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Abstract

The aim of this paper is to study the properties of a subclass of analytic functions
related to p-valent Bazilevic functions by using the concept of differential
subordination. We investigate some results concerned with coefficient bounds,
inclusion results, radius problem, covering theorem, angular estimation of a certain
integral operator, and some other interesting properties.
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1 Introduction and preliminaries
Let A, be the class of analytic functions

f@=2+)Y a" (peN={123,..}), (L1)
n=p+1

defined in the open unit disc E = {z: |z| < 1}. A function f € A, is a p-valent starlike func-
tion of order p if and only if

zf'(2z)
f(2)

This class of functions is denoted by S;(p). It is noted that S;(O) = S;. If f(z) € A, satisfies

Re >p, 0<p<pzeE.

zf'(2)
pf(2)

TN
<1
2

(1.2)

‘ arg

for some 1 € (0,1] and for all z € E, then the function f is called strongly starlike p-valent
of order n in E. We denote this class by S';(n). Let fi(z) and f,(z) be analytic in E. We say
fi(z) is subordinate to f5(z), written fi < f or fi(z) < f3(z), if there exists a Schwarz function
w(z), w(0) = 0, and [w(z)| < 1 in E, then fi(z) = o(w(z)). A function f in A, is said to belong
to the class S; [A,B], -1 <B<A <1, ifand only if

zf'(z) - 1+Az

, eE.
fz) p1+Bz z

For p = 1, we obtain the class S*[A, B] of Janowski starlike functions. Janowski functions
have extensively been studied by several researchers; see for example [1-3]. It is clear that
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fe S; [A, B] if and only if

o'(z) 1-AB| A-B

I P | <PT R (-1<B<A<1,z€E), 1.3)
and

ezJJ:(Z) >p¥ (B=-1,z€E).

A function f € A, is p-valent Bazilevic function of type (@, 8) and order p if and only if

re L@ (f(@)“(@

“Fo) \go) \ #

ip
) >p, 0<p<pz€kE,
g(2)

wherea > 0,8 €Rand g e S;. For p =1and p = 0, this class was introduced by Bazilevic
and these functions are univalent for o > 0, B € R. This class of functions is studied by
many authors; for some details, see [4-11].

Using this concept, we generalize and define a subclass of p-valent Bazilevic functions
of type («, B) as follows.

Definition 1.1 A function f € M, (a, B, i1, A, B) if it satisfies the condition
¥ (@)(@)ﬂ
f(2) \g(2) ?

zf"(z) . zf'(z) zg'(2)
u{1+ 10 +(@+iBf-1) @ -« )

1+Az

———, z€E
1+Bz

—ipﬂ}<p

wherea >0, >0,g€S%, -1<B<A <1and g is any real.
We have the following special cases.
(i) For B =0, we have the subclass of Bazilevic functions defined by Patel [12].
(i) For =0,p=1,g(z) =z, A=1-2p, B=-1, we obtain the subclass of Bazilevic
functions defined in [13].
For A =1-2p, B = -1, we have the following subclass of analytic functions.

Definition 1.2 A function f € B,(, 8, p) if it satisfies the condition
7010 (1)"
f2) \g@ 2

Zf//(Z)
+u{l+ @) +

(x+iB-1)

’

#f'(2)  zg'(z) . 1+(1-2p)z
ERT) “”ﬁ}“’ -

where « > 0, u>0,g€S),0 < p<1, B is any real and z € E. In other words, a function
f € By(a, B, p) if it satisfies the condition

NG
pl fz) \g() 2
zf"(z) . zf'(z) zg'(2)
+M{1+f/(z) +(a+zﬁ—1)f(z) _ag(z)

—ipﬂ” >p, ze€EFE.
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We need the following definition and lemmas which will be used in our main results.

Definition 1.3 Let ¥ : C? x E — C be analytic in a domain D and /4 be univalent in E. If p
is analytic in E with (p(2), zp'(2); z) € D when z € E, then we say that p satisfies a first-order
differential subordination if

VU (p(2),2p'(2);2z) < h(z), z€E. (1.4)

The univalent function ¢ is called dominant of the differential subordination (1.4) if p < g
for all p satisfies (1.4). If g < g for all dominants of (1.4), then we say that g is the best
dominant of (1.4).

Lemma 1.4 ([14]) If -1 <B< A <1, X > 0 and the complex number y satisfies Re{y} >
—A(1 = A)/(1 - B), then the differential equation

! 1+A
zq'(2) 1+Az ZeF,

+ = )
1) rq(z)+y 1+Bz

has a univalent solution in E given by

ZA+y<1+BZ)A(A—B)/B y B
Afoz 7 =1(14Bty"A-B)/B gt - 7!
B

q(Z) = Z)‘+Ve)‘AZ
JE VLA gy -

Ifh(z) =1+cz + 2% + -+ is analytic in E and satisfies

zh (z) 1+Az

W) + AM(z) +y = 1+ Bz’

z€E,

then

1+Az
h(z) < q(z) < ﬁ’

and q(z) is the best dominant.

Lemma 1.5 ([15]) Let € be a positive measure on [0,1]. Let g be a complex-valued func-
tion defined on E x [0,1] such that g(-,t) is analytic in E for each t € [0,1] and g(z,-) is
e-integrable on [0,1] for all z € E. In addition, suppose that Reg(z,t) > 0, g(-r,t) is real
and Re{l/g(z,t)} = 1/g(-r,t) for |z| <r <1 and t € [0,1]. If g(z) = folg(z, t)de(t), then
Refl/g(2)} = 1/g(~r).

Lemma 1.6 ([16, Chapter 14]) Let a1, by and c¢; #0,-1,-2,... be complex numbers. Then,
forRec; >Reb; >0,
I'(a) ! by -1 —by-1 -
i F ,b,a52) = ———————— 1 -0 (1 - tz2) M dt,
() 2F(a1,b1,¢152) RN 1-19) (1-1t2)
(i)  2Fi(a1, b1, c152) = 2F1(by, a1, €15 2),

z
(iii) oFi(a1,b1,¢152) = (1 —2) ™, F, (a1,01 - by, c; -1 1).
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Lemma 1.7 ([17]) Let -1 <B; < By <Ay <A <1. Then

1+Az 1+Az
< .
1+BzZ 1+Blz

Lemma 1.8 ([18]) Let F be analytic and convex in E. If f,g € A, and f,g < F, then
uf+1-pg<F, 0<p<l

Lemma 1.9 ([19]) Letf(z) = Y roo ax2* be analytic in E and F(z) = Y oo, biz* be analytic
and convex in E. If f < F, then

la] < 1b1]  (k €N).

Lemma 1.10 ([20]) Let h(z) =1 +diz +dyz? + - - - be analytic in E and h(z) # 0 in E. If there
exists a point zo € E such that |arg h(z)| < 71 (|z| < |zo|) and |argh(z)| = 71 (0 <n < 1),

then we have ZO;E—ZO ikn, where
k> %(x+ ?1_6), when arg h(z) = 71,
k< —%(x + ;16), when arg h(zo) = -5 1,

and (h(zp))Y" = +ix (x > 0).

Lemma 1.11 Let g € S*[A, B]. Then the function

oz 1
Glz) = [M ge+iB1ga (1) dt] (1L5)
Zc+zf3 0

belongs to S*[A, B for ¢ > —a1=4.

Proof is straightforward by using Lemma 1.4.
Throughout this paper,« > 0, 8 € R, u >0, and -1 < B < A <1 unless otherwise stated.

2 Main results
Theorem 2.1 Iff € M,(«, B, 1, A, B), then

') (f@\ (f@)\*
o (2) (g(Z> (7) <4, 2.1)

where q(z) = @ and

f() 2_ 1+Bzt A B/Bdt B#O,

1+Bz
Qz) = f1 )2 -1, 2 (t-)Az dt, B=0. 22
In hypergeometric function form,
ALEA-4)E+L, 85917, B0,
q(Z) _ [2 1( H( B) n Bz+1)] # (23)

[IFI(L% +1;—§AZ)] ) BZO;
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and if A < —‘;TB, -1 <B<O0, then My(a, B, 1, A, B) C By(a, B, p), where

p(, A\ p B\
=pLoA(L=(1-Z =+ L— )¢ . 24
g p{z 1( M( B) M+ B—1>} 24

This result is best possible.
Proof Let
o - 2O (1Y (10"
@ \g)) \z )~
where /(z) is analytic in E with /(0) = 1. Differentiating logarithmically, we obtain

7@ @)( @)fﬁ { I I }
7@ (g(z) 7 ) M e TP e P

=ph(z) +

uzh'(z) . 1+Az
h(z) P1vBe

Using Lemma 1.4 for A = % and y =0, we have

1+Az
h T 5
(2) < q(2) < T+ Bs
where ¢(z) is given in (2.3) and is the best dominant of (2.5). Next, in order to prove
My(a, B, 14,A,B) C By, B, p), we show that inf, 1 {Reg(2)} = g(-1). Now, we set a =
%(B —-A)/B,b= % and ¢ = ﬁ +1, then it is clear that ¢ > b > 0; therefore, for B # 0 it follows
from (2.2) by using Lemma 1.6 that

1
Q(z) = (1 + B2)* f 211 + Btz) ™ dt

0

To prove that inf|; 1 {Reg(z)} = g(-1), we need to show that

Re{1/Q(2)} = 1/Q(-1).

Since A < —’;TB with -1 < B < 0 implies that ¢ > a > 0, therefore, by using Lemma 1.6, (2.6)
yields

1
Q(z) = /0 g(z,t)de(t),

where
1+ Bz
)=——¥— (0<t<1),
$&0= o, 0=tV
r
de(t) ) 11— L dt,

- (@) (c—a)

Page 5 of 15
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which is a positive measure on [0,1]. For -1 < B < 0 it is clear that Re g(z,£) > 0 and g(-r, £)
isreal for 0 < |z| <r<1landt € [0,1]. Also,

}:Re{1+(1—t)Bz}Z1—(1—t)Br_ 1

R =
e{ g(z,t) 1+Bz 1-Br g(=nr1)

for |z| <r < 1. Therefore, using Lemma 1.5, we have
Re{l/Q(z)} >1/Q(-r).
Now, letting r — 17, it follows
Re{1/Q(2)} > 1/Q(-1).
Therefore, My, (c, 8, 1, A, B) C By(at, B, p). O
For B = 0, we have the following result proved in [12].

Corollary 2.2 Iff € My(«, i1, A, B), then

of'(2) (f())“< LALEA-5)E+1 )], B0,
pf(2) \g2) LA E +1-242)]7, B=0,

andlfA<—— -1 <B<O0, then My(c, u, A, B) C By(at, p), where

A B\
p=phE(LE(1-2 )2+, =)t .
7 B) u B-1

This result is best possible.

For p = 1, we have the class M;(«, 8, 4, A, B) = M(«, B, u, A, B). We denote the class of

functions f € A, having Taylor series representation of the form

=Z+ Z ﬂ/(Zk
k=n+1
and satisfying the condition
7' (f( ))“(f(_z))fﬂ
fz) \g(2) z
zf"(2) zf'(2) zg/(z) , 1+Az
“{1 flg T@riPs )f(z e ! }<1+Bz’

zZ€E, (2.7)

by M*(a, B, i1, A, B), where g(z) =z + Y o, . bkz" such that Re Zg ) > 0. Now, we derive the
following result for the class M*(«, 8, 1, A, B).
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Theorem 2.3 Let f € M*(«, B8, 4, A, B). Then

(A=B)+am+1)1 + un)
@l < Bl (2.8)

Proof Since f € M*(«, 8, i, A, B), therefore,

) ey
f(2) \g(2) z

Zf// ( Z)
M{l+ f(2)

1+Az
1+Bz

zf'(z)  zg'(2)

o

IO

+(@+ip-1) —iﬁ}<

Now, using the fact that f(z) =z + > ¢, axz" and g(z) =z + Y ¢, bkz", we obtain

1+Az

1+ {(a+i/3+n)(1+un)zzn+1—a(1+un)b,,+1}z”+--- < .
1+Bz

By a well-known result due to Janowski and Lemma 1.9, we have
(e +iB + m)(1 + un)ans — (1 + un)by, | <A - B.
By the triangle inequality, we obtain
’(a +iB+n)(1+ ;m)a,,+1| - |a(1 + ,tm)b,,+1| <A-B.
Using the coefficient bound for the class S*, we have the required result. O

For B = 0 and g(z) = z, we have the following result proved in [13].

Corollary 2.4 Let f € M(«, i1, A, B). Then

|ﬂn+1| =< &
(@ +n)1 + pun)

For $=0,p=1,g(z) =z, A=1-2p and B = -1, we have the following result proved
in [21].

Corollary 2.5 Let f satisfy the condition

) @) [ '@ ( _Zf’(2)>]}>
Re{ e < . + 1 1+f’(z) +(1-a)|1 e p.

Then

2(1-p)
|ﬂn+1| = (n + O{)(l + lU’l) .

Theorem 2.6 For iy > 1 > 0and -1 <B; <B, <A, <A; <1,

Mp(a7 B 2, Az, Bs) C MP(O[, B, i1, A1, By).
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Proof Letf € M,(a, B, u2,A2,By). Then

7010 (1)"
f(2) \g(2) 2

'@ o fE) @) }
+/,L2{ @ +(a+ip - )f(z) ag(z) ipB

1+A22
< .
pl+BzZ

Since -1 < B; < By < Ay < Aj <1, therefore by Lemma 1.7, we have

o (2) (f(z) ) (@ )"ﬂ
f2) \g) 2

#"(2) N OO0 }
”‘{ T B -DTR i <

1+A1Z
p1+31Z.

Hence, we have f € M,(«, B, t12,A1,B1). For uy = u1 > 0, we have the required result.

When py > 11 > 0, Theorem 2.1 implies that

of'(z f())“(@ P14 Az
1@ (g(z mv) )

1+Blz'

Now

o (2) (f(z)) (@ ) g
f2) \g(@ z

7" (2) N N 4 }

+,u1{ 10 +(a+ip Df(z) ‘Xg(z) ipp

R ) e (2

zf"(2) . 7f'(z)  zg'(z) .
+,u{ 10 (a+zﬁ—1)f(z) -« <@ —zpﬂ”.

Using Lemma 1.8, we have the required result. O

For B = 0, we have the following result.
Corollary 2.7 For pty > 1 >0and -1<B; <B; <A, <A; <1,
Mp(a, o, Az, By) C My(at, 11, Ay, By).

This result is proved in [13].
For B=0,p=1,g(z) =z, A=1-2p and B = -1, we have the class M(«, i, p) defined as

Zf’(z) @)a { Zf//(z) ~ Zf/(z) <Zf/(z) ~ )}}
Re[f(z) ( ) "M T T e I (2.9)

for z € E. Now have the following result for the class M(a, i1, p) proved in [21].

Page 8 of 15
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Corollary 2.8 Fora >0, uy > 1 > 0and 1> p, > p; >0,

M, g, p2) C M, i1, p1).

Theorem 2.9 Let f € A, satisfy

) 7@ (FN (F\?
Re{?}” 7@ (@) (?) P

Jorg €S,. Then f is p-valent convex in |z| < Ry,p,o, where

<op, O0<o <1,

Rupo = ((2|1—a —ip| +2ap+o)

- \/(2|1 —a—ifl+2ap+0)’ —4pQap-p-0))/(2Qap-p-0)). (2.10)

Proof Let

ECHOIENS
Hz) pf (2) (g (z) 2 b

where /(z) is analytic in E with /#(0) = 0 and |A(z)| < 1. By using the Schwarz lemma, we
get

h(2) = oz (2),

where 1(2) is analytic in E with |y (z)| < 1. Differentiating logarithmically, we have

") @) 2@ oz(zy(2) +¥(2)
Y T T T e PP

Since Re{f;,—‘f)} > 0, therefore,

Zf'(2)  z¢'(2)

e =p+ ek Reg(z) > 0.
This implies that
zf"(2) g/ () |29’ (2) 2(zy'(2) + ¥ (2))
Re{1+—f’(z) }z(l—a)p+aRe—g(z) -1-a-ip| 0@ - Trom@ |

Now, using the well-known results for classes S, P and the Schwarz function [22], we have

2r or
1-r2) (1-r)

Zf‘// (z)
f(2)

1-r .
Re{1+ }z(l—a)p+otp1——|1—ot—l,3| (0<o <1)
+r

_ QRap-p-o)r’ -2l -a-if|+2ap+0o)r+p
- 1-r2) '

Let P(r) = Qap —p—o)r* — (2]l —a — iB| + 2ap + o)r + p. Since p e Nand 0 < 0 < 1,
therefore, P(0) = p > 0 and P(1) = -2(|]1 — « — i8] + 0) < 0. It follows that the root lies in

(0,1). This implies that Re{1 + Zj‘(:;ij)} >0 if r < Ry g, where Ry g, is given by (2.10). O
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For o =1 and B = 0, we have the following result which is proved in [12].

Corollary 2.10 Letf € A, satisfy

£ oSG (f@)\
Re{z_P}>° w1 (@) - ‘””

g €S, Then f is p-valent convex in |z| < Ry, where

_3+2a(p-1)-/(B+2a(p-1))? - 4pRap-p-1)

R,
2Qap-p-1)

Theorem 2.11 Letf € A, satisfy

zf'(2) (f(2)\*
1@ (@) "”‘“’”’

Jorg € S;. Then, for o >0, f is p-valent é-convex in |z| < Ry, where

_2ap+o - VQap +0)* - daplap - o)

Pep—o) (2.11)

o,0

Proof Let

h(z)

_4'@ (f(Z))” 1

(@) \g2)

where /(z) is analytic in E with /(0) = 0 and |h(z)| < 1. By using the Schwarz lemma, we
get

h(z) = oz (2),

where ¥ (2) is analytic in E with |y (2)| < 1. Differentiating logarithmically, we have

l<1 N Zf”(Z)> . (1 B l) #'@) 2@ oze)'@)+vE)
o f(2) fle)  glr) « ltozy(z)

o

This implies that

1 zf"(2) 1\ zf'(2) zg'(z) o
RG{E(“ @ ) ' <1_ E) 7@ } "R

Now, using the well-known results for classes S, and the Schwarz function, we have

1(1 zf"(z) 1\ zf'(2) 1-r or
Re;{5(1+f'<z>)+(l‘&>f<z> }Zm‘ap(l—r) O<o=

(z¢/'(2) + ¥ (2))
l+ozy(z) |

_(ap-0)r? - Qap+o)r+ap
N a(l—r?) '
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Let Q(r) = (ap—0)r* — Qap +o)r+ap. Thenforpe N,a>0and0 <o <1,Q(0) =ap >0

and Q(1) = —20 < 0. It shows that the root lies in (0,1). This implies that Re{é(l + ZJJ:,,;z)) +

a- é)zjf,;g)} >0ifr <R, ,, where R, is given by (2.11). O

Theorem 2.12 Letf € M(w, 8, 14, A, B). Then E is mapped by f on a domain that contains
the disc |w| < Ry, € (0,1), where

la +if + 1|1 + )
2o +if+1|(1+u) + (A -B) + 201+ p)

Ropy = (2.12)

Proof Let wy be any complex number such that f(z) # wo. Then

Mzz+(a2+i>zz+...,

wo — f(2) Wo

is univalent in E, so that

a, + —| <2.

wo

Therefore,
1
— | —laz| <2.
wo

Hence,

o +iB +1|(1+ )
wo = ; =R pou-
2 +if +1](1+ p) + (A—B) +2a(1 + )

For 8 =0, g(z) =z, A =1-2p;, B = -1, we have the following result proved in [13].

Corollary 2.13 Let f € M(«a, i, p). Then E is mapped by f on a domain that contains the
disc |w| < Ry, where

R ~ 1+a)(1+p)
G a0+ a) 1+ p) +2(1—pr)

Theorem 2.14 Leta >0, c> —at2 and letf € A. If

, a i
for some g € S*, then
” FON® / E()\ #
T () Ay weren

where

1

F(z)= [”Ziﬂﬁ /0 g dt] - (215)

Page 11 of 15
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with

(1+B)7 sin(wr (1-£(a,8,¢,4,B))/[2)

2. 1
+ = tan™(
U= T+
n,

and

2
t(o, B,¢,A,B) = = sin!

|c+iB|(1+B)+a(1+A)+n(1+B) cos(r (1-t(,B,¢,A,B))/2) )’

a(A-B) + B(1-B?)

B#-1,
B=-1,

(2.16)

(2.17)

i lc+iB|(1-B%) +a(l-AB)’

Proof Since

4 z
ey = 0P / P () dt,
z 0

therefore,

2P (2) = (x; {(c +o+ iﬂ)z’i’sf“*iﬁ (z) — cz P po+ip (z)}.

+ip

Now using (1.5), we have

a+if

L{(c+a +iB)zf* P (z) — cz*F**F(z)}

2F'(2) (F@)\* (F@\" _
F(z) (G(z)) ( z ) -

Let

(c+a+ip) foz geriB-lgo (g) dt

ho - L (FQ (@ (FR)"_ \_NG)
‘ ‘1—p(F(z) (G(z)) ( z ) _”>‘D(z>’

where /(z) is analytic with 4(0) = 1. Now

v e () )
D(z) 1-p\ f(z) \g(2) z

D(2)

zD'(z)

= h(z){1+

zh (z) }
h(z) |

where

N(z) = ﬁ <a :iﬁ {(c +a+if)Zf* P (z) - czCF“”ﬁ(z)} - pz”*iﬁ_lGa(z)),

D(z) = (c+a+if) /z £+ 1P-1g% (1) dt.
0

Since G € S*[A, B], therefore, we can write

zD'(z)

D(2)

2G'(2)
G(2)

T
=re 29,

=c+if+a

where

; 1-A , 1+A
le+ifl+ag <n<lc+if|+ays,

—t(a, B,¢,A,B) <0 < t(e, B,c, A, B),

B+#-1,
B#-1,

(2.18)
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similarly
lc+iB| +czu <rn<oo, B=-1,
(2.19)
-1<60<1, B=-1.

Suppose that /(z) 7!0 in E, there exists a point zo € E such that |arg ()| < 77 (|2| < |20])
and |argh(zo)| = 7. Now, using Lemma 1.10, we have ZZ( 2) = ikn. At first suppose that

h(zo) = (ix)" (x > 0) for the case B # —1, we obtain

2of (20) <f(z(>)>°’ (f(zw)"ﬂ ) )
arg( fzo) \gzo)) \ 2z p
1 Zoh/(Z()))

G) p
c+ip +aG s (20)

=argh(zo) + arg(l +

= %n +arg(1 + (rle"%")_ ikn)

T 4 knsinm(1-6)/2
= —n+tan
r+kncosm(l—0)/2
T nsinm (1 - t(a, B,¢c,A,B))/2
> —n+tan” A
2 |c+l,3|+a1+B +ncosm(l-ta,B,c,A,B))/2
T
= —v,
2

where v and £(«, B, ¢, A, B) are given by (2.16) and (2.17) respectively. For B = -1, we have

2f () f(zO>)“(f(zO>)‘ )1
arg( f(z0) (g(zO) n ) “P)=am

which is a contradiction to the assumption of our theorem. Now we suppose that /(zp) =

(—ix)". For the case B # —1 using a similar method, we obtain
/ o if
arg(qu (z0) (f(20)> (f(Zo)) _p) .7
f(z0) \g(z0) 2o 2
and for B = -1, we have
af (20) (f(z0)\" (f(z0) )" n
oS (Y (1))
f(z0) \g(z0) 20 2
which is a contradiction to the assumption of our theorem. Hence, we have the proof.
O

This kind of problem is also considered in [23]. For 8 = 0, we have the following result
proved in [24].

Corollary 2.15 Leto >0, c> a and letf e A If

70 (12 .
|a (f(z (g(z)) p)‘ﬁ” (O<v=1)
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then

T
<on (0<n<1),

| (zF’(z)(F(z))a )
"\ Fo \G) ~*

where

n@:[igﬁlffJamdﬁa,

with
I R %tan‘l(c(1+B)+o%+B/)4')7:inIz(17:%)_ ctél:(;f(ii(i))ézc) _m) B7-L
n, .
and
Hot oA B) = 2 sint — 2A=B)

i c1-B2)+a(l-AB)

Remark 2.16 By using the suitable choices of parameters ¢, @, A and B, we can find many
results proved in the literature.
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