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Abstract: A modified factorization method for a charged particle in a time-dependent magnetic field has been developed
by virtue of motion quantum integrals. Application of this method to the considered system helps to find exact solutions

for a range of nonstationary potentials.

Key words: Factorization method, quantum integrals of motion

PACS numbers: 03.65.-w

1. Introduction

The classical factorization method (CFM) developed by Schrodinger [1-3] allows one to determine eigenfunctions
(EF) and the cigenvalues (EV) for stationary problems. A detailed review of the factorization method can be
found in Shi-Hai Dong’s book [4].

Mielnik [5] developed a modified method of factorization (MMF') that allows the construction of a class of
one-dimensional stationary potentials with a harmonic oscillator spectrum. Those potentials mentioned above
are different from those of the harmonic oscillator. Thus, using the MMF one can extend the class of potentials
for which exact solutions exist.

To solve the problem for nonstationary systems we need to determine the wave function v satisfying

the wave equation ih%—f = H 1, where H is the Hamiltonian of the considered problem. However, the wave

function in the nonstationary problem is not EF of the H Hamiltonian. Therefore, it is impossible to generalize
directly MMF to the nonstationary case.

In [6], CFM was developed for the nonstationary harmonic oscillator. The purpose of this article is to
show an example of the charged particle in a time-dependent magnetic field, that not only the CFM but also
MMEF can be developed for nonstationary systems, using a method of quantum integrals of motion [7].

Application of MMF to the considered system allows one to find exact solutions for a wide range of
nonstationary potentials.

One can determine the stationary potentials and wave functions passing to the limit as ¢ — 0 in the
corresponding expressions. Such stationary potentials have the same spectrum, and it seems impossible to
distinguish experimentally such systems from each other. However, due to differences in the wave functions
of these isospectral systems, any external perturbation allows one to distinguish one system from another.

Therefore, even in the case of a stationary magnetic field MMF is of practical interest.
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2. Nonstationary MMF
2.1. Nonstationary potentials
Consider a charged particle in a homogeneous magnetic field H (t) directed along the z-axis. In this case, the

motion along the z—axis is trivial and can be neglected. We will consider the motion in the zy plane. Let us

choose the vector potential in the form

—

A7 t) = [—H (t) y/2, H (t) x/2,0]. (1)

In view of the foregoing the Hamiltonian of the system is

H= % [(ﬁx + mw (t) y)2 + (py — mw () 33)2 . (2)

Here x,y are usual canonical coordinates, p;,p, the corresponding momenta,
w (t) = eH (t)/2mc the time-dependent frequency, ¢ the velocity of light, m the particle mass, and e its
charge.

Let us introduce the operators:

A= (1) = £ (1) [ (1) (o +By) — imé (1) (6 (y) — 3B ()] /V2hm, (3)
B ()= () [ () (by +ips) —ime (1) (5 () — i (y))] /2R, ()
where (8 (z), §(y) are arbitrary functions of the coordinates, and let us require that
A=At = A~ A+, (5)
B-B* =B B". (6)

In [8] it is shown that 121_, B~ are annihilation operators, and /1“‘, BT are creation operators for the system

with Hamiltonian (2),

N 1
AT (t) = f () [e(t) (Po +iDy) —imE (1) (y—ix)]/(%m) 2, (7)

. 1
B0 = £0) (20 0y + i) = imé 0) (o )]/ 2 2, ©
[A=, A" =[B~,B"]=1,[A",B7]=[A",B"]=0. (9)

Here ¢ (t) is a definite solution of the equation for a classical oscillator
E+w?(t)e=0, (10)
) | ¢

f@= \ﬁexp i O/w(T) dr |, (11)
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ge* — e = 2i. (12)
Hereinafter the point over any function denotes the time derivative, and the prime is the derivative on coordinate.
It is known [8] that A%, BE are integrals of motion, i.e.
0 Aa 0 SR
ih— — H, A*| =0, |ih— — H, B*| =0. 13
] .57 o

Let us use equations (3), (4), (7), and (8) in the formulas (5) and (6), and then sum up the results term by
term. As a result, we obtain an equation in which some of the terms depend only on x, and the other terms
only on y. Hence, instead of a single equation we get two, namely

m ||| B — e Bps — "o =m |2 [P a® — " up, — e pon (14)
The second equation has the same form, but © — vy, Pz — Dy.

Taking into account f. (0.411.1) [9], it is easy to verify that the solution of the equation (13) is

i)
ﬂ:eri_i(f),Im(I)(x):O, (15)
e
where
VCa -
®(z) = C12 |y + / dz exp (—zQ) exp (—Cm2) ,C = #,’y € R. (16)
J e]
Then
_ . F) - .
d=y+1 o JImF (y)=0,®(x) > F (y) ifx > y,vy — vr,7F € R. (17)
Using f. (15) and f. (17) it is easy to prove that
sz sz 1+® 1+ F
[A*,Aﬂ - [B*,BJ“} A (18)
2 2
Let us calculate /:1"’;1_, knowing f. (18) and f. (5):
2,04 2 1
where we introduced the notation
2 o+ F' . PN 1
K-—k-2% K =ATA™ =, (20)
2 2
Similarly,
2, 2 2 1 2 . O+ F . A 1
B'B =L- L=L- “; L=B"B +. (21)

With f. (13) it is easy to see that the operators K and L are integrals of motion for the system (2):

R N P
{mat —H, K] =0, {mat —H, L} =0, (22)

and [K,L] = 0.
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Let us find out what is the Hamiltonian for a nonstationary system with respect to which K and L are

the integrals of motion, i.e. where H satisfies the following conditions:

0 2 2 0 SR
{mat ~H, K] =0, [mat ~H, L} =0. (23)
We assume that
H=H+V (z)+W(y) (24)

and V (z), W (y) are arbitrary functions of z and y. Substitute f. (24), K from f. (20) and L from f. (21)
in f. (23). Let us take into account f. (22). We will obtain
0’ OF'

ih 5 + ih 5

+ [Lc 1%} 47[I¢c 1%} 4,%,{;;, qY]Af % [EY,F”} —0 (25)

Then instead of H we will use the expression (2), and instead of K- f. (20), in which we will replace A%
according to f. (7). After all these substitutions, from the terms in f. (25) we select those that are operators.
For equation (25) to take place, it is necessary that the sum of these terms shall be zero. From this, one can
determine the type of V and W:

h h
V:*Wq)/,wszﬁﬂ (26)

Direct verification shows that V, W given by f. (26) are solutions of equation (25), if we use f. (1.3.3.8) and
(1.3.3.1) [10], and consider time-depending constants v and vp entering into ® (z) and F (y) as follows:

¥ =av,YF = ayF. (27)
Here

d
a:f%mwﬂw{%:wa:m (28)

Finally, for the time-dependent system with Hamiltonian

ﬁ:ﬁ—fﬂ@+ﬁ) (29)
€
we have the expressions
1 VQs 1
®(z,t) =C Y2exp (—-C2?) (wo |5|2) 7+ / dz exp (—2%) Y €R (30)
O =
1 Ve 1
F(y, t)=C""2exp (—Cy?) (wo |5|2) r + / dz exp (—2?) ,9F € R. (31)

A family of nonstationary Hamiltonians H for which exact solutions of 1) exist can be constructed knowing the
expressions for @ (z, t), F (y, t), starting from the Hamiltonian H of the charged particle in a time-dependent

magnetic field, and using the formula (29).
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2.2. Exact solutions

Let us obtain these exact solutions. As noted above, operators K and L are integrals of motion. Consequently,

the operators (iﬁ% - H > , K and L have a common EF system. This implies that the wave function of the

time-dependent system can be found by solving the problem for EV of K and L operators:

K=k, L =1 (32)
Taking into consideration (19), (5), (9), (20), we have
KA+ = A+ (K+1) (33)

In [11] EF 44 (t) of K operator has been defined, which satisfies the known relations A’wnd = Vnn_14,
A+1/)nd =vn+1Ypt1.4, n,d=1,2,3...

Let us take it into account in the expression (20) for K, premultiplying both sides of (33) on 9, 1.4 (t).
We obtain

2~ ~ 1
Ktna(t) = knthng (t)  kn =n + i(n =1,2,3...,d=0,1.2,3,...), (34)

where

Pna () ~ AT 1 4 (1) (35)

will be EF of I:( operator. Thus, the EV k and EF 4 of the operator IZ( are obtained automatically from the
EV k and EF 4 of the operator K .

Similarly, but in view of (21), (6), B*wnd = ﬁ¢n7d71, B+¢nd = vd+ 1Y, 441 we obtain

LB+ = B+ (L + 1) i (1) ~ B g () (n=0,1,2,., d=1,2,3,...) (36)

- of EF operator i with EV [ = [
Lpna(t) = latna (t) (37)

From the expressions (35) and (36) and the commutation relation [A*, B*] = 0 it is obvious that the EF of

the problem with Hamiltonian }21 will be
Vnd (t) = Cndfﬁéwn,L a1 (t),n,m=1,2,3,..

Do (8) = Cro At thn_1.0 () , 0 (£) = CoaBtbo.a—1 (1). (38)

It is easy to verify that all 7,Z~Jnd (t) are orthogonal to each other:
('J)n’d’ (t) 7'(/;nd(t)) =0atn 7& nl7d 7& d/a (39)
Yod (t) is orthogonal to all Vna (t), if /:1*1/30(1 = 0. Similarly, ¥y (t) is orthogonal to all Vnd (t), if §*$n0 =0.

79



AGHAYEVA /Turk J Phys

However, formula (38) does not cover all EF of the Hamiltonian H. Indeed, one can construct another

EF 1/300 based on its orthogonality to all other EF. For this purpose let us set n = d = 0 in formula (39), which

leads to the condition

A= oo = 0, B~ thgp = 0, (40)

from which in view of the expressions (3), (4), (14) and the expression for C from (16), we have

em (ac2 + y2)

- .
Yoo = cons exp( e

>-exp —C/@(i:,t)dfc—C/F(g}, £ dq | . (41)
0 0

Yoo is another, as seen from (34) and (37), the EF of i corresponding to the EV Iy = kg = 1/2.
If in expressions (38), (41), (26), (30), (31) for the wave functions and the potential considered nonsta-

1/

tionary problem put € = w, % exp (iwot) and tend ¢ to zero (in this case w (£) — wy), then we obtain the

corresponding expressions of the stationary problem.

3. Conclusion
MMF is developed for a nonstationary system, namely for a charged particle in a time-dependent magnetic
field. Based on the results in this paper and assigning specific dependence of the magnetic field on time, one
can find the exact solutions for a variety of anharmonic potentials.

The use of motion quantum integrals makes the procedure of the solution for the considered nonstationary
task similar to that for a stationary task.

In the case of a stationary task, MMF generates a family of isospectral stationary potentials (see also
(5)). If we impose an external perturbation, then it is possible to distinguish experimentally isospectral systems

mentioned above from each other. For example, this finding can be used in the study of band structure.
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