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1 Introduction

In [1] the Kantorovich type generalization of the Szasz-Mirakjan operators is defined by

k (k+1)/n
(”x') / f@)dt, feC[0,00),0<x<o00.
: kin

o0
K, (f,x) := ne™™ Z 3
k=0

In [2], for each positive integer 1, Aral and Gupta defined g-type generalization of Szdsz-
Mirakjan operators as

2\ o[ [Klgha\ ([]gx)
strioy = (e ) ()

k=0

by

where 0 < g <1, f € C[0,00),0 <x < o,

b, is a sequence of positive numbers such
that lim,_, o b, = 0.

Recently, g-type generalization of Szdsz-Mirakjan operators, which was different from
thatin [2], was introduced, and the convergence properties of these operators were studied
by Mahmudov [3]. Weighted statistical approximation properties of the modified g-Szész-
Mirakjan operators were obtained in [4]. Also, Durrmeyer and Kantorovich-type gen-
eralizations of the linear positive operators based on g-integers were studied by some
authors. The Bernstein-Durrmeyer operators related to the g-Bernstein operators were
studied by Derriennic [5]. Gupta [6] introduced and studied approximation properties
of g-Durrmeyer operators. The generalizations of the g-Baskakov-Kantorovich operators
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were constructed and weighted statistical approximation properties of these operators
were examined in [7] and [8]. The g-extensions of the Szdsz-Mirakjan, Szdsz-Mirakjan-
Kantorovich, Szasz-Schurer and Szasz-Schurer-Kantorovich operators were given shortly
in [8]. Generalized Szdsz Durrmeyer operators were studied in [9]. With the help of
qr-integral, Orkcii and Dogru [10] introduced a Kantorovich-type modification of the
q-Szész-Mirakjan operators as follows:

k [k+1]4/[nlq
(g / Fodte, (L1)
q

KZ;):=[]E(—[]E> [kl\g
(%) := [n]gEq\ —[n g kZo: (Klg'q* g i,

where g € (0,1),0 <x < #,f € C[0, c0).

The paper of Mursaleen et al. [11] is one of the latest references on approximation by
g-analogue. They investigated approximation properties for new g-Lagrange polynomials.
Also, the g-analogue of Bernstein-Schurer-Stancu operators were introduced in [12].

On the other hand, Stancu [13] first introduced linear positive operators in two and
several dimensional variables. Afterward, Barbosu [14] introduced a generalization of
two-dimensional Bernstein operators based on g-integers and called them bivariate
g-Bernstein operators. In recent years, many results have been obtained in the Korovkin-
type approximation theory via A-statistical convergence for functions of several variables
(for instance, [15-17]).

In this study, we construct a bivariate generalization of the Szasz-Mirakjan-Kantorovich
operators based on g-integers and obtain the weighted A-statistical approximation prop-
erties of these operators.

Now we recall some definitions about g-integers. For any non-negative integer r, the
q-integer of the number r is defined by

0] l+g+---+q71 ifqg#1,
r =
! r ifg=1,

where ¢ is a positive real number. The g-factorial is defined as

02, [rl, ir=12,...

[yt -
“ ifr=0.

Two g-analogues of the exponential function e* are given as

v

00
X
B =Yg 2 e
n=0

[Vl]q!,
o0 xn
&q(x) = ;:0: ! | < :I

The following relation between g-exponential functions E,(x) and g,(x) holds

E,(x)e (—x) =1, |x| < (1.2)

1-
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In the fundamental books about g-calculus (see [18, 19]), the g-integral of the function f
over the interval [0, b] is defined by

b o0
/ f@)dst=b1-q) E f(bd)d, 0<gq<1.
0 )
If f is integrable over [0, b], then

) b b
Jim 0 f)d,t = /0 f(o)dt.

A generally accepted definition for g-integral over an interval [a, b] is

/ o) dyt - | fydyt- [ rods

In order to generalize and spread the existing inequalities, Marinkovic et al. consid-
ered a new type of g-integral. So, the problems that ensue from the general definition
of g-integral were overcome. The Riemann-type g-integral [20] in the interval [a, b] was
defined as

b oo
/ f(t)df;t: (1—q)(b—a)2f(a+(b—a)qj)qj, 0<g<l

j=0
This definition includes only a point inside the interval of the integration.

2 Construction of the bivariate operators
The aim of this part is to construct a bivariate extension of the operators defined by (1.1).

ForneN,0<q,qp<land 0 <x< 121"’ 0<y< 12,,, the bivariate extension of the
1 2

operators K] (f;x) is as follows:
a0 ¥ y
K2 (f;x,y) = [nlgy [nlgy Eqy | —[nlg, — |Eg, | —[nlg, =
q1 q>

« ZZ [k [n]qzy)

=0 k=0 Ko lq) [l]qz!%

[+1]gy /[nlgy  plk+1]gy /Tnlgy
x / / ft,)d8 tdl s, @2.1)
q q

Z[I]qz/[”]qz l[k]ql /[Vl]ql

where
d b
/ / Ft5)dR td® s = (1 - )1 - ) (b - a)(c - d)

x Y Y fla+b-adq,c+(c-d)d,)ag (2.2)

j=0 i=0

Also, f is a gg-integrable function, so the series in (2.2) converges. It is clear that the op-
erators given in (2.1) are linear and positive.
First, let us give the following lemma.
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Lemmal Lete; = x'y, (i,j) € No x No with i+ < 2 be the two-dimensional test functions.

Then the following results hold for the operators given by (2.1):

@H KM (ego;x,y) =1

1 1
(i) K22 (ep;x,y) =x+ ;
" (2] [nlg
1

(iii)  KM(ei;x,9) =y + ;
" 21, (g,

2 1 1 1
(iv)  KT%(ey;x,y) = x2+< + > x+
R EDE TN ), )y Bl

2 1 1 1
(v)  KI%(egp;x,y) = 2+( + ) + .
BNy T\ P 0, ) Ty B,

Proof From | Ll [17lg, Sk [k+1 /Ul ditdy s

q21lgy /nlgy klqy /nlgy = Mg [n]

and the equality in (1.2), we have

X
I(Zlqu (eoo;x,y) = qu (—[I’l]ql _>Eq2 (_[n]qz l)
T 1

Z Z [”]qlx) [1]4,9)"

1=0 k=0 k]q1 ql [l]qz‘q2

=1

(te1lgy lnlay (lhllgy ey, oy o oKy 1 1 .
Since [,y ol fl[k]ql/[” o Legtdg, = bty (ol * Bl bl ), we get from the lin-

earity of K;"? that

X
Kf,“’qz (elo;x:y) = qu (—[n]q1 _)qu (—[n]qz l)
q q

2

o q1lklg, ([n] qlx)" ([ng,)
ng [n]ql [k]ql q1 [l]qz-%

+Eq (_[”]cn %)qu <_[”‘]qz %)

* & qlx) ()
225 21, [n] [] & UN,d

=0 k=0

Then we have from the definition of g-factorial and K;% (eg;,7) = 1

X
Kf,“’qz (elo;x:y) = qu (—[n]q1 _)qu (—[n]qz l)
q q

2

([0 (Mlgy) 11
: ;):; k 1 QI‘ql - [l]q2!q2 * [2]q1 [n]ql
1 1

T2, My
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Similarly, we write that

1
[2lg, [nlg,”

K2 (eor3%,y) = y +

. 1+1)g, /
Now we compute the value Ki""(ey;x,y). Applying the equalities | LI[ZD]]‘:ZZ/[Z];

kellgy /nlgy 2 JR 4 gR o _ 1 4z 1 2alKly | 1 g, . _
fqﬂk]ql/[n]ql g tdg,s = (g Inlgy (2 * o, (2, * @, [n];h)’ K™ (ew;x,y) = x +

[2]q [n]q and K;"" (eoo,x, ) = 1, we obtain

X
KZqu (e20;%,9) = E, (—[n]{171 —)qu (—[I’l]q2 l)
Qn 92

2N G LKL ([l g0 ([l g, )
) 1=0 2:0: (13, (Klg 't [Ng,'dh

2 1 1 1

2 g By (7] 2

Next, using the fact that [k];, = q1[k —1],, + 1, we obtain

X
I(Zlqu (ezo;x,y) = qu <—[ﬂ]q1 _)qu <_ [n]q2 l)
q 12

o ik =g + 1 (g0 (g
X;; g, k=1aa™ g0

e o ([0 2 ([n]g)
§ ;;qlx [/(_2]q1!q]1(_2 [l]q2!4é

Eq (_[”]m %)qu (_ [n]g, %)

+

Xii T ([n]qlx)"‘l ([n]g,9)"
10 k-1 "]‘11 k=1g,'q™ [lg,'95
2 1 1 1

"Rl ly Bl I I

=%x2+(611+ 2 ) . x+ —
(2]g, / [nlg (3]q, [n]%

Similarly, we write

2 1 1 1
KV (ea;%,y) = q 2+(q + ) + ,
Y= BT T\ R, ) ny | Bl

which completes the proof. O
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3 A-Statistical approximation properties
The Korovkin-type theorem for functions of two variables was proved by Volkov [21].
The theorem on weighted approximation for functions of several variables was proved by
Gadjiev in [22].

Let B,, be the space of real-valued functions defined on R? and satisfying the bounded
condition |f(x, y)| < Mrw(x,y), where w(x,y) > 1 for all (x,y) € R? is called a weight func-

tion if it is continuous on R? and lim (x,y) = 0o. We denote by C,, the space of

x2 +y2—>00
all continuous functions in the B,, with the norm

[f (x, )

(x,y)eR2 w(x, y)

Ifllw =

Theorem 1 [22] Let wi(x,y) and wy(x,y) be weight functions satisfying

a)l(x;y) -0

Py 00 @2(%,))

Assume that T, is a sequence of linear positive operators acting from C,, to B,,,. Then, for
allf € C,,,

B | Tof = fllay =0
if and only if

hm ”THFU_Fv”wl:O (U=011)213)1
H—0Q

where Fo(x,y) = 1:‘22(32 ,Fi(x,y) = 1’3’;1’22 , By, y) = 1{‘;)21,(32 , F3(x,y) = %

In [16], using the concept of A-statistical convergence, Erkus and Duman investigated
a Korovkin-type approximation result for a sequence of positive linear operators defined
on the space of all continuous real-valued functions on any compact subset of the real
m-dimensional space.

Now we recall the concepts of regularity of a summability matrix and A-statistical con-
vergence. Let A := (a,«) be an infinite summability matrix. For a given sequence x := (xy),
the A-transform of x, denoted by Ax := ((Ax),), is defined as (Ax), := Y ;) duxk pro-
vided the series converges for each . A is said to be regular if lim,(Ax), = L whenever
limx = L [23]. Suppose that A is a non-negative regular summability matrix. Then x is
A-statistically convergent to L if for every ¢ > 0, lim, Zk:\xk—les ane = 0, and we write
sta-limx = L [24]. Actually, x is A-statistically convergent to L if and only if, for every
£>0,84(k e N:|xx — L| > ¢) =0, where §4(K) denotes the A-density of the subset K of
the natural numbers and is given by 84 (K) := lim,, > -, @ xx (k) provided the limit exists,
where xg is the characteristic function of K. If A = Cj, the Cesdro matrix of order one, then
A-statistical convergence reduces to the statistical convergence [25]. Also, taking A = I, the

identity matrix, A-statistical convergence coincides with the ordinary convergence.
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We consider w; (x,7) = 1+42 +y? and wy (%, ) = (1+x2 +y*)1** fora > 0, (x,y) € R2, where
R3 := {(x,y) e R? :x >0,y > 0}.

We obtain statistical approximation properties of the operator defined by (2.1) with the
help of Korovkin-type theorem given in [26]. Let (41,,) and (¢2,,) be two sequences in the
interval (0,1) so that

sty-limgy, =1 and st4-limgy, =1,
n ’ n !

. (3.1)

Sta-lim =0 and st4-lim
" n q1,n " [n]qZ,n

Theorem 2 Let A = (a,x) be a nonnegative regular summability matrix, and let (q1,,) and
(q2,n) be two sequences satisfying (3.1). Then, for any function f € C,, (R3) and qg-integrable

function, for o > 0, we have
sta-im|| K27 f — f | =
n 2
Proof Let K" be defined as

K2 2m (f x, y), 0<x<iZ q“‘ 0 <y<j

I?Zl,nvﬂln (f; x’y) —

q
f(x!_y)r xZ lqlqln ’y— 1 ;Z M

From Lemma 1, since [K""™"(1 + £ + s%x,9)| < ¢(1 + 4 + y*)1** for x € [0, ISI‘Z ) and
Ln

Do.n

yel0 -
tonz(R)

From (i) of Lemma 1, it is clear that

), (I (f; )} is a sequence of linear positive operators acting from C,, (R3)

Sty- lizn”f(gl’"'qz'" (€00 ) — €qo ||w1

holds. By (ii) of Lemma 1, we get

LG 12" (6105 ) — exol

sup
1442 +92
0<x< ln 0 <y< 92,1 .y
1~ 1772n
X+ —x
%+ o gy,
= su
a P @ 1+a%+y2
0<x<—2 0<y<—=1
17‘71,}'1 17q2,r1
1 1 1
= sup
2 4 2
0§x<7lq[11‘£’ ,0< <71q2q;’f L+x ty [2]‘11,n [”]ql,n
-, “2,n
1 1
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Since StA'limnﬁ = 0, sta-lim, K" (e1;-) — ewlle; = 0. Similarly, since sta-

lim,, ﬁ =0, sta-lim,, | K" (eg1; ) — eor loy = 0. Also, we have from (iv) of Lemma 1
2.n

sup LK (€30 ) — €0
1+x2 + 92
q1,n DQ.n y
0<x< 1_;?'}1 ,0=<y< 1_%,’n
2 2 1 1 12
|90, + (o + 2lgy,, ) [”]ql,nx * (8lqy,, [ﬂ]ém a
- Sup P 1442 + 92
0<x<lq[11" 0=y< 2q Y
1n
Ln 1 1 1 1
<A-qn)+ < + ) + .
" 2 [2]6]1,;4 [n]ql,n [3]q1,n [n]gl,n
So, we can write
1 1 1 1
K7 (e0057) —eno ||, < (L—quu) + (ql’n + ) .
” ” " 2 [2]q1,n [n]ql,n [S]qln [ ]qln
. . B i (D
Since st4-lim,(1—q,,) = 0, st4- lim,,( > Tors ) [n =0 and st4-1lim, [3] [”]ql
each ¢ > 0, we define the following sets.
- £
D= {k: || K" (6205 ) — e ||w1 > ¢}, {k I-qix = g}

91,k 1 1 e 1 1 e
Dy :=3k:| = it D3 :=1k: Z5(
2 {( ( 2 ! [z]ql,k) [n]qu = 3} ’ { [3]‘11,k [n]tzh,k - 3}

By (3.2), it is clear that D € D; U D, U D3, which implies that for all n € N,

Zank = Zank"' Zank"' Zﬂnk'

keD keDq keDy keDs3

Taking limit as # — 0o, we have

Sta- 1i;n||f<Z"”'q2'” (e20;-) — €20 ”w1 =

. . . _ . QPon 1
Similarly, since st4-1lim,(1 - g3,,) = 0, st4-lim, (£* P )m
_1

kql,nvfh,n
[n]‘212,n ” g

=0, we write st4-lim,,

If we define the function @, (¢,s) = (£ — %) + (s — %), (%,¥) € [0, =) x [0

Lemma 1 one gets the following result

11q ’lq

K (gox,y(t,s);x,y) =(q1 - )a? + (g2 - l)y2 + ix + 2
(1l (nlg,

. 1 1 . 1 1
Bl 12, Bl 2,

Y

We use the modulus of continuity w(f, §) defined as follows:

o(f,8) := sup{V(t,s) —f(x,y)| :(8,8), (%, 9) € ]R% and /(£ —x)2 + (s —y)% < 8},

=0 and st4-1lim, ﬁ
2,n

(e02; ) — €n2llw, = 0. So, the proofis completed.

(3.2)

=0, for

X

O

—2;), then by
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where § > 0 and f € Cp(RR?) the space of all bounded and continuous functions on R3.
Observe that, for all f € Cz(R3) and 1,8 > 0, we have

o(f,18) < (L+ [A))w(f,9), (3.3)

where [1] is defined to be the greatest integer less than or equal to A.
By the definition of modulus of continuity, we have

[f(t,5) = f(x,9)| < o(f, v/ (E—2)> + (s - 9)?),

and by (3.3), for any § > 0,

F(69) ~F9)]| < (1 ; [ o (S‘WDwgf,a),

which implies that

(t-2)*+(s-9)?

[f(t,s) —f(x,y)| < <1+ 5

)wvﬁ) (3.4)

Using the linearity and positivity of the operators K;""?, we get from (3.4) and K;™"**(ego;
x,y) =1 that, forany n € N,

|KV2(f5 x,9) = f(x,9)| < K2 ([f(5,5) = f(x,9)|;%,9) + |[f (% 9)||[ K% (e00; %, ) — eoo

< K22 ((1 + (t_x)28+(s_y)2)w(f’3);x,y)

1
= (1 + ﬁl(gqu ((px,y(t,s);x,y))w(f,cﬁ).

Now, if we replace ¢1,, and g5 , by sequences (¢1,,) and (¢5,,) to be two sequences satisfying

(3.1), and we take 8 := §,(x,y) = \/I(Zl’”’qz'” (@xy(t,8);%,9), 0 <x < 121'?,‘”, 0<y< 12‘3”% , then

we can write

| K222 (F; %, 5) — f (x,9)| < 20(f, ).
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