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1 Introduction
Investigations into the regularized trace formulas of scalar differential operators started
with the work [1] firstly. After that work, regularized trace formulas for several differential
operators have been studied in some works as [2, 3] and [4]. In [5] a formula for the second
regularized trace of the problem generated by a Sturm-Liouville operator equation with a
spectral parameter dependent boundary condition is found. The list of the works on this
subject is given in [6] and [7]. The trace formulas for differential operators with operator
coeflicient are investigated in the works [8—13] and [14]. The boundary conditions in our
work are completely different from those in [9].

In this work, we find the following regularized trace formula for a self-adjoint differential

operator L of fourth order with bounded operator coefficient:

00 00 4 T
Z[Z(k’”” - (m + %) ) - %/0 trQ(x)dx:| = i[trQ(n) —trQ(O)].

m=0 L n=1

Here {X,,,}32, are the eigenvalues of the operator L which belong to the interval [(m1 + %)4 -

QI (m + 3)* + 11QI].

1.1 Notation and preliminaries

Let H be a separable Hilbert space with infinite dimension. Let us consider the operators
Ly and L in the Hilbert space H; = L,(0, w; H) which are formed by the following differen-
tial expressions:

Lo(y) =" (x),
2(y) =y (%) + Qx)y(x)
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with the same boundary conditions y(0) = y”(0) = y'(7) = y” () = 0. Suppose that the op-
erator function Q(x) in the expression £(y) satisfies the following conditions:

(Ql) Qx):H — H is a self-adjoint kernel operator for every x € [0, 7]. Moreover, Q(x)
has second order weak derivative in this interval and Q¥ (x) : H — H (i = 1,2) are
self-adjoint kernel operators for every x € [0, ].

Q) QI <2.

(Q3) There is an orthonormal basis {¢,}52; of the space H such that

o]

> Q@)@ < oo

n=1

(Q4) The functions ||Q® (%)l oy (1) are bounded and measurable in the interval [0, 7]
(i=0,1,2).
Here o1(H) is the space of kernel operators from H to H as in [15]. Moreover, we denote
the norms by | - ||y and || - || and inner products by (-, -)i and (-, -) in H and Hj, respectively,
and we also denote the sum of eigenvalues of a kernel operator A by trA = trace A.

Spectrum of the operator Ly is the set

1\* /3\* 1\*
Lo)=3l=) =), =),
w={(z) () (nr2)
Every point of this set is an eigenvalue of Ly which has infinite multiplicity. The orthonor-

mal eigenfunctions corresponding to eigenvalue (m + %)4 are in the form

Yin (%) = \/Zsin (m + 1)x ‘o (m=1,2,..)). (1.1)
T 2

2 Some relations between spectrums of operators Ly and L
Let R, R; be resolvents of the operators Ly and L, respectively. If the operator Q : H; — H,
satisfies conditions (Q2) and (Q3), the following can be proved:

(a) QRY € 01(H,) for every A ¢ o (Lo).

(b) Spectrum of the operator L is a subset of the union of pairwise disjoint intervals

oo

1\* 1\*
Bu=[(m+3) —10u(m+3) +101] =012 000 c U

m=0

(c) Each point of the spectrum of L, different from (m + %)4 in F,, is an isolated
eigenvalue which has finite multiplicity.
(d) The series Y oo [Apm — (m + %)4] (m=0,1,2,...) are absolutely convergent where
{Amn}oo, are eigenvalues of the operator L in the interval F,,,.
Let p(L) be resolvent set of the operator L; p(L) = C\o (L). Since QRY € o1(H;) for every
X € p(L), from the equation R; = R) — R, QRY we obtain R; — RY € o1(H)).

On the other hand, if we consider the series

[ee) 4
Z[Amn— <m+ %) } (m=0,1,2,...)

n=1
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are absolutely convergent then we have

tr(R,\—Rg)=ZZ[A _(m+l)4—x}
2

for every A € p(L) [10]. If we multlply both sides of this equality w1th
equality over the circle [A| = b, = (p + 1)* (p €N, p > 1), then we ﬁnd

1
— rtr(R, — RY) d
2i |)\|=hp ( A)
/ |: 1 1
" 2mi Jygo, monl Do = A (m+ )t =
2708 Jp)=b, i Ao — A (m+%)4_

Page 3 0of 10

— and integrate this

(2.1)

If we consider the relations |A,,,| < b, (m=0,1,2,...,p) and [Apy| > b, (m=p+1,p+2,...)

forn=1,2,3,..., then from (2.1) we get

1

— atr(R;, — RY) dA
2mi [Al=bp ( A)

S)IE [t
270 Jjpjeby A= (m+ )% 270 J3zp, A = A

m=0 n=1

AdA 1
+ —_— e ——
Z Z|:277,’l/;b bp)"_(m+%)4 2wi |A]=

m=p+1 n=1

(1) ]

m=0 n=1

Moreover, from the formula R; = R — R, QR?, we obtain the following equality:

R, - RO = —R%QRY + R (QRY)* - R, (QRY)°.

If we put this equality into (2.2), we have

p o 1\ 4
ZZ[ i — (m + 5) :| =My + My + M.
m=0 n=1

Here

-1y

2 W:bp

Au[RO(QRYY]dr  (7=1,2),

Iz

" i o, Atr[ Ry, (QRY)7] d.

(2.2)

(2.3)
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Theorem 2.1 Ifthe operator function Q(x) satisfies condition (Q3), then we have

_&Y

- 27‘[ij Al=bp

[ (QRY)] .

j

Proof 1t can be shown that the operator function QR? is analytic with respect to the norm
in the space o1(H;) in domain p(Lgy) = C \ 0(Lg) and

e [(QRYY]'} = jul(QR)) (QR)]. (2.7)
Considering (QRS)’ = (QR2)2, we can write the formula (2.7) as
r{[(QRY)T} = jtr[RY(QRYY] (2.8)

From (2.5) and (2.8), we obtain

—1y+t ./
=G [ all(@) )

From here, we find

Y i / tr{[2(QRYY] - (QRYY'} da
[A|=bp

27ij
_ (_1)1 0\/ (_1y+1 YAl
oy, @@ T [ (@) 29)

It can be easily shown that

tr{[2(QRY)'T} = {1 (QR))']) -

Therefore, we have

[ i@y an- [ fule))) o 010

[Al=bp

The integral on the right-hand side of the last equality can be written as

f {7 (QROY]) da = / (A (QROY]) dn + f [e[A(QROY]) dr. (2.11)
e e e

Let &9 be a constant satisfying the condition 0 < &9 < b, — (p + %)4. Consider the function

tr[A(QR?Y] is analytic in simple connected domains

Gi={reC:b,—e9<A<b,+sgo,ImA> -5},

Gy={reC:b,—g9g <A <by+ep,Imh < e}
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and
{LeC:|A|=by,Im1 >0} C Gy, {xeC: Al =b,,ImA <0} CG,.

From (2.11) we obtain

[, Wla@RYY a5~ vl (@R, 1 -l R,

+ u]b, (QRY )] - b, (QR%, ] = 0. @12)

From (2.9), (2.10) and (2.12) we find

(-1 [ (QRYY ] dr

P 27le ‘M:bp O

3 The formula of the regularized trace of the operator L
In this section, we find a formula for the regularized trace of the operator L. According to
Theorem 2.1,

My, = L tr[ (QRY)] d. 3.1)

2mi [l=bp

Since {Yyun} st no1 is an orthonormal basis of the space Hy, from (3.1) we obtain

o /k 33 QR Y d

[X1=bp 11=0 n=1
/ QI/IWIH’ '(/fmn)
Comi '\\hmenl m+2)4
> - 1 1
Y Q@b 5 [ i (32)
m=0 n=1 [1]=byp m+ 3)

Considering (m + £)* < b, = (p + 1)* for m < p and (m + 1)* > b, = (p + 1)* for m > p, from

formula (3.2)
14 p o0
My = % ;(QWW” wmn)zy_” —/IAI o, m mz ZI(QI//W,, Yinn) (3.3)

is obtained.
From (1.1) and (3.3), we have

pl_ZZ/ ( (x)[s1n<m+ )x <pn,\/7sm<m+3)x ¢n> dx

m=0 n=1

= —ZZ/ x)go,,,(pn sin (m+ —>xdx

m=0 n=1

1

p T e}
=53 /o [Z(Q(x)%,%)f[} (1 - cos(2m + 1)x) dx. (3.4)
= n=1

b4
m=0
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If we consider the formula Y-, (Q(®)¢,, ¢u)n = tr Q(x), then we get

b4 r T
My = lll / tr Q(x) dx — l Z/ tr Q(x) cos(2m + 1)x dx. (3.5)
T 0 T prs 0

Lemma 3.1 Ifthe operator function Q(x) satisfies conditions (Q2) and (Q3), then we have

IRl <p~
over the circle |\| = by,.

Proof Since the operator function Q(x) satisfies conditions (Q2) and (Q3), we have

1\* 1\*
{)»mn}ZolC<(m+§> —IIQ||,<WI+§> +||QII> (m=0,1,2,...),
1\4
Amn—<m+§>
If we consider this relation, we get
1\* 1\*
[Apn — Al = |A — m+§ =\ Ao — m+§

1\* 1\*

A— m+§ An — m+§

5
<lQll < 3 (m=0,1,2,...;m=1,2,...).

for m < p and

e I (e
) ) e )

4
2<p+§) —(p+1)4—g>2(p+1)3—§>p3 (3.7)

N =

=

form>p+1.
On the other hand, we can write

-1
[1R:]l = mTOE‘lIXM{an - A} (3.8)

n=1,2,...

From (3.6), (3.7) and (3.8) we get

IR <p® (1Al =bp). 0
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Lemma 3.2 [fthe operator function Q(x) satisfies condition (Q3), then we have

oo
| QR oy <527 D QU6

n=1

over the circle |\| = b,

Proof Let us show that the series Y o [ >, |QR) V.| is convergent.
For A ¢ o (L), we get

5 QR

22(ne3) |
()L o
[ii(m_) _{1/ laeonlsin (m+ 3 Y
o) [ ]

1 o0

ZH Q)] - (3.9)

[o olNe ]

2.2

QY mn I

2 . 1
Qx),/ — sm(m + —)x - O
kg 2

55

m=0 n

HENE

From this relation we obtain

>3

m=0 n

o]

m=0

Mg

iQR 1pmn| <00 ()\éU(Lo))

I
—_

On the other hand, since the sequence {{,,,},o5 ,,-; is an orthonormal basis of the space

m=0,n=

H,;, we get

”Q 0”01 (Hy) = Z Z”Qngmn ” (3.10)

m=0 n=1

[15]. From (3.9) and (3.10) we obtain

(+3)
m+—=] —-A
,o 2

| QR 1y = 2 QWP
n=1 m

-1
(3.11)

Furthermore, over the circle |A| = b, we get
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D(-(r3)) e 2 () )

<
o= (ee3)) E () o)
<

m=p+1
p 1 4~ -1
<Z (p+1)4—(p+5>>

m=0
0 1\2 -1 1\2 -1
+ Z(<m+§) —(p+1)2> (<m+§) +(p+1)2>
m=p+1
1 1 -3 1 , 00 1 2 ) -1
o) B )t e
It can be easily shown that
1\ 1
(m+§) —(p+1)2>z(m2—p2) (m=>p+1) (3.13)
and
Z (m* —pz)_l <2p_%. (3.14)
m=p+1

From (3.12), (3.13) and (3.14) we get

1\*
<m+—) —A
2

From (3.11) and (3.15) we obtain

o]

2

m=0

-1

<p 4 4p’% <5p~ (3.15)

”QRg ||G1(H1) < SP_Z ZHQ(&C)(ﬂn ” (lkl - bp)' O

n=1

Theorem 3.3 Ifthe operator function Q(x) satisfies conditions (Q1), (Q2), (Q3), and (Q4),
then we have the formula

S5 o (1) ] L [ wowad

m=0 \ n=1

1
= E[trQ(n) -trQ(0)].
Proof By using Theorem 2.1, Lemma 3.1 and Lemma 3.2, we find

Mo =
p2_471

/xbp tr[(QRg)z]dx’

e[ (QRY)?][1 i

« —
47 J )=,
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1

2
S N
1
= 1oty | R} ||| @R} Hol(H1)| di|
QI
T

< c1/ p‘S di
[A=bp

=21 by pP=2ma(p+1)p Tt <cpt.

Here c is a positive constant.

By using formula (2.6), Lemma 3.1 and Lemma 3.2, we find

_ - 0\3
Myl = 5 /Mpmr[zex(@ek) Jdx
bp 0\3
< = R, (OR dr
= W:pr 2 (QRY)" [ 1dn|
b IR (QRY)? |, ey A
~ 2 =5y o1(H1)
b 2
<o . IR (QRY) ™I (QR) [, sy 42

IA

b 2

2 /M_b,, IR IQI R P [QREY., | 42
<c3- b;p_u

=c(p+1)8p M <cgp3.

From (3.16) and (3.17) we get

lim M,y = lim M, = 0.

p—>00 p—>00

From (2.4) and (3.5) we obtain

S5 o () ]2 [ et

m=0 \ n=1

1 [”
:——E / tr Q(x) cos(2m + 1)x dx + My + M,.
Y4 0
m=0

From (3.18) and (3.19) we find

S5 (m+3) ]2 v

m=0 \ n=1

= _% Z /” tr Q(x) cos(2m + 1)x dx.
m=0 0

Page 9 of 10

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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Moreover, using conditions (Q1) and (Q4), we get

_% Z ‘/ﬂ tr Q(x) cos(2m + 1)x dx
m=0"0

= _i 2 |:/0n tr Q(x) cos mx dx — (-1)" /On tr Q(x) cos mxdx:|
= _i %[% /OntrQ(x)cosmxdx:| cos m0 + [% /OntrQ(x)dx] cos0
+ i ;[% /: trQ(x)cosmxdx] cos mT + [% /On trQ(x)dx] cos O
1
= Z[tr Q) - tr Q(0)]. (3.21)

From (3.20) and (3.21) we find

i i[k - <m + 1>4] - 1 /ﬁ trQx)dx ¢ = l[trQ(n) —trQ(O)]
" 2 T Jo 4 '

m=0 \ n=1

The theorem is proved. d
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