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1 Introduction and preliminaries
A classical question in the theory of functional equations is the following: “When is it true
that a function which approximately satisfies a functional equation must be close to an ex-
act solution of the equation?’ If the problem accepts a solution, we say that the equation is
stable. The first stability problem concerning group homomorphisms was raised by Ulam
[44] in 1940. In the next year, Hyers [23] gave a positive answer to the above question for
additive groups under the assumption that the groups are Banach spaces. In 1978, Rassias
[39] proved a generalization of Hyers’ theorem for additive mappings. This new concept is
known as generalized Hyers-Ulam stability or Hyers-Ulam-Rassias stability of functional
equations. Furthermore, in 1994, a generalization of Rassias’ theorem was obtained by
Gévruta [21] by replacing the bound €(J|x||” + ||y||”) by a general control function ¢(x, y).
In 1983, a generalized Hyers-Ulam stability problem for the quadratic functional equa-
tion was proved by Skof [43] for mappings f : X — Y, where X is a normed space and Y is
a Banach space. In 1984, Cholewa [11] noticed that the theorem of Skof is still true if the
relevant domain X is replaced by an Abelian group and, in 2002, Czerwik [13] proved the
generalized Hyers-Ulam stability of the quadratic functional equation. The reader is re-
ferred to [1-42] and references therein for detailed information on stability of functional

equations.
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In 1897, Hensel [22] has introduced a normed space which does not have the Archimede-
an property. It turned out that non-Archimedean spaces have many nice applications (see
(16, 25-27, 33]).

Definition 1.1 By a non-Archimedean field, we mean a field K equipped with a function
(valuation) | - | : K — [0, 00) such that for all 7, s € K, the following conditions hold:

(1) |rl =0ifand only if r = 0;

(2) Irs| = Irllsl;

(3) Ir+s| < max{|r|, s|}.

Definition 1.2 Let X be a vector space over a scalar field K with a non-Archimedean non-
trivial valuation | - |. A function || - || : X — R is a non-Archimedean norm (valuation) if it
satisfies the following conditions:

(1) llzll =0 if and only if x = 0;

@) Nrxll = 1Irlilxll (r € K, x € X);

(3) The strong triangle inequality (ultrametric); namely,

Il + yll < max{llxl, Iy}, =xyeX.
Then (X, || - ||) is called a non-Archimedean space.

Due to the fact that
%60 = %l < max{llwjs1 2l :m <j<n-1} (n>m).

Definition 1.3 A sequence {x,} is Cauchy if and only if {x,,; — x,} converges to zero in a
non-Archimedean space. By a complete non-Archimedean space we mean one in which
every Cauchy sequence is convergent.

Definition 1.4 Let X be aset. A functiond : X x X — [0, 00] is called a generalized metric
on X if d satisfies

(1) d(x,y) =0 ifand only if x = y;

(2) d(x,y) =d(y,x) for all x,y € X;

(3) d(x,z) <d(x,y) +d(y,z) forall x,y,z € X.

We recall a fundamental result in fixed point theory.

Theorem 1.5 ([13,17]) Let (X, d) be a complete generalized metric space and let ] : X — X
be a strictly contractive mapping with Lipschitz constant o < 1. Then for each given element
x € X, either

d(]"x,]" %) = 00

for all nonnegative integers n or there exists a positive integer ny such that
1) d(J"x,]"'x) < 00, Vi > ny;
(2) the sequence {J"x} converges to a fixed point y of J;
(3) y is the unique fixed point of ] in the set Y = {y € X | d(J"™x,y) < oo};
4) dy,y') < Zd,Jy) forally € Y.


http://www.journalofinequalitiesandapplications.com/content/2012/1/174

Park et al. Journal of Inequalities and Applications 2012, 2012:174 Page 3 0of 18
http://www.journalofinequalitiesandapplications.com/content/2012/1/174

In 1996, G. Isac and Th. M. Rassias [24] were the first to provide applications of stability
theory of functional equations for the proof of new fixed-point theorems with applica-
tions. By using fixed-point methods, the stability problems of several functional equations
have been extensively investigated by a number of authors (see [14, 15, 35, 36, 40]).

This paper is organized as follows: In Section 2, using the fixed-point method, we prove
the Hyers-Ulam stability of the following additive-quadratic functional equation:

A2 A2 () (229

=yf@) +yf) +vf(2), (11)

where x,y,z € X, in non-Archimedean normed space. In Section 3, using direct methods,
we prove the Hyers-Ulam stability of the additive-quadratic functional equation (1.1) in
non-Archimedean normed spaces.

It is easy to see that a mapping f with f(0) = O is a solution of equation (1.1) if and only
if f is of the form f(x) = A(x) + Q(x) for all x € X.

2 Stability of functional equation (1.1): a fixed point method
In this section, we deal with the stability problem for the additive-quadratic functional
equation (1.1). In the rest of the present article, let |2| #1.

Theorem 2.1 Let X is a non-Archimedean normed space and that Y be a complete non-
Archimedean space. Let ¢ : X> — [0,00) be a function such that there exists an a < 1 with

®(2x,2y,22) < [2|ap(x,,2) (2.1)
forallx,y,z€ X. Let f : X — Y be an odd mapping satisfying
Hrf(x+y+z> +rf<x—y+z) +rf(x+y—z)
s s s

eof (FLE) - p o) - ) - 0

<92 (2.2)
Y

forall x,y,z € X. Then there exists a unique additive mapping A : X — Y such that

max{p(2x,0,0), p(x,x,0)}

x)-A) |, < (2.3)
“f ||Y |2]/|(1—0l)
forallx € X.
Proof Putting y = z = 0 in (2.2) and replacing x by 2x, we get
2 1
() -Lren| < om0 4
s 2 y 12

for all x € X. Putting y = x and z = 0 in (2.2), we have

(%) - v

1
< m(p(x, x,0) (2.5)
Y
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for all x € X. By (2.4) and (2.5), we get

e

_ LH Zf(zx)irf<2—x) ~yf(x)
y lvll2 5 Y

< 1 max{ rf(z—x> - Zf(29€) ) 7f<2—x) - vf(®) }
4l s 2 Y s v
ﬁ max{go(Zx,O 0), p(x, x, 0)} (2.6)

Consider the set S:= {/#: X — Y} and introduce the generalized metric on S:

d(g, h) = inf{,u € (0, +00) : ||g(x) H y = Mmax{¢(2x, 0,0),90(x,x,0)},‘v’x € X},
where, as usual, inf¢ = +00. It is easy to show that (S,d) is complete (see [30]). Now we
consider the linear mapping J : S — S such that Jg(x) := %g(2x) forallx € X.Letg,h e Sbe
given such that d(g, 1) = €. Then

”g(x) H y <€ max{(p(2x, 0,0),g0(x,x,0)}

for all x € X. Hence,

Vg) - Jhx) |, = H %g(Zx) - %h(Zx)

Y
_ llg(2x) ~ h2x)lly
2]

€
< 2 max{g(4x,0,0), ¢(2x,2x,0)}

<a-€ max{<p(2x,0, 0), p(x, x, 0)}

for all x € X. So d(g, h) = ¢ implies that d(Jg, /i) < ae. This means that d(Jg,Jh) < ad(g, h)
forallg,h e S.

It follows from (2.6) that d(f, Jf) < -
Y satisfying the following:

(1) A is a fixed point of /, i.e.,

|2y\ By Theorem 1.5, there exists a mapping A : X —

2A(x) = A(2x) (2.7)

for all x € X. The mapping A is a unique fixed point of / in the set M = {g € S: d(h, g) < 00}.
This implies that A is a unique mapping satisfying (2.7) such that there exists a u € (0, 00)
satisfying ||f(x) — A(x)|ly < umax{p(2x,0,0),¢(x,x,0)} for all x € X;

(2) d(J"f,A) — 0 as n — oo. This implies the equality

2}1
lim f(znx) =A(x) forallxeX;

n—00

(3)d(f,A) < = ad(f Jf), which implies the inequality d(f, A) <
the inequalities (2.3) holds.

W This implies that

Page 4 of 18
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It follows from (2.1) and (2.2) that

HrA<x+y+z>+rA<x—y+z>+rA(x+y—z>
s s s

rrA( L) ) - pa0) -y

Y

rf<2”(x+sy+z)) +,tf<2”(x—sy+z)> +’:f<2”(x+y—z))

S

lim
n—oo |2|"

eof (P Cp) - v @) - v @29)

Y
. 1

< lim |2|n¢(2nx,2”y,2"z)

< lim 2P 12| p(x, v, 2)

=0
forall x,5,z € X. So

rA(x+y+z) +rA<x—y+z> +7A(x+y—z)
s s s
. A(7y> YA - yAW) - yAE) = 0
s

for all x,7,z € X. Hence, A : X — Y satisfying (1.1). This completes the proof. O

Corollary 2.2 Let 0 be a positive real number and q is a real number with q > 1. Let f :
X — Y be an odd mapping satisfying

rf<x+i/+z>+rf<x—jsz+z)+rf<x+z—z>

rof (T2 <0100 - 1@

<Ol + Iy17 + l1211) (2.8)
Y

forall x,y,z € X. Then there exists a unique additive mapping A : X — Y such that

2(216|x[|7

) -4l < 5w

forallx € X.

Proof The proof follows from Theorem 2.1 by taking ¢(x,y,z) = 0(||x||7 + ||y|| + ||z||9) for

all x,y,z € X. Then we can choose o = [2]97! and we get the desired result. O

Theorem 2.3 Let X is a non-Archimedean normed space and that Y be a complete non-

Archimedean space. Let ¢ : X3 — [0,00) be a function such that there exists an o < 1 with

Xy z o
222 < — oy, 2.9
‘P(z 5 2)_|2|<ﬂ(xy2) (2.9)
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for all x,y,z € X. Let f : X — Y be an odd mapping satisfying (2.2). Then there exists a
unique additive mapping A : X — Y such that

amax{p(2x,0,0), p(x,x,0)}
12y1(1-«a)

[f0) - A, =

forallx € X.

Proof Let (S,d) be the generalized metric space defined in the proof of Theorem 2.1.
Now we consider the linear mapping J : S — S such that

Jg(x) = 2g<g>

for allx € X.
Replacing x by 7 in (2.6) and using (2.9), we have

oo}

—= — max (px) ) 1(0 A
y VI 2°2

< |2a? max{<p(2x, 0,0), p(x,x, O)}. (2.10)
Sod(f,Jf) < ‘2“7
The rest of the proof is similar to the proof of Theorem 2.1. d

Corollary 2.4 Let 0 be a positive real number and q is a real number with 0 < g <1. Let
f X — Y be an odd mapping satisfying (2.8). Then there exists a unique additive mapping
A: X — Y such that

21216|x(|7

O A T T

forallx € X.

Proof The proof follows from Theorem 2.3 by taking ¢(x,,2) = 0(||x]|7 + [|y||? + ||z||9) for

all x, 9,z € X. Then we can choose o = 2|7 and we get the desired result. O

Theorem 2.5 Let X is a non-Archimedean normed space and that Y be a complete non-

Archimedean space. Let ¢ : X3 — [0,00) be a function such that there exists an o < 1 with
@(2%,2y,22) < |4lagp(x,y,2) (2.11)

forallx,y,z€ X. Let f : X — Y be an even mapping with f (0) = 0 and satisfying (2.2). Then
there exists a unique quadratic mapping Q : X — Y such that

max{g(2x,0,0),|2|¢(x,x,0)}
Ifx) - Q) |, < o) (2.12)

forallx € X.
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Proof Consider the set S” = {g: X — Y;g(0) = 0} and the generalized metric 4" in S~ de-
fined by

d*(g, h) = inf{u € (0,+00) : ||g(x) — h(x) ||Y < Mmax{w(Zx,O, 0), 12|p(x, x, 0)},Vx € X},

where, as usual, inf¢ = +oo0. It is easy to show that (S",d") is complete (see [30]). Now we
consider the linear mapping J : (S',d") — (S',d’) such that

Jeo) = 34(2%)

forallx € X.
Putting y = x and z = 0 in (2.2), we have

2#(?) ~27f()

< ¢(x,x,0) (2.13)
Y

forallx € X.
Substituting y = z = 0 and then replacing x by 2x in (2.2), we obtain

By (2.13) and (2.14), we get

aof (%) - s

< ¢(2%,0,0). (2.14)
Y

8 g = o2 (%) 2w - (a0 (%) - vrem)
4 y 14yl s s Y
< a2 () <2vr)| arr (%) - rem)| |
< Hl? max{go(Zx, 0,0), 12]¢(x,x, 0)}. (2.15)
The rest of the proof is similar to the proof of Theorem 2.1. d

Corollary 2.6 Let 0 be a positive real number and q is a real number with q > 2. Let f
X — Y be an even mapping with f(0) = 0 and satisfying (2.8). Then there exists a unique
quadratic mapping Q : X — Y such that

|412]2]6 x|
Ifx) - Q)| < [4y1(14] - |2|9)
forall x € X.

Proof The proof follows from Theorem 2.5 by taking ¢(x, y,z) = 6(||x[|7 + ||y]|? + ||z[|%) for
all x, 9,z € X. Then we can choose « = [2|97% and we get the desired result. O

Theorem 2.7 Let X is a non-Archimedean normed space and that Y be a complete non-
Archimedean space. Let ¢ : X> — [0,00) be a function such that there exists an a < 1 with

Xy z o
XY Z2) <X oy, 2.16
‘P(z 5 2)_ |4|¢(xy2) ( )
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forallx,y,z€ X. Let f : X — Y be an even mapping with f (0) = 0 and satisfying (2.2). Then
there exists a unique quadratic mapping Q : X — Y such that

amax{p(2x,0,0),]2|¢(x,x,0)}

) -QW)||, < (2.17)
U Iy |4y1(1-a)
forallx € X.
Proof 1t follows from (2.15) that

H/(x) 4f(f> < 1 max{(p(x 0,0) |2|(p(f x 0) }

2 Y — | }/ | ol 7 b 2 7 2 b
< < max{(p(Zx, 0,0), 12]p(x,x, O)}.
4|

The rest of the proof is similar to the proof of Theorems 2.1 and 2.5. O

Corollary 2.8 Let 6 be a positive real number and q is a real number with 0 < g < 2. Let
f:X — Y bean even mapping with f(0) = 0 and satisfying (2.8). Then there exists a unique
quadratic mapping Q : X — Y such that

_l4ppiolss
e =@l < 7
for’ allx € X.

Proof The proof follows from Theorem 2.7 by taking ¢(x,y,z) = 0(||x]|7 + ||y||? + ||z||9) for
all x,y,z € X. Then we can choose « = |2|>°7 and we get the desired result. O

Let f: X — Y be a mapping satisfying f(0) = 0 and (L.1). Let f,(x) := L2 and £, (x) =

f—(")’zf 9 Then f is an even mapping satisfying (1.1) and f, is an odd mapping satisfying
(1.1) such that f(x) = fo(x) + fo(x).
On the other hand
max{Dy(x,y,2), Dy(~x,~y,—2)} _ max{g(x,,2), p(~x, —y,~2)}
Dy, (x,3,2)|| < LRPETTR DT : >

12| B 12

and

max{Dy(x,y,2), Dy (=%, —y, —2)} _ max{e(x,,2), (=%, -y, ~2)}

D ) S —

forallx, y, z € X, where Dy(x, 9, 2) is the difference operator of the functional equation (1.1).
So we obtain the following theorem.

Theorem 2.9 Let X is a non-Archimedean normed space and that Y be a complete non-
Archimedean space. Let ¢ : X> — [0,00) be a function such that there exists an a < 1 with

0(2x,2y,22) < |4|ap(x,y,2)
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forallx,y,ze X. Let f : X — Y be a mapping with f(0) = 0 and satisfying (2.2). Then there
exist a unique additive mapping A : X — Y and a unique quadratic mapping Q: X — Y
such that

If (x) - A(x) - Q)| ,

’f(x) S FEH9) _ oy

’

Y

—A(x)

)

max{max{¢(2x, 0, 0), p(-2x, 0,0)}, max{@(x,x, 0), p(-x, —x,0)}}
14711 - @) ’
max{max{@(2x,0,0), p(-2x,0,0)}, 2| max{p(x,x,0), p(—x, —x, 0)}}
18y1(1 - ) }

< max{

< max{

forallx € X.

Theorem 2.10 Let X is a non-Archimedean normed space and that Y be a complete non-

Archimedean space. Let ¢ : X> — [0,00) be a function such that there exists an a < 1 with

o522 _a9x9,2)
2'2°2) = |2

forallx,y,ze X. Let f : X — Y be a mapping with f(0) = 0 and satisfying (2.2). Then there
exist a unique additive mapping A : X — Y and a unique quadratic mapping Q: X — Y
such that

I (x) - A(x) - Q)| ,

{ max{max{¢(2x, 0,0), p(-2x,0,0)}, max{p(x,x,0), p(-x, —x, 0)}}
< o max ,
|4y |(1-a)

maX{maX{(p(2x, 0, 0), @(—Zx, 0) 0)}y |2| maX{qo(x, X, 0)1 ¢(—x» —X, 0)}} }
18yI(1-«a)
forallx € X.

3 Stability of functional equation (1.1): a direct method
In this section, using direct method, we prove the generalized Hyers-Ulam stability of the

additive-quadratic functional equation (1.1) in non-Archimedean space.

Theorem 3.1 Let G be a vector space and that X is a non-Archimedean Banach space.
Assume that ¢ : G> — [0, +00) be a function such that

m 2re( 2,2 2)
tim 25, 2, %) <0 (1)

forall x,y,z € G. Suppose that, for any x € G, the limit

. X X X
Qx) = nlin;omax{|2|kmax{¢(§,0, 0)"”(%’ W’O) };o <k< n} (3.2)

Page9of 18
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exists and f : G — X be an odd mapping satisfying

2 () (227

: rf(w) ) - vf) - (@)

S

<o¢xy2). (3.3)
X

Then the limit
. x
A(x) := lim 2”f(—)
n—00 on
exists for all x € G and defines an additive mapping A : G — X such that
1
l[fx) - AW < mﬂ(x) (3.4)

Moreover, if

lim i 2/ =,0,0),0( o=, =0 lij<k<n+jt =0
ji%loningomax |2]" max| @ %00 )e\ oo g s j<k<n+ji=

then A is the unique additive mapping satisfying (3.4).

Proof By (2.10), we know

o)

for all x € G. Replacing x by 5; in (3.5), we obtain

X 41 X
()55 ),
[2]" X x x
< |y| maxy ¢ 5,0,0 % W,%,O . (36)

Thus, it follows from (3.1) and (3.6) that the sequence {2"f(5;)},=1 is a Cauchy sequence.

1 X X
< — max{¢(x,0,0),¢ =,=,0 (3.5)
x 7l 22

Since X is complete, it follows that {2"f(35)},>1 is convergent. Set
. x
A(x) := lim 2”f(—).
n—00 on
By induction on #, one can show that
x
(2) s
X

1 X X x
< I)/_I max{|2|kmax{<p(§,0,0>,¢(%, F,O) };0 <k< n} (3.7)

Page 10 of 18
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for all » > 1 and x € G. By taking n — oo in (3.7) and using (3.2), one obtains (3.4). By (3.1)
and (3.3), we get

HrA<x+y+z>+rA<x—y+z>+rA(x+y—z>
s s s

+rA(%) yA®) - yAG) - yA@)

X

rf<x+y+z>+;f(x—2)rlls+z>+’f<x+2)nls—z)
o (Z555)(5) - (35) - ()

< hm 12] (,0(ﬁ % %)

=0

= lim |2|"
n—o0

X

for all x,7,z € X. Therefore, the mapping A : G — X satisfies (1.1).
To prove the uniqueness property of 4, let L be another mapping satisfying (3.4). Then

we have
|A@) - Le |
A(5:)-(3)
2" 2" [l x
X x x x
Al —)-fl = — |-L[ —
&)~ GLE) ()L
< lim i 2k X 0,0)0( =, X o) j<k<n+j
_ji?onLn;omax |2]" max{ ¢ 70 ,Q ST’ kel s j<k<n+j

=0

= lim |2/
n—0o0

’

X

< lim |2/" max{

k— o0

for all x € G. Therefore, A = L. This completes the proof. 0
Corollary 3.2 Let & : [0,00) — [0,00) be a function satisfying
(1217') <&(1217)s@),  &(1217) <21

forallt > 0. Assume that k >0 and f : G — X be a mapping with f(0) = 0 such that

rf<x+y+z)+rf(x—i/+z)+rf<x+:—z)

+rf(w>—yf(x)—yf(y)—yf(z) <k (E(Ixl) +E(Iyl) +£(lzl)) (3.8)
X

forall x,y,z € G. Then there exists a unique additive mapping A : G — X such that

) - A = o ma e 1) 2w 1) |

Page 11 0of 18
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Proof Defining ¢ : G> — [0, 00) by ¢(x,,2) := k(& (||x])) + E(ly|l) + £(]|z]|)), then we have

lim [2| w( o i) < 1im (121 (121™))"¢(®.5,2) = 0

n—00 2” on

for all x,7,z € G. The last equality comes form the fact that |2|£(]2|™}) < 1. On the other
hand, it follows that

. x x  x
Qx) = nlin;omax{|2|kmax{<p<2—k,0,0>,<p<ﬁ, W'O) };0 <kc< n}

< max{ (x,0,0), (p( )

|
= max{K{(llxll ¢ (lll }

121"

exists for all x € G. Also, we have

lim hmmax |2|kmax 0,0 ii() ij<k<n+j
jsoon 2k’ ¢ 2k+1’2k+1’ =K J

= lim |2} max f00 * * 0
_/*)oo (p 2}, ) ,(P 2j+172}-+1!

=0.

Thus, applying Theorem 3.1, we have the conclusion. This completes the proof. O

Theorem 3.3 Let G be a vector space and that X is a non-Archimedean Banach space.

Assume that ¢ : G*> — [0, +00) be a function such that

lim ©(2"x,2"y,2"z)

n—00 |2]"

-0 (3.9)

forall x,y,z € G. Suppose that, for any x € G, the limit

max{p(25*1x,0,0), p(2*x, 2Xx,0)}
|2k

Q(x) = lim max{ ;0<k< n} (3.10)

existsandf : G — X be an odd mapping satisfying (3.3). Then the limit A(x) := lim,,_, oo f%—zx)

exists for all x € G and

If®) - AW, < = |2 | Q) (3.11)

for all x € G. Moreover, if

lim lim max
J—>00 n—>00

{max{go(2k*1x,() ,0),9(2"%,2x,0)} .

o[ <k<n+1}

then A is the unique mapping satisfying (3.11).
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Proof By (2.6), we get

2 2 70,0 ) ) 70
‘f( x) fw| < max{p(2x,0,0),¢(x,,0)} (3.12)
2 X 12y|
for all x € G. Replacing x by 2"x in (3.12), we obtain
2"1%,0,0), 9(2"x,2"x,0
i _ max{p(2"15,0,0), (2%, 2'%, 0)} 613

Hf(2n+1 f(2”x)
2n+1 on

x 12y 112"

Thus, it follows from (3.9) and (3.13) that the sequence {f (izx) }u>1 is convergent. Set

A(x) := lim f(2”x)'

n—oo 2N

On the other hand, it follows from (3.13) that

f(2Px)  f(29x)
’ 24 o4

X

LN F2k ) f(2%%)
okl T ok

X

{ Hf(2k+1 f(ka)

k=p

2k+1 ok ’p§k<q_1}

X

< — max

{max{go(Zk”x,O ,0), o(2%x, 2kx,0)}
~12y]

2/F <k<q}

forall x € G and p,q > 0 with g > p > 0. Letting p = 0, taking g — oo in the last inequality

and using (3.10), we obtain (3.11).
The rest of the proof is similar to the proof of Theorem 3.1. This completes the proof.
O

Theorem 3.4 Let G be a vector space and that X is a non-Archimedean Banach space.
Assume that ¢ : G> — [0, +00) be a function such that

Tim [4] <p<2x—n % 21) -0 (3.14)

forall x,y,z € G. Suppose that, for any x € G, the limit

O®) = lim max{ |4 max{o( =,0,0), 120 —, ——,0) L0 <k (3.15)
x T s 00 X X\ ¢ 2/(’ ’ ’ ¥ 2k+1’2k+1’ W= k<n :

exists and f : G — X be an even mapping with f(0) = 0 and satisfying (3.3). Then the limit
Q) := limy,,  4"f (35) exists for all x € G and defines a quadratic mapping Q: G — X
such that

1£) - QW) < —©(). (3.16)
ly|
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Moreover, if

. . X X X , .
jETOHILTOmax{|4|kmax{¢<?,0,0>, |2|¢<W, W’O) };] <k<n +1} =0

then Q is the unique additive mapping satisfying (3.16).

Proof 1t follows from (2.15) that

o-s()

Replacing x by 3 in (3.18), we have

wef % weief % |4]" x x  x
’4f(§>_4 f(%) XS |)/| maxy ¢ ?:0,0 :|2|(p WIW:O . (3'18)

It follows from (3.14) and (3.18) that the sequence {4"f(35)},>1 is Cauchy sequence. The
rest of the proof is similar to the proof of Theorem 3.1. O

1 X X
< — maxi¢(x,0,0),2|¢| =,=,0 ). (3.17)
x 17l 2°2

Similarly, we can obtain the followings. We will omit the proof.

Theorem 3.5 Let G be a vector space and that X is a non-Archimedean Banach space.
Assume that ¢ : G> — [0, +00) be a function such that

lim ©(2"x,2"y,2"z)

n—00 |4|"

-0 (3.19)

forall x,y,z € G. Suppose that, for any x € G, the limit

®(x) = lim max

n—00

21%,0,0), p(2kx, 2%%,0
{max{(p( x |4|)k<p( %, 2% )};ofkq,} (3.20)

exists and f : G — X be an even mapping with f(0) = 0 and satisfying (3.3). Then the limit

Q) := limy_ oo L (in) exists for all x € G and

If () - Q)| < (x) (3.21)

1
— 0
|41

for all x € G. Moreover, if

lim lim max
Jj—00 n—>00

2k+1%.0,0), (2% x, 2K x, 0
{max{go( x |4|3((p( il )};j§k<n+j}=0,

then Q is the unique mapping satisfying (3.21).

Let f: X — Y be a mapping satisfying f(0) = 0 and (1.1). Let f.(x) := W and f,(x) =

f(x);ﬂ. Then f, is an even mapping satisfying (1.1) and f, is an odd mapping satisfying

(1.1) such that f(x) = f.(x) + f5(x). On the other hand,

max{g(x, ¥, z), p(—x, =y, —2)}
2]

|Ds,3.2)] =<
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and

max{p(x, y, 2), p(—x, -y, —2)}
2]

oA TR =

forallx, y, z € X, where Dy(x, 9, z) is the difference operator of the functional equation (1.1).
So we obtain the following theorem.

Theorem 3.6 Let G be a vector space and that X is a non-Archimedean Banach space.
Assume that ¢ : G> — [0, +00) be a function such that

lim ©(2"x,2"y,2"z) _

n—00 |4|”

forall x,y,z € G. Suppose that the limits

Q'(x) = lim max {max{max{w(Zk”x, 0,0),g0(—2k+1x, 0,0)},

n—00 0<k<n
max{g(2°x, 25 x,0), o (—2°x, ~2°x,0) } } /12" }

and

© (x) = lim max {max{max{(p(Zk*lx, 0, 0),<p(—2k*1x, 0, 0)},

n—0o0 0<k<n

max e (2%x,2%x,0), o (2%, ~2%x,0) }}/ (121141%)}

exist for all x € G and f : G — X be a mapping with f(0) = 0 and satisfying (3.3). Then
there exist an additive mapping A : G — X and a quadratic mapping Q : G — X such that

If (%) - A@x) - Q)|

< { Hf(x) S ol JOSE }

2 X 2 X
< max{ LSf(x) L®*(x)} (3.22)
- 2y1" 77 |4y '

for all x € G. Moreover, if
lim lim jgf%{max{max{ 0(21%,0,0), p(-2""x,0,0)},
max{¢p(2°x,2x,0), o (-2x, -2%x,0) } }/12/F*} = 0
and
lim lim, jg}frﬁj{max{max{(p (251%,0,0), (-2"%,0,0)},

max{<p(2kx, 2kx,0),g0(—2kx, —2kx, 0)}}/(|2||4|k)} =0

then A, Q are the unique mappings satisfying (3.22).
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Theorem 3.7 Let G be a vector space and that X is a non-Archimedean Banach space.
Assume that ¢ : G> — [0, +00) be a function such that

X ¥y z
hm 2] (p(— o 2—n)=0

forall x,y,z € G. Suppose that the limits
Q) = - 1i 2/¢ X 0,0),0( =00
x) = — lim max max{ max —,0,0 ),0| =0, )
12] 2 00 0 Sk P\ o P\ 2k

X X X —X
maxy ¢ W’W’O % %,Wyo

and
0 ()= — I e 000,0),9(5£,0,0
& (X)) = — l1m max max{ max — Y, » — Y, )
|2| n—00 0<k<n ¢ 2k ¢ Zk

X X X X
|2| max{ ¢ W’W'O 1% W’%’O

exist for all x € G and f : G — X be a mapping with f(0) = 0 and satisfying (3.3). Then
there exist an additive mapping A : G — X and a quadratic mapping Q : G — X such that

£ - A - Q)| , < "2 ﬁ‘f’@ @) (323)

forall x € G. Moreover, if

lim lim max {|2| max{max{w( ,0, 0>,g0( ,0, 0)}
J—> 00 =00 j<k<n+j

x X
max ¢\ oer eV )¢ 2k+1 2k+1’

and
lim lim max |4|kmax max ad 0,0 i 0,0
/‘*)OOVI—>OO]'§k<n+j (p 2/(’ ’ 1(;0 2]( Yy )

X  x -x -
|2|max () %,W,O % W,%,O =0
then A, Q are the unique mappings satisfying (3.23).

4 Conclusion

We linked here two different disciplines, namely, the non-Archimedean normed spaces
and functional equations. We established the generalized Hyers-Ulam stability of the func-
tional equation (1.1) in non-Archimedean normed spaces.
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