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1 Introduction

In this article, we use the monotone iterative technique to investigate the existence and
uniqueness of mild solutions of the impulsive fractional evolution equation in an
ordered Banach space X:

D%u(t) + Au(t) = f(t,u(t)), tel t#t
Auliey, = L(u(t)), k=1,2,...,m, (1.1)
u(0) =x0 € X,

where D% is the Caputo fractional derivative of order 0 <ot < 1, A: D(A) € X — X is a
linear closed densely defined operator, - A is the infinitesimal generator of an analytic
semigroup of uniformly bounded linear operators T(¢) (¢ = 0),/=1[0, 7], T >0, 0 = £
<t] <ly < w. <ty <ty1 =T, f Ix X — Xis continuous, I : X — X is a given continu-
ous function, Aul—y, = u(t}) — u(t, ), where u(t}) and u(t, ) represent the right and left
limits of u(z) at t = &, respectively.

Fractional-order models are found to be more adequate than integer-order models in
some real-world problems. Fractional derivatives describe the property of memory and
heredity of materials, and it is the major advantage of fractional derivatives compared
with integer-order derivatives. Fractional differential equations have recently proved to
be valuable tools in the modeling of many phenomena in various fields of science. For
instance, fractional calculus concepts have been used in the modeling of neurons [1], vis-
coelastic materials [2]. Other examples from fractional-order dynamics can be found in
[3-7] and the references therein. A strong motivation for investigating the initial value
problem (1.1) comes from physics. For example, fractional diffusion equations are
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abstract partial differential equations that involve fractional derivatives in space and
time. The time fractional diffusion equation is obtained from the standard diffusion
equation by replacing the first-order time derivative with a fractional derivative of order
a e (0, 1), namely

ofu(y.t) = Au(y,t), t>0,y€R, (1.2)

where A may be linear fractional partial differential operator. For fractional diffusion
equations, we can see [8-10] and the references therein.

It is well known that the method of monotone iterative technique has been proved to
be an effective and a flexible mechanism. Du and Lakshmikantham [11] established a
monotone iterative method for an initial value problem for ordinary differential equa-
tion. Later on, many articles used the monotone iterative technique to establish exis-
tence and comparison results for nonlinear problems. For evolution equations of
integer order (o = 1), Li [12-16] and Yang [17] used this method, in which positive
Co-semigroup play an important role.

The theory of impulsive differential equations has an extensive physical background
and realistic mathematical model, and hence has been emerging as an important area
of investigation in recent years, see [18]. Correspondingly, the existence of solutions of
impulsive fractional differential equations has also been studied by some authors, see
[19-23]. They used the contraction mapping principle, Krasnoselskii’s fixed point theo-
rem, Schauder’s fixed point theorem, Leray Schauder alternative.

To the best of the authors’ knowledge, no results yet exist for the impulsive frac-
tional evolution equations (1.1) by using the monotone iterative technique. The
approach via fractional differential inequalities is clearly better suited as in the case of
classical results of differential equations and therefore this article choose to proceed in
that setup.

Our contribution in this work is to establish the monotone iterative technique for
the impulsive fractional evolution equation (1.1). Inspired by [12-17,24-27], under
some monotone conditions and noncompactness measure conditions of nonlinearity f,
we obtain results on the existence and uniqueness of mild solutions of problem (1.1).
A generalized Gronwall inequality for fractional differential equation is also applied. At
last, to illustrate our main results, we examine sufficient conditions for the main results

to an impulsive fractional partial differential diffusion equation.

2 Preliminaries
In this section, we introduce notations, definitions and preliminary facts which are
used throughout this article.

Definition 2.1. [4] The Riemann-Liouville fractional integral of order & > 0 with the
lower limit zero, of function fe L;(R"), is defined as

I“f(¢t) = F(la) /0 (t — 5)*"f(s)ds, (2.1)

where I'(-) is the Euler gamma function.
Definition 2.2. [4] The Caputo fractional derivative of order & > 0 with the lower
limit zero, n - 1 <o <n, is defined as
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D0 = oy [ -9 O 22

where the function f() has absolutely continuous derivatives up to order n - 1. If 0
<o < 1, then

1 Eofl(s
DYf(t) = r-a) (tf—( s))“ ds. (2.3)

If fis an abstract function with values in X, then the integrals and derivatives which
appear in (2.1) and (2.2) are taken in Bochner’s sense.

Let X be an ordered Banach space with norm || - || and partial order <, whose posi-
tive cone P = {y e X | y = 6} (0 is the zero element of X) is normal with normal con-
stant N. Let C(/, X) be the Banach space of all continuous X-value functions on
interval I with norm ||u||c = max,; ||u(t)||. Then, C (I, X) is an ordered Banach space
reduced by the positive cone Pc = {ue C (I, X) | u(t) > 0, te I}. Let PC (I, X) = {u: I
— X | u(¢) is continuous at ¢ # fz, left continuous at ¢ = #;, and u(t;) exists, k = 1, 2,
..., m}. Evidently, PC (I, X) is an ordered Banach space with norm ||u||pc = sups,; ||u
(8)|| and the partial order < reduced by the positive cone Kpc = {u € PC (I, X) | u(t) =
0, t € I}. Kpc is also normal with the same normal constant N. For u, ve PC (I, X), u
<ve u(t) <vt) forall t e I For v, we PC (I, X) with v < w, denote the ordered
interval [v, w] = {u e PC (I, X) |v < u < w} in PC (I, X), and [v(¢), w(t)] = {y € X | v(¢)
<y<wt) (te I)in X. Set C*° (I, X) = {u e C (I, X) | D*u exists and D*u e C (I,
X)}. Let I’ >= \{ty, Lo, ..., L.} By X7 we denote the Banach space D (A) with the graph
norm || - ||y = || - || + ||A - ||. An abstract function u € PC (I, X) n C*° (I, X)n C (I
", X;) is called a solution of (1.1) if u(¢) satisfies all the equalities of (1.1). We note that
- A is the infinitesimal generator of a uniformly bounded analytic semigroup 7(¢) (¢ =
0). This means there exists M > 1 such that

T <M, t=>0. (2.4)
Definition 2.3. If vo € PC (I, X) n C*° (I, X) n C (I, X;) and satisfies inequalities

D%vo(t) + Avp(t) < f(tvo(t)), tel, t#t,
Av0|t=tk =< Ik(vo(tk))r k= 1r 2/ e, m, (25)
VO(O) =< Xo,

then vy is called a lower solution of problem (1.1); if all inequalities of (2.5) are
inverse, we call it an upper solution of problem (1.1).

Lemma 2.4. [28-30]If h satisfies a uniform Holder condition, with exponent B € (0,
1], then the unique solution of the linear initial value problem (LIVP)

{ D*u(t) + Au(t) = h(t), tel, 2.6)

u(0) =x0 € X
is given by

u(t) = U(t)xo + /: (t —$)* 'V (t — s)h(s)ds, (2.7)
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where
u(e) = /oo (0)T(t*0)d0, V(i) =« /oo 0¢,(0)T(t*0)d0, (2.8)
0 0
1 1 1
u(6) = ae‘l‘apa(e—a), (2.9)

1S o Do +1)
pa(0) = > (=p)teent o sin(nra), 0 € (0,00),
n=0

(0) is a probability density function defined on (0, ).

o0 o0 1
Remark 2.5. [29,31-33],(6) = 0, O € (0, ), [ £,(6)d6 = 1, [5° 0. (6)d6 = (1 +a)

Definition 2.6. By the mild solution of IVP (2.6), we mean that the function u € C
(I, X) satisfying the integral equation

u(t) = U(t)xo + /0 t (t — $)* 'V (t — s)h(s)ds,

where U(t) and V (£) are given by (2.8).
Form Definition 2.6, we can easily obtain the following result.
Lemma 2.7. For any he PC (I, X), yr€ X, k=1, 2, ..., m, the LIVP

D*u(t) + Au(t) =h(t), tel, t#t,
AUy, =Y k=1,2,...,m, (2.10)
u(0) =xo € X,

had the unique mild solution u € PC (I, X) given by
t
U(t)xo + / (t =) 'V(t —s)h(s)ds, te[0t]
0

U@)[u(t) + 1] + ft t (t =) 'WV(t—s)h(s)ds, te (t,t],

u(t) = (2.11)

U(t)[u(tm) +yml + /t t (t —5)*'V(t —s)h(s)ds, te (tm T,

where U (t) and V (t) are given by (2.8).

Remark 2.8. We note that U (t) and V (£) do not possess the semigroup properties.
The mild solution of (2.10) can be expressed only by using piecewise functions.

Definition 2.9. An operator family S (£): X — X (¢ = 0) in X is called to be positive if
for any y € P and t = 0 such that S (¢) y = 6.

From Definition 2.9, if T (£) (¢ = 0) is a positive semigroup generated by - A, i > 6,
x9 > 6 and y; = 6, k = 1, 2, ..., m, then the mild solution u € PC (I, X) of (2.10) satisfies
u > 6. For positive semigroups, one can refer to [12-16].

Now, we recall some properties of the measure of noncompactness will be used later.
Let 4 (-) denote the Kuratowski measure of noncompactness of the bounded set. For
the details of the definition and properties of the measure of noncompactness, see
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[34]. For any B < C (I, X) and t € I, set B (t) = {u(t) | u € B}. If B is bounded in C (I,
X), then B (t) is bounded in X, and u (B(¢)) < (B).

Lemma 2.10. [35]Let B = {u,} €< C (I, X) (n = 1, 2, ...) be a bounded and countable
set. Then, u (B(t)) is Lebesgue integral on I, and

I ({/Iu,,(t)dtln =1,2, }) < 2/I;L(B(t))dt.

In order to prove our results, we also need a generalized Gronwall inequality for
fractional differential equation.

Lemma 2.11. [36]Suppose b > 0, B > 0 and a(t) is a nonnegative function locally
integrable on 0 < t <T (some T < +e0), and suppose u (t) is nonnegative and locally
integrable on 0 < t <T with

u(t) < a(t) +b [y (t—s)u(s)ds

on this interval; then

u(t) <a(t) + f, [i (f(ﬁ))) (t— s)"ﬂla(s)] ds, 0<t<T.

3 Main results
Theorem 3.1. Let X be an ordered Banach space, whose positive cone P is normal with
normal constant N. Assume that T(t) (t > 0) is positive, the Cauchy problem (1.1) has a
lower solution vo € C (I, X) and an upper solution wy € C (I, X) with vy < wy, and the
following conditions are satisfied:

(H,) There exists a constant C > 0 such that

ft,x2) = f(t,x1) = =C(x2 — x1)

for any t € I, and vo(t) < x1 < x5 < Wy (£). That is, f (¢, x) + Cx is increasing in x for
xe [v (t), wo (B)].

(Hy) The impulsive function Iy satisfies inequality

In(x1) < Li(xz), k=1,2,...,m

forany t € I, and vy (t) < x1 < %y < wq (¢). That is, Iy (x) is increasing in x for x €
[vo (£), wo ()]

(H3) There exists a constant L > 0 such that
m({f (6 xn)}) < Lin({xn})

for any t € I, an increasing or decreasing monotonic sequence {x,} < [vq (£), wo (£)].
Then, the Cauchy problem (1.1) has the minimal and maximal mild solutions
between vy and wo, which can be obtained by a monotone iterative procedure starting

from vy and wy, respectively.
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Proof. It is easy to see that - (A + CI) generates an analytic semigroup S (£) = e“* T
(¢), and S () (t = 0) is positive. Let &(t)= fooo 2o (0)S(t%0)do,
V)=« fooo 0¢4(0)S(t%0)db. By Remark 2.5, @ (¢) (¢ = 0) and ¥ (¢) (¢ = 0) are positive.
By (2.4) and Remark 2.5, we have that

19(0)ll < M, ||‘p(t)||ir(aa+1)MéMl’ £>0. (3.1)

Let D = [vo, wol, J; = [to, t1] = [0, t1] J}, = (=1, t&}, k = 2, 3, ..., m + 1. We define a
mapping Q: D — PC (I, X) by

D(t)xo + /.t (t =)' w(t —5)[f(s, u(s)) + Cu(s)|ds, tel,,
0
®(0)[u(tr) + L(u(tr))] + /I (t — ) "W (t — 5)[f(s u(s)) + Cu(s)]ds,

Qu(ry = | T (3.2)

D ()[u(tm) + In(u(tm))] + /lt (t— s)"‘flllf(t —9)[f(s u(s)) + Cu(s)]ds,

te ]:n+1'

Clearly, Q: D — PC (I, X) is continuous. By Lemma 2.7, u € D is a mild solution of
problem (1.1) if and only if

u = Qu. (3.3)

For uy, uy € D and u; < u,, from the positivity of operators @ (£) and ¥ (), (H),
(H,), we have inequality

Qui < Quy. (3.4)

Now, we show that vy < Qvo, Qwy < wy. Let D%, () + Avg (£) + Cvp (£) & 0 (2). By
Definition 2.3, Lemma 2.7, the positivity of operators ®@ (¢) and ¥ (¢), for t € J}, we
have that

vo(t) = ®()vo(0) + /Ol (t—9)* " W(t—s)o(s)ds

< @(t)xo +/0 (t— )" W(t = 5)[f(s vo(s)) + Cuo(s)]ds.
For t € J), we have that
vo(t) = ®(1)[vo(t1) + Avoli=y, | + ./11[ (t— )" W(t =)o (s)ds
< @(0)[vo(tr) + I (vo(t2))] + /ﬁt (t =5)" 7" (t = )[f (s vo(s)) + Cro(s)]ds.

Continuing such a process interval by interval to J;,,;, by (3.2), we obtain that v, <

QVO.
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Similarly, we can show that Qwy < wy. For u € D, in view of (3.4), then vy < Qvq <
Qu < Qwg < wy. Thus, Q: D — D is an increasing monotonic operator. We can now
define the sequences

Vp=Quuoy, wy=Qwy—1, n=12..., (3.5)

and it follows from (3.4) that

Vo<V < Vg < SWp <--- S wWp < Wp. (3.6)

Let B={v,} (n=1,2,..) and By = {v,..1} (n =1, 2, ...). By (3.6) and the normality of
the positive cone P, then B and B, are bounded. It follows from By = B U {1y} that u
(B(2)) = u (By(2)) for t € L Let

@(t) = n(B(1)) = n(Bo(t)), tel (3.7)

From (H3), (3.1), (3.2), (3.5), (3.7), Lemma 2.10 and the positivity of operator ¥ (%),
for t € J}, we have that

@(t) = n(B(t)) = n(QBo(t))
=u <{f0 (t =) Wt = 9)[f(5 vn1(5)) + Crp_i(s)]dsin = 1,2, })

. ?—/Ot r({(t— S)Olillp(t =) (s, vn-1(5) + Con1(s)]n = 1,2,...})ds (3.8)
< 2M, / (t —s)* (L + C)(Bo(s))ds

0
=2M; (L + C)f (t — )" Lo(s)ds.

By (3.8) and Lemma 2.11, we obtain that ¢ (¢) = 0 on J;. In particular, 4 (B (t1)) = ¢
(Bo(t1)) = ¢ (t1) = 0. This means that B (¢;) and By (¢1)) are precompact in X. Thus, I;
(B (t1)) is pre-compact in X and u(l; (By (¢1))) = 0. For t € J5, using the same argu-
ment as above for t € ],

we have that

(1) = n(B(1)) = n(QBo(1))
= u({@@)[va-1(t1) + I (va-1(02))]

+ ft (t =) Wt = 9)[f(s vn1(5)) + Cvp_1(s)]dsln = 1,2, .. )}
b (3.9)

< M[u(Bo(t1)) + (I (Bo(t1)))] + 2My (L + C) /t (t—9)"g(s)ds
=2M; (L +C) /t (t — 5)* L op(s)ds.

By (3.9) and Lemma 2.11, ¢ (¢) = 0 on J}. Then, p (By(t2)) = p (I1(Bo(t))) = 0. Conti-
nuing such a process interval by interval to J,,;, we can prove that ¢ (£) = 0 on every
J.k=1,2,...,m+1 This means {v, ()} (n = 1, 2, ...) is precompact in X for every ¢ €
L So, {v,, (t)} has a convergent subsequence in X. In view of (3.6), we can easily prove
that {v, ()} itself is convergent in X. That is, there exist u(f) € X such that v, (t) > u
(¢) as n — oo for every ¢t € I By (3.2) and (3.5), we have that
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D(t)xo

+/Ot(f—5)a_l‘1’(f—5)[f(5rvn1(5))+Cvn1(5)]d5, tely,
O(O)[vn-1(tr) + 11 (Vn-1(t2))]

va(t) = +/hl (=) W (t = )f (5 va-1(5)) + Cvn1 (s)lds, L€,

@(6)[vn—1(tm) + In(Vn—1(tm))]

+/t (t =) "W(t = )[f(5 vn_1(5)) + Cvur(s)]ds, tE Ty

Let n — oo, then by Lebesgue-dominated convergence theorem, we have that

o+ [ (= (= (s u(s) + Culs)lds, L),
0
S(O)[u(t) + I (u(n))]

+ /I (t =) "W (t — 5)[f(s,u(s)) + Cu(s)]ds, tel,
u(t) = h

O () [u(tm) + Im(u(tm))]

+ /[ (t =) "W (t = 5)[f (s u(s)) + Cu(s)|ds, teT,,,,

and ue C (I, X). Then, u= Qu. Similarly, we can prove that there exists iz € C(/,X)
such that z = Qu. By (34), if u € D, and u is a fixed point of Q, then v; = Qvy < Qu =
u < Qwy = wy. By induction, v, < u < w,,. By (3.6) and taking the limit as n — oo, we
conclude that vy < u< u < @ < w,. That means that #, i are the minimal and maximal
fixed points of Q on [vy, wy], respectively. By (3.3), they are the minimal and maximal
mild solutions of the Cauchy problem (1.1) on [vo, wo], respectively. O

Remark 3.2. Theorem 3.1 extend [[37], Theorem 2.1]. Even if X = R, A = 0 and I; =
0, k=1,2,.. m, our results are also new.

Corollary 3.3. Let X be an ordered Banach space, whose positive cone P is regular.
Assume that T(t) (t > 0) is positive, the Cauchy problem (1.1) has a lower solution vy €
C (I, X) and an upper solution wy € C (I, X) with vy < wy, (Hy) and (H,) hold. Then,
the Cauchy problem (1.1) has the minimal and maximal mild solutions between vy and
Wy, which can be obtained by a monotone iterative procedure starting from vy and wy,
respectively.

Proof. Since (H;) and (H,) are satisfied, then (3.6) holds. In regular positive cone P,
any monotonic and ordered-bounded sequence is convergent. For ¢ € I, let {x,} be an
increasing or decreasing sequence in [vo (), wo (t)]. By (H1), {f (¢, x,) + Cx,} is an
ordered-monotonic and ordered-bounded sequence in X. Then, u {f (¢, x,,) + Cx,,} = u
({x,}) = 0. By the properties of the measure of noncompactness, we have

n({f (6 xn)}) < w({f (6 xn) + Cxn}) + Ce({xa}) = 0. (3.10)

So, (H3) holds. Then, by the proof of Theorem 3.1, the proof is then complete. O
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Corollary 3.4. Let X be an ordered and weakly sequentially complete Banach space,
whose positive cone P is normal with normal constant N. Assume that T(t) (t = 0) is
positive, the Cauchy problem (1.1) has a lower solution vy € C (I, X) and an upper
solution wo € C (I, X) with vy = wy, (H,) and (H,) hold. Then, the Cauchy problem
(1.1) has the minimal and maximal mild solutions between vy and wy, which can be
obtained by a monotone iterative procedure starting from vy and wy, respectively.

Proof. Since X is an ordered and weakly sequentially complete Banach space, then the
assumption (H3) holds. In fact, by [[38], Theorem 2.2], any monotonic and ordered-
bounded sequence is precompact. Let x,, be an increasing or decreasing sequence. By
(Hy), {f (t, x,) + Cx,} is a monotonic and ordered-bounded sequence. Then, by the
properties of the measure of noncompactness, we have

n({f(txn)}) < p({f (2 2%0) + Cxn}) + n({Cxn}) = 0.

So, (H3) holds. By Theorem 3.1, the proof is then complete. O

Theorem 3.5. Let X be an ordered Banach space, whose positive cone P is normal
with normal constant N. Assume that T(t) (t > 0) is positive, the Cauchy problem (1.1)
has a lower solution vo € C (I, X) and an upper solution wy € C (I, X) with vy < wy,
(Hy) and (H,) hold, and the following condition is satisfied:

(Hy) There is a constant S > 0 such that

ft,x2) = f(t,x1) < S(x2 — x1)

forany te I vy (£) < xp < %y < Wy (£).

Then, the Cauchy problem (1.1) has the unique mild solution between v, and w,
which can be obtained by a monotone iterative procedure starting from vy or wy.

Proof. We can find that (H;), (H,) and (H,) imply (H3). In fact, for t € I, let {x,} <
[vo (£), wo (t)] be an increasing sequence. For m, n = 1, 2, ... with m >n, by (H;) and
(H,), we have that

0 < f(t,xm) —f(t, xn) + Cloxm — xn) < (S +C)(xm — xn)- (3.11)
By (3.11) and the normality of positive cone P, we have

[ (t, xm) — f(t, x0)1] < (NS + NC + C)||xm — xnll. (3.12)
From (3.12) and the definition of the measure of noncompactness, we have that

w({f(txn)}) = Lu(fxn}),

where L = NS + NC + C. Hence, (H3) holds.

Therefore, by Theorem 3.1, the Cauchy problem (1.1) has the minimal mild solution
u_and the maximal mild solution # on D = [v,, wo]. In view of the proof of Theorem
3.1, we show that u = #. For t € Ji, by (3.2), (3.3), (H4) and the positivity of operator ¥
(t), we have that

6 < u(t) — u(t) = Qu(r) — Qu(1)
- / (6 =51 W (e = 9)[f(s, 7(5)) — (5, u(s)) + C(als) — u(s))lds (3.13)
< /t (t—3)* " W(t —s)(S + C)(ii(s) — u(s))ds.
0
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By (3.1), (3.13) and the normality of the positive cone P, we obtain that
t
1) = u(o)l < NS +.€) [ (0= lie) — u(slds.
0

By Lemma 2.11, then u(f) = u(t) on J;. For t € J5, since I;(i1(t;)) = I;(u(t1)), using the
same argument as above for t € J;, we can prove that

180 = w0l < N M5 +©) [ (=9 1a(9) — )i,

Again, by Lemma 2.11, we obtain that u(#) = #(¢) on J,. Continuing such a process
interval up to J,,;, we see that u(¢) = i(¢) over the whole of I. Hence, u= i is the
unique mild solution of the Cauchy problem (1.1) on [vg, wo]. By the proof of Theorem
3.1, we know it can be obtained by a monotone iterative procedure starting from v, or

Wp. B

4 Examples
Example 4.1. In order to illustrate our main results, we consider the impulsive frac-

tional partial differential diffusion equation in X

Mu—Viu=gytu), Gt)eQxLt#u,
Au|[=tk =]k(YI U()/, tk))/ k= ]-/ 2/---rm/
ulpe =0,

u(y,0) =y (y),

where 9% is the Caputo fractional partial derivative of order 0 <ot < 1, V? is the

(4.1)

Laplace operator, I = [0, 7], Q C RY is a bounded domain with a sufficiently smooth
boundary 0Q, g: Q x I x R — R is continuous, J;, : @ x R — R is also continuous, k =
1,2, .., m.

Let X = L*(Q), P ={v | ve L*(Q), v (y) 2 0 aey e Q}. Then, X is a Banach space,
and P is a normal cone in X. Define the operator A as follows:

D(A) = H*(Q) N H)(RQ), Au = —V2u.

Then, - A generate an analytic semigroup of uniformly bounded analytic semigroup
T(t) (¢ = 0) in X (see [29]). T (¢) (¢ = 0) is positive (see [15,16,39,40]). Let u (t) = u(;, t),
ftu@®)=gGtul), L u()=J( u( t)), then the problem (4.1) can be
transformed into the following problem:

D*u(t) + Au(t) = f(t,u(t)), telt#u,
Aulimy, = I(u(te)), k=1,2,...,m, (4.2)
u(0) = ¢.

Let A; be the first eigenvalue of A, y is the corresponding eigenfunction. Then, A; =
0, w1(y) = 0. In order to solve the problem (4.1), we also need the following
assumptions:

(01) ¥(y) € H}(Q)NH{(R), 0 < y(y) < y1(9), &0, £, 0) 2 0, gy, t, y1(9)) < A (), Ji
»,0) = 0, ily,y1() <0, k=12, ..., m.

(O,) For any u; and u, in any bounded and ordered interval, and u; < u,, we have
inequality
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e ui (v, ) < ey ua(y. ), yeQk=1,2,...,m.

(O3) The partial derivative g, (y,t, u) is continuous on any bounded domain.

Theorem 4.2. If O;, O, and O3 are satisfied, then the problem (4.1) has the unique
mild solution.

Proof. From Definition 2.3 and O, we obtain that 0 is a lower solution of (4.2), and
w1(y) is an upper solution of (4.2). Form O, and Os, it is easy to verify that (H;), (H>)
and (H,) are satisfied. Therefore, by Theorem 3.5, the problem (4.1) has the unique

mild solution. O
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