Available online at www.isr-publications.com/jnsa
J. Nonlinear Sci. Appl., 10 (2017), 3231-3244

Research Article

ISSN : 2008-1898

Scienceg,
af
o S,

/1/0/)

Journa/

of,

Journal of Nonlinear Sciences and Applications

Q
€)
Suopeond®

PuEicanoss
Journal Homepage: www.tjnsa.com - www.isr-publications.com/jnsa

Generalization and reverses of the left Fejér inequality for convex functions

S. S. Dragomir

Mathematics, School of Engineering & Science, Victoria University, P. O. Box 14428, Melbourne City, MC 8001, Australia.
School of Computational & Applied Mathematics, University of the Witwatersrand, Private Bag 3, Johannesburg 2050, South Africa.
Communicated by Y. J. Cho

Abstract

In this paper we establish a generalization of the left Fejér inequality for general Lebesgue integral on measurable spaces
as well as various upper bounds for the difference

1 b a+b
fzg(x)dx.[ah(x)g(x)dx_h< 2 )

where h : [a,b] — R is a convex function and g : [a, b] — [0, c0) is an integrable weight. Applications for discrete means and
Hermite-Hadamard type inequalities are also provided. (©2017 All rights reserved.
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1. Introduction

The Hermite-Hadamard integral inequality for convex functions f : [a,b] — R,

b 1 (® b
f(a; )gbaLf(x)dng(a)erf() (HH)

is well-known in the literature and has many applications for special means, in information theory and
in probability theory and statistics.

For related results, see for instance the research papers [1, 4-11], the monograph online [2] and the
references therein.

In 1906, Fejér [3], while studying trigonometric polynomials, obtained the following inequalities which
generalize that of Hermite & Hadamard:

Theorem 1.1 (Fejér’s Inequality). Consider the integral fz h(x) g (x) dx, where h is a convex function in the

interval (a,b) and g is a positive function in the same interval such that
1
gla+t) =g(b—t), 0<t< 5 (b—a),

ie,y = g(x) is a symmetric curve with respect to the straight line which contains the point (% (a+b), 0) and is
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normal to the x-axis. Under those conditions the following inequalities are valid:

b b b
h(a;b> L g(x)dx < Lh(x)g(x) dx < WL g (x) dx. (1.1)

If his concave on (a,b), then the inequalities reverse in (1.1).

Clearly, for g (x) = 1 on [a, b] we get (HH).
Motivated by the above result, we establish in this paper a generalization of the left Fejér inequality
(1.1) for general Lebesgue integral on measurable spaces as well as various upper bounds for the difference

1 b a+b
fzg(x) deah(X)g(X) dX_h( 2 >’

where g and h is as above.
Applications for discrete means and Hermite-Hadamard type inequalities are also provided.

2. General results

Suppose that I is an interval of real numbers with interior { and ® : I — R is a convex function on
I. Then @ is continuous on { and has finite left and right derivatives at each point of I. Moreover, if
x,y € I and x <y, then @’ (x) < @ (x) < O (y) < @’ (y) which shows that both ®’_ and @/, are
nondecreasing function on . It is also known that a convex function must be differentiable except for at
most countably many points.

For a convex function @ : I — IR, the subdifferential of ® denoted by 9® is the set of all functions
@ : I — [—00, 0] such that ¢ (I) Cc R and

O(x)>®d(a)+(x—a)e(a) forany x,a € L. (2.1)
It is also well-known that if @ is convex on I, then 9® is nonempty, @’ , @’ € 00 and if ¢ € 00, then
@’ (x) < @ (x) < D, (x) forany x € 1.

In particular, ¢ is a nondecreasing function.

If @ is differentiable and convex on I, then 0@ = {®’}.

Let (QQ, A, 1) be a measurable space consisting of a set (), a o-algebra A of parts of () and a countably
additive and positive measure p on A with values in R U{oo}. For a p-measurable function w : Q — R,
with w (x) > 0 for p-a.e. (almost every) x € Q, consider the Lebesgue space

Ly (Q,u) :={f:Q — R, fis u-measurable and J [T (x)]w(x) du (x) < oo}
Q
For simplicity of notation we write everywhere in the sequel IQ wdp instead of IQ w(x)du(x).
In what follows we assume that w > 0 p-a.e. on Q with [, wdp = 1.
The following result holds.

Theorem 2.1. Let @ : [m, M] C R — R be a convex function on [m, M], ¢ € 0@ and f: Q — R satisfying the
condition

—oco<m<fF<M<

<
u-a.e. on Q) and so that ® of, @ of, (p of) f, f € Ly, (Q, u). Then we have the inequalities

ogj (@ o f) wdp— @ <m;M>—(p <m;M>J (f—szrM>wdu
Q Q




S. S. Dragomir, J. Nonlinear Sci. Appl., 10 (2017), 3231-3244 3233
<[y (oorme (57)) (=25 ) e
Q 2 2
< essup f—m+M J ‘(pof—(p(erM)‘wdp. (2.2)

{ 3 (M=m) [q[eof—q(M5M)|wdn

essupg, |[f— 2EM| (@7 (M) — @/, (m))

<

1

< 5 (M=m) (0L (M) = @, (m).

Proof. By the gradient inequality (2.1) we have

m+M m+M m-+M
ow-o ()5 (7)o (M57)

for any ¢ € 0® and for any t € [m, M]. This inequality implies that

@H@»>®(m;M)+<ﬂm—m;M)@(m;M) 23)

for any x € Q. If we multiply (2.3) by w > 0 u-a.e and integrate on (), we get the first inequality in (2.2).
By the gradient inequality (2.1) we also have

m+M m+M
mu@— : )>®m—®< : )

for any ¢ € 0@ and for any t € (m,M).
This inequality is equivalent to

m+M m+M m+M m+M m+M
_ _ > _ _ _
(oo (B3 (=757 2o (%57) o (%57) (757
for any ¢ € 0@ and for any t € (m, M) . This inequality implies that
(o160 -0 (757) ) (100 257) 2 otetn -0 (355 ~o (B57) (r0-25%) e
for p-a.e x € Q. If we multiply (2.4) by w > 0 p-a.e and integrate on Q, we get
J’ ((pof_(p<m+M>) <f TnJrM)WdLL
Q
>J' (®of)wdu— (I)( ) (m—l—M)J’ (f—m+M>wdu,
o) 2 o} 2

which proves the second inequality in (2.2). Now, since ¢ is monotonic nondecreasing on [m, M], then

0of—o m+M f_m—i—M >0
2 2
on Q. We then have

Jo (oo (57)) (= wawe [ (oo (P37 ) (1727 ) v
Jo(oorme (m57)) (1257 s

M M
2 |la 2

Q
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and the third inequality in (2.2) is proved.
Since for any ¢ € 00 we have @’ (m) < ¢ (t) < @ (M) for any t € (m,M), then @’ (m) <
¢ (M) < @ (M) and

‘wof—cp(mZM)’@/_(M)—@;(m) (2.5)

p-a.e. on Q. If we multiply (2.5) by w > 0 p-a.e and integrate on ), we get

J ’(pof—(p(111—i2_7\/l>’1/\)d|4<d)’_(l\/l)—(D’+ (m)
Q

and the last part in (2.2) is proved. O
We have the following result.

Corollary 2.2. Let @ : [m,M] C R — R be a convex function on [m, M], @ € 00 and f: Q — R satisfying the
condition (2.2) p-a.e. on Q and so that ® of, @ of, (pof)f, f e L, (Q,u).If

J (f—m—;M> wdp =0, (2.6)
Q

then we have the inequalities

M
0<J (@ o f) wdp— @ <m+ >
o 2

M
gJ ((pof)\)<fm+ >wdu
Q 2

m+M
2

2.7)

< essup ’f —

‘J lpof—Alwdu
Q Q

1
<(M—m)j o of—Mwdy
2 Q

forany A € R.

It follows by Theorem 2.1 on observing that, if (2.6) holds true, then

e (22 (=5 et 5]

for any A € R.
Remark 2.3. From the inequality (2.7) we have

0<J (@ o f) wdp — @ <m+M>
o 2

m+M
<JQ(¢>of) (f— ! >wdu

m+M

f—
2

< essup
Q

1
< (M—m)J lp o flwdy.
2 Q

‘J | o flwdp
Q
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Since for any ¢ € 0@ we have ®’_ (m) < ¢ (t) < @’ (M) for any t € (m, M), then from (2.7) we have

Ogj (Dof)wdu— <D< +M>
Q

g[ ((pof_CD’(M)—i-d)’ m)> <f—m;M>wdp
Q

2
! /
gessup‘f—m—'—MH ‘(Pof—cp_(M)+®+(m)'wdu
° 2 e 2 2.8)
D' (M)+@’,
1 (M_m)IQ’@Of—#’wdu
<32

essup, |f— W| (@ (M) — @' (m))

1

< 1 (M—m) (O~ (M) — @/, (m)).
We have the following result.

Theorem 2.4. Let @ : [m,M] C R — R be a convex function on [m,M], ¢ € 00, and f: Q — R satisfying the

condition (2.2) p-a.e. on Q and so that ® of, (p o )9, fP € Ly, (Q, u) for p,q > 1 with % + % = 1. Then we

have the inequalities:

o< om0 (<20 (252 (25

(2.9)

(@ (M)~ @, () ([ [ 242 o)

{ 2 (M—m) (Ig\@of—@(W)\qwdu)l/q
1

(M—m) (@ (M)— ', (m)).

. ;. . . . 1 1
Proof. By Holder’s integral inequality we have for p, q > 1 with &+ & =1 that

[ (o (52 ()
(oo () (=2 o

N Mp 1/p M
<ol "3 ) ([ feere ("37)
JQ Q 2

f_
2

which proves the third inequality in (2.9). Also, we have

P 1/p .
f— d <
(JQ 2 |7 ”) (‘ 2

q 1/q 1/q
(oo (52 o) (0 - )

that proves the last part of (2.9). O

and
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Remark 2.5. In a similar way, the inequality (2.9) can be extended for p = 1 and q = oo to obtain the result:

m+M m+M m+M
o< e (52) o (5 (-2

T (ooen(25) (252

<m+M)H ‘ m+M
<essup |pof—o
Q 2 Q

{%(M m)essup, | of— ¢ (BFM)|

wdp (2.10)

<
(O (M)~ @ (m)) [ [f — ™5™ wan
1
< 5 (M—m) (@ (M) =@’ (m),
provided that ¢ o f is essentially bounded on Q.

Corollary 2.6. Under the assumptions of Theorem 2.4 and if the condition (2.6) holds, then we have the simpler
inequalities

M M
0< (@of)wdu—®<m+ )gJ (pof—A) (f—m+ )de.
Q

2 2
f—
L! :

o)

<

P 1/p 1/q
wdu) <J lpof—Al9 wdu) (2.11)
Q

1/4
(M —m) <JQ | of—Al9 wdp.)

forany A € R. In particular we have

and

J<(p0f— " ~I—®’ >< m—H\/l) wdn
1/ / 1/q
U e R B e e A1)
(2.12)
(M—m (J‘Q’(pof_M+’ d u)l/q

(Jalr- WIpwdu)l/p (@ (M) — @/, (m))

(M—m) (0 (M) —@’_(m)).

»b\»—\
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We observe that, if under the assumptions of Remark 2.5, we choose f and w such that the condition
(2.6) holds, then we have

ogj (d)of)wdu—d)(m+M>
o 2
M
gJ ((pof—A)(f—m+ )wdu (2.13)
o 2
m+M

1
<essup|(pof—?\\J ‘f— < - (M—m)essup @ of—A|
Q Q 2 Q

for any A € R. In particular, we have
0<J (d)of)wdud)(erM)gJ (@of)<fm+M>wdu

o) 2 0 2
m+M

1
<essup|(poflj ’f— < z (M —m)essup|e of]
Q 0 2 Q

and

M
ogj (@ o f) wdp— @ <m+ )
o 2

@ (M) + @’ (m) m+M
] (st gy,

®’(M)+<D’+(m)H ‘f_m—i—M
Q

f—
po >

(@ (M)~ @ (m)) fi [~ ™5™ e

< essup
o (2.14)

/!
N —

(M—m)essupQ’(pof_WI

< 3 (M—m) (@ (M) — @/, (m)

We observe that, if @ is differentiable on (m, M) then we can replace ¢ by @’ in all inequalities above. We
omit the details.

3. Applications for discrete inequalities

Let x = (xq,...,xn) be an n-tuple with x; € R, 1 €{1,..,n}and p = (py, ..., pn) a probability distribution,
ie,pi=20,ief{l,..,ntwith) @, pi=1

If ®:[m,M] CR—Risa convex function on [m,M] and ¢ € 00, then for any x = (x1, ..., xn) with
xi € (m,M) C R, i €{1,..,n} and any probability distribution p =(p1,...,pn) we have from (2.2), (2.9),
and (2.10) for the discrete measure that

i=1 _

<) pi <<p (xi) — @ <m;M>) <Xi_m_;M)
i=1

m+M>‘

(3.1)

< max @ (xi) —

ie{l,..n}
FSM=—m) 3 pi|e (i) — @ (5

maxic(, ny [xi — 252 (O (M) — @/, (m))

Xi—

2

<

<5 (M—m) (@7 (M)~ @/, (m),
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pi‘D(Xi)—‘D(m;M> (m+M>Z ( m+M)
=1
m+M m+M
Pi (@(Xi)—@( 5 )) (Xi_ 5 )
P m+M
Z Pi | (xi) ( 5 )

1/
(M=) (S3p o () — 0 (2524)])

o
N

3

<

i=1

q\ /4
T (3.2)

NI~

1/
(0 (M) — @/, (m)) (i i — g2 [P) "

(M—m) (0L (M) — @', (m)),

I\J\H

and
mn

0<Zpi®(Xi)@(m;M> <m+M>i1< m+M>

i=1

<ipi ((P (xi) — o (m;M)) <x1— 7 )

i=1

M) | — M
< | max (P(Xi)_(P<m+ )Zpi Xi_m+ (3.3)
ie{l,.n} 2 =
. {(M m) maxieq,.,n [@ () = @ (M5M)]
gix
(@ (M) — @, (m)) X1y pi [xi — MM

(M—m) (0" (M) — @/, (m)).

I\J\P—‘

If x =(x1,...,xn) withx; € (m,M) C R, i € {1,...,,n} and the probability distribution p =(p1, ..., pn) is
such that

m —l— M
Z Pixi = , (3.4)

then from (2.7), (2.11), and (2.13) we have

n

0<ZP1®(X1)®(m+M> ZP‘L Xi) (Xim;M)

i=1

m+M
< L il (xi) —A 3.5
e .
1 n
<§(M—m);m@(xl)—x|,
n n
m+M m+M
0< Y pi®(x)—@ <) pilo(xi)—A) (xi—
2 2
im1 i=1
1/p n 1/4
m+M|P
== ) (Zpi@(xi)qu> (3.6)
i=1 i=1

1/q
(M —m) (chp (xi) — Mq) ,

i=1
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and

0< Ym0 -0 ("FM) <Y piloba A (- ")
i1 -

m+M (3.7)

n
< max Xi)—A s lx
(max e (xi) |;p1 i

1
<3 (M—m) max |@ (xi)—Al|
ie{l,..,n}

for any A € R. If we take A = w in (3.5)-(3.7), then we get

0< Y piox) -0 (M)

(o200 (e

o' (M) + @’
S hax X (xi) — L (M) + @ (m)
ie{l,..,n} 2 5
1 M—m) 3> pi @(xi)—W‘
S2
(@ (M) — @/, (m)) maxie(y,ny [xi — 5™
1
< 7 (M—m) (@~ (M) =@ (m)),
n
m+M
< ) —®
0 ;pl (x1) ( 7 )

//\

b _ 0L (M) + @) (m) m+M

Zpl <(P 1 > + > (Xi - 2 )

(Z Pi X > (Z Pi @ (xi)
i=1

o' (M foY q 1/q
(M—m) (Z{‘:m @ (x) — =M ml [T

0L (M) + @ (m)
2

N

q>1/q

N
N =

(Z2pifx— =52 P) 77 0! (M) — 0, ()

LM —m) (@ (M)— @/, (m),

4
o M

o<;pi®(xa—®(m; )

ke o (M) + @’ M

;pi(@(m— M “‘“))(xi—m; )

(0l (M)+CD’

N

N

_m+M

< max
ie{l,..n}

@ (xi) —
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D (M)+ D'
(M —m) maxiep n}‘@(xi)—w‘

.....

<

N[~

(@ (M) = @), (m)) Ei, pifxi — 4™
< i(M—m) (@~ (M) = ', (m))

for x =(xq,...,xn) with x; € (m, M) C R, 1 € {1, ..., n} and the probability distribution p = (p, ..., pn) with
the property that (3.4) holds true.

Consider the function @ : [m,M] C (0,00) — (0,00) defined by @ (x) = xP with p € (—o0,0) U
[1,00) . This function is convex and for any n-tuple x = (x, ..., Xxn) with x; € (m, M) and any probability
distribution p = (p1, ..., pn), by (3.1) we have that

p—1 n

n
m+M m+M\P
0<§ pmf—p( > ) E}%mﬁ%p—1)< > )
i=1

i=1

n —1
_ m+M\P m+M
ngpi("fl‘( 2 ) )("i‘z)

i=1
p—1 m+M p—1
Xi — 5

n

Zpi

i=1
_ —1
G

m+M

<
[p| max 5

ie{l,..n}

Tl M=—m) ¥ ps

Xi—

i

pmaxic(y, n}[xi — 25| (MP71—mpP—1)
< %p (M —m) (Mp_1 — mp_1> .
Similar inequalities may be stated by utilizing the other two inequalities (3.2) and (3.3).
Consider the function @ : [m, M] C (0, c0) — (0, 00) defined by @ (x) = —Inx. This function is convex
and for any n-tuple x =(x1,...,xn) with x; € (m, M) and any probability distribution p = (p1, ..., pn), by
(3.1) we have that

0<1“< 2 > M P <Xi_ 2 )_-thm
i=1 i=1
B T
X m+ M — pl X4
2 m+M = m+M
< max |xi — X
m+Mie{t,.n| 2 ;pl ' 2
v M
ﬁz,{;lpi‘xi_%| 1 2
< < M —m)*,
M—m m+M h 2mM ( )
oM MaXieq, ny [xi — M5
or, equivalently
1< M exp [ i Pi (xi — ™5M)]
X n
[+
i=1
2« i m+M\?
- Pif
\exp (m‘i‘M;Xl <X1 2 )
2 m+M = m+M
_ o s —
S exp m+M ier{rll?.),(n} i 2 i;pl Xl 2
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exp [Tt ity pi [xi — M ] .
< <exp {(Mm)2 .
2mM
exp {7]\4 maxic(y . ny [xi — 25N H m
4. Applications for Fejér’s inequality
Let h: [a,b] C R — R be a convex function, ¢ € 0h, and g : [a,b] — [0,00) a Lebesgue integrable

function on [a, b]. Then from Theorems 2.1 and 2.4, and Remark 2.5 we have the inequalities

1 b a+b a+b 1 b a+b
< a9 (150) o (077 g L (e
1

a+b at+b
gt (200 (1)) (=232 stoe
1 1 b a+b
a0 fem o (U57) arar
< 5 (b—a) (W ()~ ¥, (@),

b

1 a+b a+b 1 b a+b
- |n dx—h _ - d
fZg(x) dx L (x) g (x} dx < 2 > (p( 2 > fZg(x) dx L (X 2 >9(X) *

P 1/p 1 b q 1/4q
g (x) dX) X (Ibg(x)dx Ja @ (x g (x) dX)

1/q
{ 1b—a) <fbg(1x)dx I e (x) — 42T g (x) dX>
1
2

a+b
2

)_

1/
(h" (b) =N, (a)) <1 fz x— %b‘p g (x) dx) ’

fzg(x)dx

(b—a) (hZ (b) =R (a)),

1 b a+b a+b 1 b a+b
— | dx—h - - d
fzg(x) dx L (x) g (x) dx < 2 > (p( 2 ) fzg(x) dx L <X 2 >9(X) *

b
) Ibg(lx)dXL <(P X = <a;b>) (X_ a;b> g (x) dx

1 b
< essup (p(x)—(p<0+b>’ 5 J x—a+b‘ (x) dx
x€la,b] 2 J‘a g (x)dx Ja 2
3 (b—a)essup,ciqp |@ () — @ (4F°)]
<
b
(h” (b) =1, (a)) mja x— 7] g (x) dx
1
< 5 (b—a) (h’, (b) —hﬁr (a)) .
Now, if we assume that g : [a, b] — R is integrable and symmetric on the interval [a, b], then
b
J <xa+b>g(x)dx:0. 4.1)
a 2

The converse is obviously not true.
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Now, if g : [a,b] — [0,00) is integrable and satisfies the condition (4.1), then from (2.8), (2.12), and
(2.14) we have for any convex function h : [a,b] C R — R and ¢ € 0h that

b a+b
O< WJQh(X)g(X)dX—h( 5 >

1 b _h’(b)+h’+(a)>< _a+b>
s J'lcjlg(x) dx Ja ((p (X) 2 * 2 g(X) & (42)
1 1 b h’ (b) + 1, (a)
<2(b_a)jzg(x)dxja 00— g (x) dx
< 3 (b—a) (N (b) W, (),
P th(x)g(x)d —h<a+b>
fcblg(x)dx a 2
1 ° h’_(b)+h’+(a)>< a+b>
< fzg(x) . L ((p (x) > 5 (x) dx
1 bl atbP v
— d
S fzg(x)dxja 2 ) X)
b ! / q 1/q
1 J2g(x)dx Ja 2 9
2 1/p
(® (b) — @', () (W [ x— 252 [P g (x) dx>
< (b= a) (@ (b) 0, (),
and
1 b a+b
0<— | h dx—h
<fzg(x)dxja (x) g (x) dx ( 2 >
1 4 (b)+h’+(a)>< _a+b>
< fgg(x)de (cp(x) : =220 g ) ax
_ hL(b)+1, (a) 1 b _a—i—b’
gf:[sc?,g] ° ) 2 IEQ(X)dea A KA (4.4)
: (h’_(b)—hﬁr(a))mﬁ\x—%"}g(x)dx
< -
=2 ) ,
(b—a) essUP, ¢ b) ‘(p (x) — w
<i(b—a) (h_ (b) =N, (a)).

The above inequalities provide both a generalization and several reverses for the left Fejér inequality (1.1)
as announced in the introduction.
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5. Applications for Hermite-Hadamard’s inequality

If we take g (x) =1, x € [a, b] in (4.2)-(4.4), then we get for any convex function h : [a,b] C R — R and

@ € 0h that
1 b a+b
< _
O\b_aLh(x)dx h( > )
1 (° h_(b) + 1, (a) a+b
< — _
T G I G L
1(® h’ (b) +h/, (a)
< = _
< ZL @ (x) 5 dx
1
<7 (b—a)(hl (b) =R (a),
1 b a+b
< _
O\b_aLh(X)dx h( 5 )
1 (® h_ (b) + 1, (a) a+b
< — _
oal, (00 (55
1/4q
b h/ b h/ q
ey o— a7 ([ e - PR g,
2(p+1)YP a 2
1
<7 (b—a) (Rl (b) — 1, (a)),
and
0< ! th(x)dxh atb
“b—a), 2
b h (b)+h’
< 1 J 0 () — " (b)+h, (a) _a+b 4
b—al, 2 2 (5.1)
h_(b) +h '
gl(b—a) essup |@ (x) — — (®)+ 7 (o)
4 x€la,b] 2
1
gg(b—a) (h” (b) —h, (a)).
For instance, if we take h: [a,b] C (0,00) — (0,00), h(x) = —Inx in the inequality (5.1), then we get
A (a,b) A(a,b) 1 (b—a)?
1< < —1) < el b
I(a,b) eXP(L(a,b) P8 GZ(aqb)
where A (a,b) := %b is the arithmetic mean, G (a,b) := v/ ab is the geometric mean,
lng:lcrll a’ if b 7& a,
L(a,b):=
b, ifb=a
is the logarithmic mean, and
1
1 (bb\b-a ;
e law , ifb#aq,
I(q,b):= e( )
b, ifb=a

is the identric mean.
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Also, if we take h: [a,b] C (0,00) — (0,00), h(x) = % in the inequality (5.1) then we get

A(a,b)—L(a,b) - L(a,b)A(a,b)—G?(a,b) - 1 A(a,b)

OS Alab)liab) S G lab)liab) S 4GH(ab)

(b—a)?.

We define the p-logarithmic mean by

1/p
pPHl_qgp+l .
(Shmess) o ifv#a,

Ly (a,b) =
b, ifb=aq,

where p € R\ {—1,0}.

We extend this mean for {—1,0} by putting L_; (a,b) := L(a,b) and Ly (a,b) := I(a,b). With this
convention we have that the function R >p — L, (a, b) is monotonic increasing.

If we take h: [a,b] C (0,00) = (0,00), h(x) =xP, p € (—00,0) U (1, 00) in the inequality (5.1), then we
get

0< L} (a,b)—AP (a,b) <p (LE (a,b) =P} (a,b) A (a,b)) < ép (p—1)(b—a)*LP 3 (a,b).
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