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Abstract

In the present paper we establish new inequalities similar to the extensions of
Hilbert's double-series inequality and also give their integral analogues. Our results
provide some new estimates to these types of inequalities.
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1 Introduction
In recent years several authors have given considerable attention to Hilbert’s double-series
inequality together with its integral version, inverse version, and various generalizations
(see [1-9]). In this paper, we establish multivariable sum inequalities for the extensions
of Hilbert’s inequality and also obtain their integral forms. Our results provide some new
estimates to these types of inequalities.

The well-known classical extension of Hilbert’s double-series theorem can be stated as
follows [10, p.253].

Theorem A Ifp1,py > 1 are real numbers such that + 5,21 and 0 <A =2—- P_l - piz =
q1 +5 =1 where, as usual, q, and q, are the con]ugate exponents of p1 and p; respectively,
then

1p1 / 0o 1/pa
Z Z o + n)x =K (Z a, ) (Z bZ) : (L1)
n=1

m=1 n=1

where K = K(p, p2) depends on p, and p, only.
In 2000, Pachpatte [11] established a new inequality similar to inequality (1.1) as follows:

Theorem A’ Let p, g, a(s), b(t), a(0), b(0), Va(s) and Vb(t) be as in [11], then

“ |ﬂ( )||b(t)| 1 (p 1)/p (q 1)/q Ie v
ZZW< Z(m—s+1)|Vn s)|

s=1 t=1 prq s=1

n 1/q
x (Z(n—t+1)|Vb(t)|q> .

t=1
The integral analogue of inequality (1.1) is as follows [10, p.254].

© 2012 Zhao and Cheung; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction
in any medium, provided the original work is properly cited.


http://www.journalofinequalitiesandapplications.com/content/2012/1/145
mailto:chjzhao@yahoo.com.cn
mailto:chjzhao@163.com
http://creativecommons.org/licenses/by/2.0

Zhao and Cheung Journal of Inequalities and Applications 2012, 2012:145
http://www.journalofinequalitiesandapplications.com/content/2012/1/145

Theorem B Letp, g, p', g’ and ) be as in Theorem A. Iff € LP(0,00) and g € L1(0, 00), then

[ fx)glx) > Ve e hd
/0 . oty dxdysl(( fo f"’(x)dx) ( /0 gq(y)dy) ) (1.3)

where K = K(p, q) depends on p and q only.

n [11], Pachpatte also established a similar version of inequality (1.3) as follows.

Theorem B’ Let p, q, f(s), g(£), f(0), g(0), f'(s) and g'(¢) be as in [11], then
[ [ Lo,
qs?- gsP-1 + pta-1 pti1

x 1/, 1/
< I%x“””"y‘”’q( fo x=9)|f'6)|" ds) ’ ( fo -0l |th) "

In the present paper we establish some new inequalities similar to Theorems A, A’, B
and B’. Our results provide some new estimates to these types of inequalities.

(1.4)

2 Statement of results

Our main results are given in the following theorems.

Theorem 2.1 Let p; > 1 be constants and pi,' + % =1 Let a,(sy...,Sy) be real-valued
functions defined for s; = 1,2,...,mj;, where mj (i,j = 1,2,...,n) are natural numbers.
For convenience, we write a;(0,...,0) = 0 and a;(0,s2;,...,8:) = ai(s1:,0,83i,...,8,) =

- = ai(s1i,---»84-1,,0) = 0. Define the operators V; by Viai(si;,...,Sui) = ai(S1ir--»Sui) —

ai(S1ir--»Si—1,i»Sii — L, Sis1,i» - - - » Sui) for any function a;(s1;, .. .,Sn). Then

mi1 Mpl M2 Mp2 Mmip Mpun
DR DD DR DD DR D=
AYZ AN ERLE
su=l  sm=lsip=l  sp=l s1u=l Snn—l > 1 (s1:- sm)/q,) =1 o
2.1
no [ My my; n Upi
;i
EM E E l_[ mj; — 5]z+l)’V vla S1is+ - rSni)| ! ’
i=1 \syi= s1;=1 j=1
where

Z;‘:l 1/pi-n n

n
M=M(my,...,my) = (7’1 - Z 1/Pi) H(mu )Y
i1 i=1

Remark 2.1 Let a;(sy;,...,S,;) change to a;(s;) in Theorem 2.1 and in view of a;(0) = 0 and
Vai(s;) = ai(s;) — ai(s; — 1) for any function a;(s;), i = 1,2,...,n, then

my my

n (e, B n m; ‘ 1pi
2.2 Z HiZf/Z;(é’y)_ll,qifMH(Dmi—si+1>|wi<si>|”') SCY)

s1=1 s2=1 Sp= i=1 \s;=1

where
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Remark 2.2 Taking for n = 2 in Remark 2.1. If p;,p; > 1 satisfy le +o-=1 and 0 < A =

T s qll q2 <1, then inequality (2.2) reduces to

m m
N e |611(51)||ﬂ2(52)|

2. s asy

s1=1 sp=1 qZSl + Q152
1 my ;1
1q1  1lq2 )21
<——m;"'m (my —s +1)’Va (s)| ) (2.3)
x0T 2 Z 1 1 11
(Aq142) <51=1

my 1ip2
X (Z(le —$+ 1)|Vﬂ2(52)|p2) ;

so=1

which is an interesting variation of inequality (1.1).

L -1, 1 _7andsop; =g, p2=qi. In this case

On the other hand, if A =1, then L +
P1 p2 q q2

inequality (2.3) reduces to

my  my
ZZ a1 (s1)]]aa(s2)]
Pi1s1 + 4152

s1=1 s9=1

< —

1/p;
1 (m /m (-D/q Pl
(m1 —s1 +1)|Vaq(sy)
p1q1 my E 181 | 1(81 \

my 1/q1
X (Z(le — S+ 1)|V612(S2)|q1> .

so=1

s1=1

This is just a similar version of inequality (1.2) in Theorem A’.

Theorem 2.2 Let p; > 1 be constants and 1} + i =1 Let fi(t1i, ..., Tni) be real-valued nth

differentiable functions defined on [0, x1;) x - - - x [0,%,;), where 0 < xj; < t;, t;; € (0,00) and

i,j=1,2,...,n Suppose

X1i Xni a”
Si1is o5 %) = / / ——fi(t .. T dr - - - A,
0 0o 0Ty--- 0Ty

then

/‘tn /tm /tu /tnz /tln /tnn
0 0

[T o |ar1 — [T T P Ty dr,)'Pi
(O Geri -~ ) i) i Vi

dxm dxiy -+ Ay -+ dxry -+ dxpn

dxu s (24)

n ti tni "
<N[] / f [ [@i— )
i=1 \V0 0

pi Upi
dxyi- - dxy ’

"
———JiX1ir e s X
axli"‘ 8xniﬁ( 1i m)
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where

n 1 Z;’nzl 1/pi—n n
N =Nt tui) = (” - Z _,) ' H(tli N
! i=1

i=1

Remark 2.3 Let f;(x1;, . ..,%,;) change to fi(s;) in Theorem 2.2 and in view of £;(0) = 0, i =
1,2,...,n, then

/ / Hll[fSl dsn"'d31
(X7 silq) > e

_ n X » 1/p;
N i—s)|ff ()" dsi ),
< 1;[(/0 (x S)Lf(s)| s)

(2.5)

where
n 1 Z?:l Upi-n
= - 1/q;
N:N(xl,...,xn)=<n—zf> ~l_[xl.q.
i i i-1

Remark 2.4 Taking for n = 2 in Remark 2.3, if p;,p, > 1 are such that 1%1 + plz >1 and

O<A=2- pil - piz = % + qiz <1, inequality (2.5) reduces to

/ /"2 fi(s1)l[fa(s2)] ds, ds,
(qu1 + 4152)

1 g va v
< G ( / (1 = s)|fGs0)” dsl) 2.6)

X2 1/p2
x(/ (xz—s2>tg(sz>|”2dsz) ,
0

which is an interesting variation of inequality (1.3).

On the other hand, if A =1, then X ot plz = qi iz =1and so p; = q3, p2 = q1. In this case

inequality (2.6) reduces to

/ /xz [fl51)||f2 (s2)]
Pis1 + 4152

Ih i
e 1712 §p1 )Ip1 (q1 -1/q1 (/ (%1 — Sl)vl(sl)| d51>
hiq

X2 1/q1
X (/ (%2 —82)|f (s2)|" dSz) .
0

This is just a similar version of inequality (1.4) in Theorem B’.
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3 Proofs of results

Proof of Theorem 2.1 From the hypotheses 4;(0,...,0) = a;(0,5;, .. .,84) = ai(s1;, 0,835, - - -,

Sui) =+ = ai(S1ir-..,S4-1,,0) = 0, we have
Sni S1i
|ai(s1is .. 80i)| < Z Z Ve Viai(tiis . Ti) | (3.1)
Tyi=1 1=

From the hypotheses of Theorem 2.1 and in view of Holder’s inequality (see [10]) and
inequality for mean [10], we obtain

n Spj S1i
1_[|al(51n 15m)| = HZ Z|V Vlﬂi(fliwn,fni”
i=1 1,=1 7=
n Spi 1 1pi
Di
= H(Slt “Sni) /ql Z Z|V -Viai(ti, .. ;Tm‘)| l
i=1 Tyi=1 7=

(3.2)

< (il - 'Sm')/qi)zflzl Vgi
U 1/p;)'~Eiza Vpi

Sni S1i Up;
i
X 1_[ E E 'Vlﬂi(fliw.,fni)| ' .
i=

Tpi=1

Dividing both sides of (3.2) by (3", (s -sni)/qi)zf':l Vai and then taking sums over 8ji
from 1 to m;; (i,j = 1,2,...,n), respectively and then using again Holder’s inequality, we

obtain
mi1 Myl M2 My Mip Mpp n
[TV

DIEED D IETH DTS SIS 3 ne e V1ai(St - S

n n 1/q;
si=l  sm=lsiz=l  syp=1  s1p=1  spu=1 (Zizl(sli”'sm)/%)z“l 1

n Z?:l 1/pj—n
< (l’l - Z l/pl)
i=1

n My my; Spi S1i 1/p;
X H(Z Z(Z Z|V Vlﬂ Tlis - i pt) )
=

Sni=1 s1i=1 \1p;=1

n Y VUpi-n
< (ﬂ - Z UP:’)
i=1

n My myj [ Spi s1i 1/p;
X H(Wl]i. c My )I/q, (Z Z(Z Z|V 'vldi(‘fli,...,‘[m')|pi>)
i=1

Spi=1 s1=1 \1y=1 ni=

. Mni mij n 1/p;
:MH(Z'”Zn(mﬁ_'[ﬁ"'1)|Vn"'vlﬂi(f1i,m ‘Pi>

=l mi=l j=1

no [ Mpi my n Up;
:Ml_[<z e Zl—[(mﬂ _Sji + 1)|Vn . vlai(sli;u.,sm‘)|pi) ‘

$pi=1  s1;=1 j=1

This concludes the proof. d
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Proof of Theorem 2.2 From the hypotheses of Theorem 2.2, we have

fi@rio o) | < f f

On the other hand, by using Holder’s integral inequality (see [10]) and the following

8t11 mf(Tm S Th)|dT - dTy. (3.3)

inequality for mean [10],

n 1Y%, Ug;
H)\}/q" < ZA Iqi;  *i>0,
i=1 Zz 14/4i

i=1

we obtain

HV;‘(xli» . "rxm')|
i=1

SIS

1/g;
= l_[ X1i - xni) i

(-

< (Z:;l (%1 - - 'xm')/qi)ziﬂ 1/g;
- (n - Z;‘q:l l/p,-)”‘z?ﬂ Upi

T

Dividing both sides of (3.4) by (3_F; (x1; - - ~x,,,»)/q,»)z7=l U4i and then integrating the result
inequality over xj; from 1 to ; (i,j = 1,2,...,n), respectively and then using again Holder’s

f(Tln ,fm’) dTli e d":m'

811,

(3.4)

pi 1/pi
f(Tu;...,Tni) dry;- - dfm')

ale Tni

pi Up;
f(rlw ¥ Tni) dTli e dTni) .

afll

integral inequality, we obtain

/tn /tnl /tu /tnz /tm ftnn
0 0 0 0 0 0

l(fxll . (;‘m
Iy CoTRE 'xm‘)/%‘)z’il Vai

dxn - dxpdxiy - dxp - dxr, - dxpy

n Y Upi-n
< (n - Z l/pi>
i=1

S L

8}’1
mﬁ(ﬁn e tm)

i
drli A dtni)l/pi

oT1i afnj(flzy ;fm’)

1/p;
dle d‘fm') dxli s dxm
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Z:’:l lpi-n n

<|n- i 1/p; H(tli o t)
i1

14 =
i Lni X1

0 0 0
n

0
—fi(Tus e Twi)

1
/‘xni
0
Aty 0Ty

Di

1/pi
dry; - - dfm') dxy;- - dxm)

n [51] tyi M 9" i Upi
=N1;[ /0 /0 !;[(tji - Xji) mﬁ(xliw--;xni) dxy - dxy
This concludes the proof. O
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