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1 Introduction
In the present article, our main purpose is to study the split problem. First, we recall some

relevant background in the literature.

Problem 1: the split feasibility problem

Let C and Q be two nonempty closed convex subsets of Hilbert spaces H; and H,, respec-
tively, and let A : H; — H, be a bounded linear operator. The problem of finding a point
x* such that

x*eC and Ax*€Q 1.1)

is called the split feasibility; it was first introduced by Censor and Elfving [1] in finite di-
mensional Hilbert spaces. Such problems arise in the field of intensity-modulated radia-
tion therapy when one attempts to describe physical dose constraints and equivalent uni-
form dose constraints within a single model. When C € RN and Q € R are a single pair

of sets, Censor and Elfving [1] introduced the simultaneous multi-projections algorithm:
Xper = A7 (T + 20AA%) T (a4 A4, >0, (1.2)

where A1 >0, A2 >0, A1 + Ay =1, v/* = Pféi(b,,) (i=1,2), and b, is the solution of the equa-

tion

2 2
D NVfilba) = > VA(WVY).
i=1 i=1
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Note that the simultaneous multi-projections algorithm (1.2) involve a matrix inversion
A7l at each iterative step. This is very time-consuming, particularly if the dimensions are
large. In order to solve this problem, Byrne [2] derived a new algorithm, called the CQ-
algorithm:

%pi1 = Pe(x, — TA*(I - Po)Ax,), n=>0,

where t € (0, %) with L being the largest eigenvalue of the matrix A*A, [ is the unit matrix
or operator, and P¢ and P denote the orthogonal projections onto C and Q, respectively.
The CQ-algorithm and its variant forms have now been studied for the split feasibility

problem; see, for instance [3-13].

Problem 2: the split common fixed point problem

If every closed convex subset of a Hilbert space is the fixed point set of its associating
projection, then the split feasibility problem becomes a special case of the split common
fixed point problem of finding a point x* with the property:

x* eFix(U) and Ax* e Fix(T). (1.3)

This problem was first introduced by Censor and Segal [14] who invented an algorithm
which generates a sequence {x,} according to the iterative procedure:

KXpsl = L[(xn —-yA*(I - T)Axn), neN. (1.4)
Moudafi [15] extended (1.4) to the following relaxed algorithm:
Xpi1 = Uy, (00 + yA* (T —DAx,), neN,

where g8 € (0,1), o, € (0,1) are relaxation parameters. Consequently, Wang and Xu [16]
considered a general cyclic algorithm. Very recently, the split problem has also been ex-
tended to solve other problems, such as the split monotone variational inclusions and the
split variational inequalities, please refer to [15,17-22] and [23-25].

Problem 3: the equilibrium problem
Consider the following equilibrium problem: Finding x* € C such that

F(x*,x) >0, VxeC, 1.5)

where F: C x C — R is a bifunction. We will denote by EP(F) the set of solutions of (1.5).
The equilibrium problems, in its various forms, found application in optimization prob-
lems, fixed point problems, and convex minimization problems; in other words, equi-
librium problems are a unified model for problems arising in physics, engineering, eco-
nomics, and so on (see [26—29]).
Motivated by the split common fixed point problem and the equilibrium problem, He
and Du [30] presented the following split equilibrium problem and fixed point problem:

Find a point x* € Fix(T) N EP(F) such that Ax* € Fix(S) N EP(G), (1.6)
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where Fix(S) and Fix(7T') are the sets of fixed points of two nonlinear mappings S and
T, respectively, EP(F) and EP(G) are the solution sets of two equilibrium problems with
bifunctions F and G, respectively, and A is a bounded linear mapping. Denote the solution
set of (1.6) by

I' = {x € Fix(T) N EP(F) : Ax € Fix(S) N EP(G)}.

Special cases
1. If F=0and G =0, then (1.6) is reduced to the following split common fixed point
problem, which has been considered by many authors, for example, [14, 15, 17] and
[21]:

Find a point ™ € Fix(T) such that Ax* € Fix(S). (1.7)

2. If S=Pgand T = Pc, then (1.7) is reduced to the split feasibility problem (1.1).
3. If Sand T are all identity operators, then (1.6) is reduced to the split equilibrium
problem which has been considered in [18]:

Find a point * € EP(F) such that Ax* € EP(G).

Based on the work in this direction, in this paper we will develop new algorithms to
solve the split equilibrium problem and the fixed point problem (1.6). We first introduce a
parallel superimposed algorithm. Consequently, strong convergence theorems are shown
with some analysis techniques.

2 Preliminaries
Let H be a real Hilbert space with inner product (-,-) and norm | - ||, respectively. Let C
be a nonempty closed convex subset of H.

Definition 2.1 A mapping T : C — C is called nonexpansive if
1Tx =Tyl < llx =yl
forallx,y € C.
We will use Fix(T') to denote the set of fixed points of 7', that is, Fix(T) = {x € C : x = Tx}.
Definition 2.2 A mapping f : C — C is called contractive if
lf@) —f)| < plx-yl
for all x,¥ € C and for some constant p € (0,1). In this case, we call f is a p-contraction.

Definition 2.3 A linear bounded operator B: H — H is called strongly positive if there
exists a constant y > 0 such that

(Bx,x) > y ||x|?

forallx,y € H.
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Definition 2.4 We call P¢: H — C the metric projection if for each x € H
|4 = Pc(®)|| = inf{llx -yl : y € C}.
It is well known that the metric projection P¢c : H — C is characterized by
{x = Pc(x),y - Pc(x)) <0

forall x € H, y € C. From this, we can deduce that P¢ is firmly nonexpansive, that is,

|Pc) = Pe)||* < (x =3, Pc(x) - Pe()) @.1)

for all x,y € H. Hence Pc is also nonexpansive.
It is well known that in a real Hilbert space H, the following two equalities hold:

2+ @ =0y = tllxl + @ = Olyll* - 1 - £) |~ 52 (2.2)
forallx,y € H and ¢ € [0,1], and

e+ y1% = lll® + 26, 9) + 112 (2.3)
for all v,y € H. It follows that

I+ y1% < llxl1 + 2(p, % + ) (2.4)

forallx,y € H.

Throughout this paper, we assume that a bifunction F : C x C — R satisfies the following
conditions:

(H1) F(x,x)=0 forallx e C;

(H2) F is monotone, i.e., F(x,y) + F(y,x) <0 for all x,y € C;

(H3) for each w,y,z € C, lim; o F(tz + (1 - t)x,y) < F(x,9);

(H4) for each x € C, y — F(x,y) is convex and lower semicontinuous.

Lemma 2.5 ([31]) Let C be a nonempty closed convex subset of a real Hilbert space H. Let
F:C x C — R be a bifunction which satisfies conditions (H1)-(H4). Let r > 0 and x € C.
Then there exists z € C such that

1
F(z,y)+-(y-zz-x)>0, VyeC.
r
Further, if Uf(x) = {z € C: F(z,y) + %(y —z,z—x) > 0,Vy € C}, then the following hold:
(i) UF is single-valued and UF is firmly nonexpansive, i.e., for any x,y € H,
|Ufx— ULyl < (Ufx— Ufy,x-y);
(i) EP(F) is closed and convex and EP(F) = Fix(UF).

Lemma 2.6 ([32]) Let the mapping UL be defined as in Lemma 2.5. Then, for r,s > 0 and
x,y € H,
|s 7|

|67 - o) = e =yl + ——= U0 -]
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Lemma 2.7 ([33]) Let {x,} and {y,} be two bounded sequences in a Banach space X and
let {B,} be a sequence in [0,1] with 0 < liminf,_.» B, <limsup,_, ., Bx < 1. Suppose that

X+l = (1 - ﬂn)yn + ﬁnxn
foralln> 0 and

tim sup([| 1 = Yull = [%s1 = %ll) < 0.

n—0oQ0

Then lim,,_, o ||yn — x4l = 0.

Lemma 2.8 ([34]) Let C be a closed convex subset of a real Hilbert space H and let S : C —
C be a nonexpansive mapping. Then the mapping I — S is demiclosed. That is, if {x,} is a
sequence in C such that x, — x* weakly and (I — S)x,, — y strongly, then (I — S)x* = y.

Lemma 2.9 ([35]) Assume that {a,} is a sequence of nonnegative real numbers such that
An+l S (1 - Vn)ﬂn + 8;1: ne N;

where {y,} is a sequence in (0,1) and {3,} is a sequence such that
(1) 221 VYn = O0;
(2) limsup,_, o f/—z <0o0rY 2|8, < 0.

Then lim,_, o a,, = 0.

3 Main results
In this section, we introduce our algorithm and prove our main results.

Let H; and H; be two real Hilbert spaces and let C and D be two nonempty closed convex
subsets of H; and H,, respectively. Let A : H; — H, be a bounded linear operator with its
adjoint A*, B be a strongly positive bounded linear operator on H; with coefficient y > 0.
Letf:C — Cbea p-contractionand F: Cx C — Rand G : D x D — R be two bifunctions
satisfying the conditions (H1)-(H4). Let S: D — D and T : C — C be two nonexpansive

mappings.
Algorithm 3.1 Taking xo € H; arbitrarily, we define a sequence {x,} by the following:
%1 = 00 f () + Bustn + (1= Bu)] — uB) TUS, (%0 + SA*(SU, — ) Axy) 31)

for all n € N, where {A,} and {y,,} are two real number sequences in (0,0), § € (0, W)
and o > 0 are two constants and {«,} and {B,} are two real number sequences in (0, 1).

Theorem 3.2 Suppose I' # ) and suppose the following conditions hold:
(CL): limysoo =0 and y oo ay = 00;
(C2): 0<liminf,_, o B, <limsup,_, . B, <1
(C3): liminf, o0 Ay > 0 and lim,, oo 221 = 1;

(C4): liminf,_, o ¥, > 0 and lim,_, o, V;;:l =1

(C5): op<y.
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Then the sequence {x,} generated by algorithm (3.1) converges strongly to p = Proj-(of +
I - B)p, which solves the following VI

((of =B,y —x)<0, VyeTl. (3.2)
Proof First, we know that the solution of (3.2) is unique. We denote the unique solution
by p. That is, p = Proj-(of + I — B)p. Then we have p € Fix(T) N EP(F) and Ap € Fix(S) N
EP(G). Set z, = US A%y, Y = %, + SA*(SUS — I)Ax, and u,, = U} (x, + SA*(SUS - )Ax,)

for all n € N. Then u,, = Ufny,,. From Lemma 2.5, we know that L[fn and L[)/Gn are firmly

nonexpansive. By these facts, we have the following conclusions:

2 = Apll = || Uy, Ax, - Ap| < || Ax, - Apl, (3.3)

lun —pll = | UL yu—p| < llyu—pl (3.4)
and

[sus; Az, ~ ap|* < | uy, Ax, —Ap|”

< [l A%, — Ap|® - | US Ax,, - Ax, . (3.5)

Applying Lemma 2.6, we deduce

ltr = tull = | U5,y = U, |
Aus1 — A
< yne1 = yull + - 2tp11 = Yuarll (3.6)
)‘-n+l
and
1Zns1 = zull = ” u;iJrlenJrl - UZA?C,, ”
VY1 = V)
< [ A%1 = A%y |l + | 7|21 = Ay . (37)
Vn+l

From (3.1), we have

I%ns1 = pIl = ”an (Gf(xn) _Bp) + (%, — p) + ((1 - Bl - OlnB)(Tun —19)”
< 0,0 ||[f (%) = f ()| + atu]| o f (p) = Bp| + Bullxu - pll
+ (1= By —auy)lu, —pll. (3.8)

Using (2.3), we get

19~ pI? = [0 — p + 8A*(Sz, — Axy)|*
= ||, — plI® + 8% A*(Sz, — Ax,) ||

+ 28<x,, -p,A*(Sz, —Ax,,)>, (3.9)

Page 6 of 15
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Since A is a linear operator with its adjoint A*, we have

(%0 — P, A*(Sz0 — Axy)) = (A% — p), Sz0 — Axy)
= (Ax, — Ap + Sz, — Axy — (Szy — Axy,), Sz — Axy)

= (Sz, — Ap, Sz, — Ax,) — ||z — Ax, )% (3.10)
Again from (2.3), we obtain
(Szy — Ap, Sz, — Axy) = %(IISZn - Ap|* + 11z, — Ax, |1 - | Ax,, — Apl|®). (3.11)
From (3.5), (3.10), and (3.11), we have

1
(n — p, A* (2, — Axy)) = E(”SZn — Apl* + 1152, — Ax,|1* - [ Ax, — Apl|®)

— ISz, = Ax,1?

IA

1 2 2 2
i(llen—Apll = llzn = Axu||” + 1Sz — A% |

— | Ax, — Ap)?) = ISz, — Axy?

1 1
— Iz — AxuI® = 211524 — Axy||>. (3.12)
2 2
Substituting (3.12) into (3.9) to deduce
2 2, 820 412 2 1 2 1 2
lyn =PI < llxn —plI* + 87 NAN%11Szn — Ax,|I” + 28 _E”Zn —Axu |l - EIISZn —Axu|l

= [lxn = pII* + (S* 1A - 8) 112, — Axul|® = 8|2, — Ayl

< %, - plI*.
It follows that
lyn —pll < lI%, = pll.

Thus, from (3.8), we get

%1 =PIl < w0 pllay = pll + aul|af (p) = Bp|| + Ballxn — pll + A = By — w2 — pll
= [1- (v —op)an]lx. - pll + | of () - By|

lof () - Bpl }

SmaX{llxn—pll, “op

The boundedness of the sequence {x,,} follows.
Next, we estimate ||z,,,; — u,|. Observe that

1y —ynllz
= ||xn+1 —Xn t S[A*(Sznﬂ _Axn+1) —A*(SZ,, _Axn)] HZ

Page 7 of 15
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= ner = 2l + 62| A*(Szi — Ay) — A*(S2, — Ax) |
+ 28(%1 — %0, A*[(Szps1 — A%s1) — (Szn — Ax)])
< ot = 2l + SN | Szs1 — Sz — (Atnan — Axy) |
+ 28(A%1 — A%y, Sz — Sz — (Axar — Axy))
= 1 = 212 + 82NN | 241 — Sz — (Aksy — Axy) |
+28(Szp41 — SZu> Szns1 — Szn — (AXs1 — Axy))
—28([Sz1 — Sz — (A% — Ax) |
= Wt = 2 l1® + SN | S2is1 — Sz — (Ais — Axy) |
+ 8(1Szne1 = Szull® + [ Szwr = Sz0 — (Axr - Axy) |
~ 1A% = A%y |2) = 26| Sznar = Szn — (Asper — Ay |
= ner = 2ul® + (S2IAI? = 8) | Szt — Sz — (Akner — Axy)|”
+8(1Szna1 = Szull® = A1 — Axall?)
< Wt = 2l + (B2 AN = 8) | Szus1 — Sz — (Ayir — Axy)|*

+ 6(”Zwrl - Zn||2 — | A%p41 _Axn”z)'
Since § € (0, W), we derive by virtue of (3.7) and (3.13) that

2 2
”yn+1 _yn” =< ||xn+1 _xn”

Yn+l = Vn

Vn+l

+6 (||Zn+1 = Zull + | A% _Axn||)~

According to (3.6) and (3.14), we have

l2£41 — un”Z = ” Uf aYntl — u)i,yn H2

n

Aps1 — A >
S <||yn+1_yn” + —_ ”un+1_yn+l||>
)\n+1
Apsl — A
< Wy = gll® + | = (znym = Yl tts1 = Yl
)Vn+l
)\n+1 - )"n 2
+ || 1#ns1 = Y1
)Lnﬂ
Ausl — A
= ”anrl_xn”2 + | (2||yn+l_yn||||un+1_yn+1”
)‘-n+1
Ausl — A
"t —yn+1||2)
)Vn+1
Vil =)
+ 8| = (121 = 2l + A1 = Axll)
Vn+1
Apsl — A -
< ||xn+1—xn||2+< Aal P | i )M,
n+l Vn+l

(3.13)

(3.14)

(3.15)

Page 8 of 15
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where M > 0 is a constant such that

}\n+1 - )Ln 2
- ”Mn+1 _yn+1||

SUP{2||yn+1 _yn” ||Mn+1 _yn+1|| +
n )\n+1

+ 8121 = zall + 1 A%1 —Axnll)} =M.

Therefore,

”un+1 - un” = ||xn+1 _xn” + \/<

From (3.1), we write x,,,1 = 8,x, + (1 — B,)w,, where w,, = Tu,, + lf‘gn (of(x,) — BTu,) for all

)Ln+1 - }”n

)"rz+1

VYn+l = Vn
VYn+l

+4

>M. (3.16)

7 € N. Then we have

Wit — Wyl
Uyl Up
= ‘ Tun+1 - TM,,, + (Uf(xn+1) _BTM}’I+1) - _(Uf(xn) _BTun)
1- ,3n+1 1- 13”
o o
< ” Tun+1 - TM,,” + as ||Gf(xn+l) - BTun+1 || + — ”Uf(xn) _BTMn ||
1- IBn+1 1- ,Bn
Uyl oy
< Nwns —tnll + ——— ”O'f(xml) —BTu, “ + ”O'f(xn) —BTM,,”
1-Bua 1-B,
Apsl — A -
< Potat = +\/ ( ml ]y g\ L T )M
}\n+1 Vn+1
Oyl Uy

+ 70 Gana) = BTy | + 1== 0 (5n) = BT .

Noting the condition (Cl) and the boundedness of the sequences {i,,1}, {yui1}, {Zni1}s
{Ax,}, {f(x,)}, and {BTu,}, we have

1imSUP(||Wn+1 = Wall = %041 _xn”) <0.
n—0o0
By Lemma 2.7, we deduce
lim ||x, —wy| =0.
n— 00
Hence,
lim [[%,41 =%, = lim (1= B,)llx, — wyll = 0. (3.17)
n—00 n—00
Since x,,41 — %, = oy (o f (x,) — BTu,) + (1 — B,)(Tu, — x,), we obtain
1
” Tun _xn” =< ﬁ_{an Ho'f(xn) - BTun || + ||xn+l _xn” }
n

Thus,

lim ||x, — Tu,]| = 0. (3.18)
n— 00

Page 9 of 15
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Using the firmly nonexpansiveness of U} , we have

it =PI = U,y - p||°
< My = 2I” = UL 3 = 3]
= llyn =PI = ltt = yull®
= 19 =PI = |ttn = 2 — 8A*(SUS, ~ 1) Axcy |
= llyn =PI = ity — 2| = 8% | A* (SUG, 1) Ax, |

+ 28(14, — 300, A*(SU — T) Asxy). (3.19)
Applying (2.4) to (3.1) to deduce

i1 — P12
= |t (0f @) = Bp) + Bultn = Tt) + (I = 00B)(Tt — p)||*
< U = @uB)(Ttty = p) + B = Tt)|* + 20a{0f () = Bp, %1 - p)
< [ = uBIN Tit — pIl + Bl — Tuall]* + 200 | 0f (6) = Bp|[I0s1 -
<[ = aaytn = Pl + Ballxn = Tall] + 200, | 0f () = Bp | 601 - p
= (1= o)) et = PI? + B2 — Tt |> + 21 = 0t ) Bl — pll s — Tity |
+2a, |0 f (x4) = Bp|| |1 - pII. (3.20)

It follows from (3.19) that

%1 =PI < 1% =PI = Nt = yull® + By 126w — Tt |1
+ 2(1 - any)ﬁn”un —P|| ”xn - Tun”
+ 20t |0 f (%) = Bp | a1 — pI. (3.21)

Then

2ty = yull* < 1120 =PI = %1 =PI + B211% — Tity |1
+2(1 = ) Bullttn — Pl % — Toay || + 200 | 0f () = Bp|| 1041 - pI
< (110 =PI+ %041 = PI) 1%ns1 = 2| + B2 1% — Tea |1

+2(1 = ) Bullitn = plllxn = Tty | + 20 |0 f () = Bp | %01 - Pl
This together with (C1), (3.17), and (3.18) implies that
lim ||u, —y,|l = 0. (3.22)
n=00
From (3.20), we have

%51 = pI* < (1= 0y) Nty = pII* + B2 112 = Tt ||?

+2(1 = ) Bulltn = P 1%y = Tyl + 20| of (%) = Bp|| %1 — |
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< llyn = pI* + B21%n — T > + 201 — ) Bullth — Pl 1% — Tth|
+ 20ty | 0f (6n) — Bp|| %41 — Pl

< llotw = pI* + (8 IAI = 8)1Sz0 — A% ||* = 8|2, — A >
+ By lltn — T |* + 2(1 = atyy) Bullttn — 1| 260 — Tt

+ 20| 0 (%) = Bp | 6ns1 — pII.
Hence,

(8 = 8*NAI?) 1Sz — Axull® + 8lz, — Axy]|®
< lxn =PI = %ni1 = pI* + B ll%n — Tt
+2(1 = @ y) Bulltbn — pII%n — Titn || + 20t || 0f () — Bp|| %01 — pI
< (In = 2l + 1%0s1 =PI 1%s1 = %]l + BNl — Toa

+2(1 = y) Bullttn = pllll%n — Tt || + 20t |0 f () = Bp|| 1041 — P>
which implies that
lim ||Sz, — Ax,|| = lim |z, — Ax,| = 0.
n—00 n—00
So,
lim ||Sz, — z,|| = 0. (3.23)
n—00
Note that

Iy = %ull = [SA*(SUS, — ) Ax,

< S[IAIISz, — Axyl.
Therefore,
lim i, =yl = 0. (3:24)
From (3.18), (3.22), and (3.24), we get
lim ||x, — Tx,|l = 0. (3.25)
n00

Now, we show that limsup,,_, .. ((o.f — B)p,x, — p) < 0. Choose a subsequence {x,,} of {x,}

such that
lim sup((of - B)p,x, —p) = lim ((af - B)p, %y, —p). (3.26)
n—00 =00

Since the sequence {x,,} is bounded, we can choose a subsequence {x,, } of {x,,} such that
/)
%, — z. For the sake of convenience, we assume (without loss of generality) that x,, — z.
7
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Consequently, we derive from the above conclusions that
Y, = 2, Up, — 2, Ax,, —z and z, — Az (3.27)

By the demi-closed principle of the nonexpansive mappings S and T (see Lemma 2.8), we
deduce z € Fix(T) and Az € Fix(S) (according to (3.25) and (3.23), respectively).
Next, we show that z € EP(F). Since u,, = Ufny,,, we have

1
F(”m}’) + A_ O’ — Uy, Uy _yn> >0, Vy eC. (328)

n

It follows from the monotonicity of F that

1

)\_O/_Mn’un ~Yu) = F(y,un), (3.29)
and hence

<y - Un;» @> > F(y, un,)- (3.30)

Since ||u, — yull = 0, u,, = z, and liminf,,_, , A, > 0, we obtain % — 0. It follows that
0> F(y,z).FortwithO <t <landye C,lety, = ty+(1-t)z € C.Itfollows that F(y;,z) <O.
So,

0=F(yoy:) < tF(ye,y) + A= )F (y1,2) < tF(y1,). (3.31)

Therefore, 0 < F(y;,y). Thus 0 < F(z,y). This implies that z € EP(F). Similarly, we can
prove that Az € EP(G). To this end, we deduce z € Fix(T) NEP(F) and Az € Fix(S) NEP(G).
That is to say, z € I'. Therefore,

lim sup((f — B)p, %, - p) = lim (of = B)p, %y, ~ p)

n—0o0
= lim((of - B)p,z - p)
1—> 00

<0. (3.32)
Finally, we prove x,, — p. From (3.1), we have

%1 = pII>
= (@ (0 Gen) = Bp) + Bulxn — p) + (1 = Bu)l — 2, B) (Tt — p), %11 — p)
= (0 (%n) = B, %ns1 — P) + Bu(%n — Pr %1 — P)
+ (= B = @uB) (T, = p), %1 — p)
< a0 {f (%) —f () Xne1 — ) + u(0f () — Bp, Xpi1 — )
+ Bullxn = Pl %na1 = pll + (= By — oty )| Tety — Pl %01 — pl
<[1-(y - op)au]llxn — Pl 16na — pll + aulof (p) — Bp,Xns1 - p)

< 1-(y —op)ay,

1
< 5 %, — plI* + 5 e - plI” + au(of(p) - Bp, xpu1 — p)- (3.33)
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It follows that

”xn+1 —P||2 = [1 - (V - O‘,O)Oln] ”xn —P||2 + 2an<0f(p) - Bp:xwfl —P>' (334)
Applying Lemma 2.9 and (3.32) to (3.34), we deduce x,, — p. The proof is completed. [

Algorithm 3.3 Taking x, € H; arbitrarily, we define a sequence {x,} by the following:
K41 = 00 f (%) + Buy + ((1 - B - oty,B) T(xn +8A*(S —I)Axy,) (3.35)

for all # € N, where § € (0, W) and o > 0 are two constants and {«,} and {8,} are two
real number sequences in (0, 1).

Corollary 3.4 Suppose I'1 = {x € Fix(T) : Ax € Fix(S)} # ¥ and suppose the following con-
ditions hold:

(C1): limy ooy =0andy o2 oy = 00;

(C2): 0<liminf, o B, <limsup,_, . Bu<1;

(C3): op<y.

Then the sequence {x,} generated by algorithm (3.35) converges strongly to p = Projr, (of +
1 - B)p, which solves the following VI:

((of =B,y —x)<0, Vyel.
Algorithm 3.5 Taking x, € H; arbitrarily, we define a sequence {x,} by the following:
Xt = 00 f () + Bustn + (1= Bu)I — auB)US, (3 + SA* (U — 1) Axy) (3.36)

for all n € N, where {A,} and {y,,} are two real number sequences in (0,0), § € (0, W)
and o > 0 are two constants and {«,} and {8,} are two real number sequences in (0, 1).

Corollary 3.6 Suppose I'; = {x € EP(F) : Ax € EP(G)} # ¥ and suppose the following con-
ditions hold:

(C1): limys ooy =0andy o2; oty = 00;

(C2): 0<liminf,_ o B, <limsup,_, . B <1;

(C3): liminf, o0 4y >0 and lim,, oo 421 = 1;

(C4): liminf,_, o ¥, > 0 and lim,_, » VJ”; =1;

(C5): op<y.
Then the sequence {x, } generated by algorithm (3.36) converges strongly to p = Projr, (of +
I - B)p, which solves the following VI
((of—B)x,y—x) <0, VyeTls,.
Algorithm 3.7 Taking x( € H; arbitrarily, we define a sequence {x,} by the following:

Xpi1 = 00 f (%) + Buy + ((1 - B - ay,B)Pc(x,, +8A*(Pg —I)Ax,,) (3.37)

for all # € N, where § € (0, W) and o > 0 are two constants and {«,} and {8,} are two
real number sequences in (0,1).
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Corollary 3.8 Suppose I's = {x € C: Ax € Q} # ) and suppose the following conditions
hold:

(CL): limyooy =0andy o) oy = 00;

(C2): 0<liminf,_, o B, <limsup,_, . Bu<1;

(C3): op<y.

Then the sequence {x,} generated by algorithm (3.37) converges strongly to p = Projr, (of +
I — B)p, which solves the following VI

((af—B)x,y—x) <0, VyeTls.
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