similar to the proof
of the first part. 0
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