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Abstract

This paper is concerned with the problem of finding bounds for the norm of lower
triangular matrix operators from /,(w) into ¢,(w), where c,(w) is the Cesaro weighted
sequence space and (w,,) is a non-negative sequence. Also this problem is considered
for lower triangular matrix operators from ¢, (w) into /,(w), and the norms of certain
matrix operators such as Cesaro, Noérlund and weighted mean are computed.
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1 Introduction
Let p > 1 and » denote the set of all real-valued sequences. The space /, is the set of all
real sequences x = (x,) € w such that
o) 1/p
el = { D lxal? ) < o0

n=1

If w = (w,,) € w is a non-negative sequence, we define the weighted sequence space /,(w)

as follows:
oo
L(w)=1x=(x,) cw: Zw,,|x,,|p <00y,
n=1

with norm | - || ,,», which is defined in the following way:

1/p

o0
ollpw = | D walxal”
n=1

Let C = (¢,x) denote the Cesaro matrix. We recall that the elements ¢, x of the matrix C

are given by

forl<k<n,

1
Cuk=14"
0 fork>n.
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The sequence space defined by

cp(w) = {(xn) € w: Cx € L(w)}

= {(x,,)ew:iw,,

n=1

n

p

i=1

p
<oo}

is called the Cesaro weighted sequence space, and the norm || - ||, of the space is defined

by
p) 1/p

The Cesaro sequence spaces were studied in [1], where w,, = 1 for all n. It is significant that

n
o

i=1

o0
1%l e = (Z Wi
n=1

in the special case w, = 1, we have [,(w) = [, and ¢,(w) = ¢,
Let (w,) be a non-negative sequence and A = (a,x) be a lower triangular matrix with
non-negative entries. In this paper, we shall consider the inequality of the form

Al p,w.c < UNI%]lp,w5
and the inequality of the form
1A%l pw < UNX pw,cs

where x = (x,) is a non-negative sequence. The constant U/ does not depend on x, and we
seek the smallest possible value of U. We write ||A||,,w,. for the norm of A as an operator
from [,(w) into c,(w), |A||,, for the norm of A as an operator from /, into c,, ||A|lcp,w for
the norm of A as an operator from c,(w) into ,(w), || A|,, for the norm of A as an operator
from ¢, into [, ||A| s for the norm of A as an operator from [,(w) into itself and ||A|, for
the norm of A as an operator from /, into itself.

The problem of finding the norm of a lower triangular matrix on the sequence spaces /,
and /,(w) has been studied before in [2—8]. In the study, we will expand this problem for
matrix operators from /,(w) into ¢,(w) and matrix operators from c,(w) into /,(w), and we
consider certain matrix operators such as Cesaro, Norlund and weighted mean. The study
is an extension of some results obtained by [3, 7].

2 The norm of matrix operators from /,(w) into ¢, (w)

In this section, we tend to compute the bounds for the norm of lower triangular matrix
operators from J,(w) into c,(w). In particular, we apply our results for lower triangular
matrix operators from /, into c,, when w,, = 1 for all n.

Throughout this paper, let A = (a,) be a matrix with non-negative real entries i.e.,
ank > 0, for all n, k. This implies that ||Ax||,,c < [|Al%]ll,w.c, and hence the non-negative
sequences are sufficient to determine the norm of A. We say that A = (a,,¢) is lower trian-
gular if a,,x = 0 for n < k. A non-negative lower triangular matrix is called a summability
matrix if Y ;_; @, =1 for all n.

We first state some lemmas from [3, 7], which are needed for our main result. Set £+ =
max(&,0) and £~ = min(§,0) and p* = p/(p - 1).
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Lemma 2.1 ([3], Lemma 2.1) Let a and x be two non-negative sequences, then for all n,

Zﬂkxk < {1<k<n P Zx,} le: n—k+1)(ay—ar)".

Lemma 2.2 ([3], Lemma 2.2) Let N > 1, and let a and x be two non-negative sequences. If
XN >N > >0andx, =0 forn<N, then

n

Zakxk > ( Zx,) {mzN + % Z (n—k+1)(ar —ai1)”
k=1

k=N+1

forall n.

Lemma 2.3 ([7], Lemma 1.4) Let p > 1 and w = (w,)) be a decreasing sequence with non-

negative entries and y_,_, “* be divergent. Let N > 1 and the matrix Cy = (cl),) be with the
following entries:

C]Vk _ ﬁ fOl"n > k,
" 0 forn < k.

Then ||Cy ||p,w is determined by non-negative decreasing sequences and ||Cy || p,w = p*

Note that C; is the well-known Cesaro matrix.

Lemma 2.4 ([7], Lemma 1.5) Ifp >1and x and w are two non-negative sequences and also
w is decreasing, then

j 4 00
ZW’Q%( —l1+1Zxk> < (@) Y-

k=i

We set ap =0 and 4,9 =0 for n > 1 and

MA:T;[;{Z” k+1<Za,k— > ai- 1> }

k=1

i=k-1
1 n n n -
= f -k+1 ik — i ke .
ma = Sup inf {Zauw g 2 ke )(Zal,k 2 dik 1) }
k=N+1 i=k i=k-1

We are now ready to present the main result of this section.

Theorem 2.5 Suppose that p > 1 and w = (w,,) is a decreasing sequence with non-negative

entries. If A = (a,x) is a lower triangular matrix with non-negative entries, then we have
the following statements.

@) NlAllpwe < p*Ma. Moreover, if My < 0o, then A is a bounded matrix operator from
L,(w) into c,(w).

(i) Ify_2, “n is divergent and( iz ) is decreasing, then || Al pw,c > p*ma.
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Therefore if w = (w,) is a decreasing sequence with non-negative entries and (Ww”l) is
n+.

o0 Wy

decreasing and )", “* = 00, then

pimy < ||Allpwe < p*My

In particular, if w, =1 for all n and if M4 < 0o, then A is a bounded matrix operator from

Ly into ¢, and p*my < ||Allpe < p*My
Proof (i) Let (x,,) be a non-negative sequence. By using Lemma 2.1, we get

Z( Zalk)xk

k=1 i=k

n
n-k+1
| o) D (S Sen)
1 n
<M — Y %t
- Algllffn{n—k+1;;x]}

By applying Lemma 2.4, we deduce that

00 n 1 n p %) 1 n p
w S an)x ) <MY w, max [ ———— ) x;
Z ”<Z<nz l’k) k) - A; "1<k<n\ n — k+1 )

n=1 k=1 i=k
o0
< (p"Ma)" Y wi;
k=1

(ii) We have m4 = supy, By, where
,BN—mf{Za,N+ N lkXN:l(n k+1)<2alk—;1a,k 1) }

Let N > 1, so that By > 0. If y = (y,,) is a decreasing sequence with non-negative entries

and [|y|lpw =1, we setx; =xp = --- =xx- = 0 and

1
Wy Ip
Xn+N-1 = Yn
WhniN-1

forall n>1. So ||xll,w = |¥ll,,w = 1, and from Lemma 2.2 it follows that

00 n 1 n b
AN e = Y W <Z<; Zm)m)
n=1 k=1 i=k

00 1 n p
= ﬂf{Z‘W(; Zx;)
n=1 j=1
00 1 n P
= ,3{/ Z WiiN-1 (m me\u)
n=1 j=1
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) 1 n w. \ VP »
= ﬂp WniN- ( ! ) i
N; ERVENE ,Z wint)

> BLlICwIE,

By Lemma 2.3, we conclude that ||A||,..c > p*Bn, so

”A”p,w,c ZP*WZA 0

In what follows we assume that w = (w,) is a decreasing sequence with non-negative en-
0wy

tries and (;2-) is decreasing and ) _,”; * = oo.
n+

At first we bring a corollary of Theorem 2.5 for a lower triangular matrix A = (a,,x). The
rows of C1A are increasing, where C; is the Cesaro matrix and

o0 n
1
(CLA) ik = E Ch ik = . E air, (mk=1,2,..).
i=1 i=k

Corollary 2.6 Suppose thatp > 1 and A = (a,x) is a non-negative lower triangular matrix
that Y, a1 < Y vy di for 1 <k < n. Then

”A ||p,w,c = P* Sup .

n>1
In particular, |||, = p*, where I is the identity matrix.

Proof Since the finite sequence (3", a;);_; is increasing for each n, we have

Zatk Zalkl Zatk Zﬂtkl

i=k-1 i=k-1

for 1 < k < n. Hence

My = sup Zn k+1<zﬂzk_zazk 1)

n>1

k=1 i=k-1
=sup — ZZalk<supann
nzl Mk
Moreover,
(zz) 0 a<k=n
i=k-1
and

my = sup inf E a;N =Supdy,,.

N>17=N n>1

Hence, according to Theorem 2.5, we obtain the desired result. O
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Example 2.7 Let A = (a,,x) be defined by

iz for k < n,
n

ank =21 fork=n,
0 for k > n.

Since the finite sequence (3", a;x);_; is increasing for each n and sup,.; a,, = 2, by
Corollary 2.6, we have || Al|w,c = 2p™.

Now, in the second case, we state some corollaries of Theorem 2.5 for a lower triangular

matrix A, where the rows of C1A are decreasing.

Corollary 2.8 Suppose that p > 1 and A = (a,x) is a lower triangular matrix with
1 Gik1 = > ey dix for 1 <k < n. Then

(}gfl‘n Zzazk) = ”A”pwc EP (suchm)
k=1 i=k

In particular, for summability matrices the left-hand side of the above inequality reduces

to p*.
Moreover, if the right-hand side of the above inequality is finite, then A is a bounded
matrix operator from L,(w) into c,(w).
Proof Since the finite sequence (3", @;x){_, is decreasing for each 1, we have
(zz) 0 (<k=n)
i=k-1
and (37 a1 — Y i @io0)' =D iy ai1. Hence My = sup,; > ;. Moreover,
<Za,k—Zalk 1) Zalk_zalk 1
i=k-1 i=k-1

forl<k<n,so

mA—suplnf{Za,N+ N1 Z n-k+1) (Za,k—Za,kl)}

n>N
Nzl k=N+1 i=k-1

= swp inf ~— NHZZ‘M

k=N i=k
SrE S)
k=1 i=k
Therefore, by Theorem 2.5, we prove the desired result. g

The two examples of Corollary 2.8 are given as follows.
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Example 2.9 Suppose that « > 2 and the matrix A = (a,,) is defined by

L forn>k,
n
Ank =

0 forn<k.

Since Y7 ik =Y i & and Y1 dike1 > Yty dig for 1< k < n, we have 0 < [|A|p,c <
p*¢(a), where C(a) =Y 0, n%

Example 2.10 Suppose that the matrix A = (a,,x) is defined by

_1
n(n+1)

0 for n < k.

for n > k,
Ank =

Since Z?:k aik = Z?:k ﬁ, by Corollary 2.8, we have 0 < ||A|l . <p*.

We apply the above corollary to the following two special cases.
Let (a,) be a non-negative sequence with a; > 0, and A, = a; + - - - + a,,. The Norlund
matrix N, = (a,) is defined as follows:

“"gﬁ forl<k<mn,
n

0 for k > n.

Also the weighted mean matrix M, = (a,) is defined by

forl<k<n,

Ak
Ank = An
0

for k > n.

Corollary 2.11 Suppose that p > 1 and N, = (a,x) is the Norlund matrix and (a,) is an
increasing sequence. Then

n
a;
p* = ”Na”p,w,c SP* (SUPZ _l>

n>1"7 AL’
i=1

ai

Proof Since N, is a summability matrixand )  a;1 =Y+, 4 by applying Corollary 2.8,
we have the desired result. d

Corollary 2.12 Suppose that p > 1 and M, = (a,x) is the weighted mean matrix and (a,)
is a decreasing sequence. Then

n

1
P < 1 Mallpwe < P'm (supZ —).

A
n>1 i=1 i

Proof Since M, is a summability matrixand )"}, a;1 = ) 1, 5, by Corollary 2.8, the proof

is obvious. O

Finally, in the third case, if the rows of C;A are neither increasing nor decreasing, we
present the following theorem.

Page 7 of 11
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Theorem 2.13 Supposethatp >1and A = (a, ) is a non-negative lower triangular matrix.
IfA is a bounded matrix operator from l,(w) into itself, then A is a bounded matrix operator
from l,(w) into c,(w) and

ANl pwe <P Al pw-

Proof We have

00 1 n k p
HA®IE e =D wa|= Y > aggi
n=1 P
e8] n p
=Y wal ) (CA| = [(CAx]) .
n=1 j=1
Hence, by Lemma 2.3, we conclude that [|A||,.c = |CiAllpw < P Allpw- a

We apply the above theorem to the following two N6rlund and weighted mean matrices.

Corollary 2.14 ([7], Corollary 1.3) Suppose that p >1 and N, = (a, ) is the Norlund ma-
trix and (a,) is a decreasing sequence with a,, |, « and o > 0. Then

”Na”p,w :p*'

Corollary 2.15 Suppose that p > 1 and N, = (a,x) is the Norlund matrix and (a,) is a
decreasing sequence with a, | o and a > 0. Then

)2
INgllpwe < ()"
Proof By applying Theorem 2.13 and Corollary 2.14, we have the desired result. 0

Corollary 2.16 ([7], Corollary 1.4) Suppose thatp >1and M, = (a,x) is the weighted mean
matrix and (a,) is an increasing sequence with a, 1 o and o < co. Then

”Ma”p,w :p*'

Corollary 2.17 Suppose that p > 1 and M, = (a, ) is the weighted mean matrix and (a,)
is an increasing sequence with a, 1 o and o < co. Then

12
IMellpe < (£7)"-
Proof By using Theorem 2.13 and Corollary 2.16, the proof is clear. O

3 The norm of matrix operators from cp(w) into I,(w)
In this section, we compute the bounds for the norm of lower triangular matrix operators
from c,(w) into [,(w). In particular, when w,, = 1 for all #, the bounds for the norm of lower
triangular matrix operators from c, into /, are deduced. Moreover, we apply our results
for Cesaro, Norlund and weighted mean matrices.

We begin with a proposition which is needed to prove the main theorem of this section.
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Proposition 3.1 ([6], Proposition 5.1). Let p > 1 and w = (w,) be a decreasing sequence
with non-negative entries, and let C, be the Cesaro matrix. Then we have || Cy |y < p*.

Theorem 3.2 Suppose that p > 1 and w = (w,,) is a sequence with non-negative entries and
A = (a,x) is a lower triangular matrix with non-negative entries. We have

1
VAl = [l < sup(n sup ang).

n>1\ 1<k<n
Moreover, if the right-hand side of the above inequality is finite, then A is a bounded matrix

operator from c,(w) into L,(w). In particular, if w, =1 for all n, then we have

1
S 14l < 4]y < sup(n sup a).

n>1 1<k<n

Proof Suppose that x € c,(w)

»

o0
A%, = " w,
n=1

n
Z Ap Xk
k=1

n=1 L<k=n k=1
» 00 1 n r
< sup(n sup a,,,k) an - Zxk
n>1\ 1<k<n ol nia

p
= sup(n sup an,k> ||x||§'wyc.
n>1 1<k<n

Hence

1A% p,w
——— < sup(\# sup da,i
”x”p,w,c n>1 1<k<n

and

lIAllepw < sup(n sup an,k>.

n>1\ 1<k<n
On the other hand, Proposition 3.1 concludes that ||%||,.c = | Cixllpw < p* 1%l p,w> SO

[Axlpw 1 A%l pw

”x”p,w,c T pr ”x"p,w

Therefore 1% lAllpw < lAllcpw» and the proof is complete. O

Corollary 3.3 Ifp > 1, then the generalized Cesaro matrix Cy is bounded from c,(w) into
L,(w) and

ICx llepw = 1.

Page 9 of 11
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Proof Since

n
su (n sup a ,k>=su — =1,
nzll) lgkgn g nzll) n+N-1

by using Lemma 2.3 and Theorem 3.2, the proof is obvious. O

We apply the above theorem to the following two special cases.

Corollary 3.4 Suppose that p >1 and N, = (a,) is the Norlund matrix and (a,) is a de-
creasing sequence with a,, |, « and o > 0. Then

n
1< INgllepw < a1 sup —.
n>1 {in

Proof By Theorem 3.2 and Corollary 2.14, the proof is clear. O

Example 3.5 Let @ >0 and a,, = o + ﬁ for all n. The sequence (a,) is decreasing and
an | o and also aysup,,.; 7~ =1+ 1.%0

1
I<INallepw =1+ —.
o
Specially [|Ny|l¢pw — 1, when o — oo.

Corollary 3.6 Suppose that p >1 and M, = (anx) is the weighted mean matrix and (a,) is
an increasing sequence with a, 1 o and o < 0o. Then

na,
1< |Mgllepw < sup .

n>1 n

Proof By using Theorem 3.2 and Corollary 2.16, the proof is obvious. O

Example 3.7 Leta, =1- ﬁ for all n. The sequence (a,) is increasing and a,, 1 1 and
also
na, 3as

su = — ~1.091.
nzll) An AS

So
1 < [Mgllepw < 1.091.

4 Conclusions

In the present study, we considered the problem of finding bounds for the norm of lower
triangular matrix operators from [,(w) into ¢,(w) and from c,(w) into [,(w). Moreover, we
computed the norms of certain matrix operators such as Cesaro, Norlund and weighted
mean, and we extended some results of [3, 7].
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