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Abstract

This paper is mainly devoted to the study of the Hardy-Littlewood maximal function
on noncommutative Lorentz spaces and to obtaining (p, g)-(p, g)-type inequality for
the Hardy-Littlewood maximal function on noncommutative Lorentz spaces.
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1 Introduction

In [1] Nelson defined the measure topology of t-measurable operators affiliated with a
semi-finite von Neumann algebra. Fack and Kosaki [2] investigated generalized s-numbers
of T-measurable operators and proved dominated convergence theorems for a gage and
convexity (or concavity) inequality.

As for noncommutative maximal inequalities, a version of ergodic theory was given by
Junge [3] and Junge, Xu [4]. In 2007, Mei [5] presented a version of noncommutative
Hardy-Littlewood maximal inequality for an operator-valued function. In this paper, we
study another version of Hardy-Littlewood maximal inequality introduced by Bekjan [6].
In [6], Bekjan defined the Hardy-Littlewood maximal function for r-measurable opera-
tors and, among other things, obtained weak (1,1)-type and (p, p)-type inequalities for the
Hardy-Littlewood maximal function. In [6], for an operator T affiliated with a semi-finite
von Neumann algebra, the Hardy-Littlewood maximal function of T is defined by

MT(x) = sup

1
E TN TEx—r,xH" T])).
D E (1 Eiereen (1T1)

The classical Hardy-Littlewood maximal function of a Lebesgue measurable function f :
R — R denoted by Mf(x) is defined as

Mf(x)=sup ———
f rs0 M([x —7,%+r]) [x=rx+r]

f (t)| dt,

where m is a Lebesgue measure on (—00, +00) (cf. [7]). Moreover, a natural generalization
of this is the case f : R — R and u, a Borel measure on (—00, +00), where

Mif (x) = sup — F(0)] dpn(e).

r>0 /'L([x —-nx+ r]) [x—rx+7]
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Asdiscussed by Bekjan in [6], let (A) = t(E4(|T])), where A is a Borel subset of (—00, +00).

Then w is a Borel measure and

1
MT(x) =sup ——— tdul(t),
0 w(x—rx+7]) [w—rx+r]

i.e., MT(x) is the Hardy-Littlewood maximal function M, f(x) of f : R — R defined by

t, teo(T]),
f) = (1.1)
0, t¢a(|T)),

with respect to .

In view of spectral theory, | T| is represented as
|T| = / tdE,, (1.2)
a(IT1)

and MT(|T|) is represented as MT'(x). Thus, for T, MT(|T|) is considered as the opera-
tor analogue of the Hardy-Littlewood maximal function in the classical case. Therefore,
roughly speaking, MT(|T'|) stands in relation to T as Mf (x) stands in relation to f in clas-
sical analysis.

In this paper, we study the Hardy-Littlewood maximal function on noncommutative
Lorentz spaces. By primarily adapting the techniques in [8], we obtain the (p,q)-(p,q)-
type inequality for the Hardy-Littlewood maximal function on noncommutative Lorentz
spaces.

The remainder of this paper is organized as follows. Section 2 consists of some notations
and preliminaries, including the noncommutative Lorentz spaces and their properties. In

Section 3, we present the main result of this paper.

2 Preliminaries

Throughout the paper, let M be a finite von Neumann algebra acting on the Hilbert space
‘H with a normal faithful tracial state 7, and C will be a numerical constant not necessarily
the same in each instance. The identity in M is denoted by 1, and we denote by M,,,; the
lattice of (orthogonal) projections in M. A linear operator T : dom(7T") — H, with domain
dom(T) C H, is said to be affiliated with M if uT = Tu for all unitary « in the commu-
tant M’ of M. The closed densely defined linear operator 7T affiliated with M is called
T-measurable if for every € > 0 there exists an orthogonal projection P € M, such that
P(H) € dom(T) and t(1 — P) < €. The collection of all 7-measurable operators is denoted
by M. With the sum and product defined as the respective closures of the algebraic sum
and product, M isan x-algebra. For a positive self-adjoint operator T affiliated with M,

we set

o(T) = supr(/onkdEx) = /Ooo)»dt(Ek),

where T = fooo MdE; is the spectral decomposition of 7'
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Let T be a T-measurable operator and ¢ > 0. The ‘¢th singular number (or generalized

s-number) of 7" is defined by

we(T) = inf{|| TE|| : E € Mo, T(1 - E) < £}.
By Proposition 2.2 of [2], we have

ne(T) =inf{s > 0:A(T) <t} (£>0),
where A(T) = T(E500)(|T])) (s > 0) and Es00)(| T'|) is the spectral projection of |T'| cor-
responding to the interval (s,00). The reader is referred to [2] for basic properties
and detailed information on generalized s-numbers and the distribution function of

T-measurable operators.

Definition 2.1 (See, e.g,, [9]) Let T be a t-measurable operator affiliated with a finite von
Neumann algebra M, and let 0 < p, g < 0o. Define

(2P (1141 if g < oo,

1 (2.1)
SUP,o t2 e (T) if g = o0.

1T || par) =

The set of all T € M with | T\l ra(am) < o0 is called the noncommutative Lorentz space,
denoted by L”4(M) with indices p and gq.

For convenience, we need the following Hardy inequalities in [10].

Lemma 2.2 Ifg>1,r>0andf >0, then

([ Tmoa] ) 1 oone)

and

(/Ooo[/toof()’) clyrt"1 dt)% < g(/(;oo[yf(y)]qyr—l)%.

Lemma 2.3 Let 0 <ry <p<ooand0<q,s<oo,then
LPI M) C L (M).
Let Lo (M; T) be the set of all t-measurable operators such that
r(|T|E1(|T|)) < +00

for all bounded intervals I C [0, +00).
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Definition 2.4 (See, e.g,, [6]) Let T € Lj,.(M; 1), the maximal function of T is defined
by

MT(x) = sup

1
r (TN TEx—r,xw T
P Em) (T B (171))

(let % =0). M is called the Hardy-Littlewood maximal operator.

Remark 2.5 By the introduction of [6], we know that MT(|T|) is represented as MT (x).
Hence, for T € Ljoc(M; 1), MT(|T|) is considered as the operator analogue of the Hardy-
Littlewood maximal function in the classical case. Therefore, roughly speaking, MT(|T)
stands in relation to T as Mf(x) stands in relation to f in classical analysis. Also, in [6],
it was proved that MT(|T|) defined in Definition 2.4 was weak (1,1)-type and (p, p)-type.
We refer the readers to [6] for more details and basic properties of MT'(|T).

3 Main result
Lemma 3.1 Let 0 < g < 00,1 <p,po,p1 <00 and py # p1 such that
1 1-6

0
Z = +— forsome0<6<1.
p Po P

Assume that M has no minimal projection, then there exists a constant C such that VT e
LPA(M) we have

IMTlp,q < ClTlp,g- (3.1)
Proof We assume that pg < p;. Theorem 2 of [6] and Lemma 2.3 imply that

IMT Nl pg,00 < IMT llpy < CllT I pg < CUT llpg,m 3.2)
and

IMT |y < IMTllpy < CITllpy < ClT Ty (33)
where m = % min(1, g).

By Lemma 1.8 of [11], for all £ € (0,1), we can take P € M, such that P|T| = |T'|P and

T(P) =t. Set Ty = |T|P, T, = |T| - Ty, it is easy to check that T} € LP*"(M) and T, €

LPr(M). Indeed, we see that 1,(T1) = uy(IT|P) = py(T) x(0,9 and wy(T2) = w,(|TIPY) =
Hy+t(T). Thus we obtain

o0 m t m
1Tl = f vio ", (1T1P)" dv = f v?o " (TY" dv
0 0
to m M_m_g
:/ (VP/LV(T)) vPo P dy
0
t m m 1
<l [ v
0

m

a 1 m_m
< <@> 1Ty, th ¥ <o
p

pq m

_m
po p
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and

1Tl = [ oA (T = [
0

(T dv
0
5/ 2 Mt(T)’"dV+/ ver T w,(T)™ dv
0 t

Pz 1 m [ m_m_y
< =71 p,(T)" + sup(v? (7)) / v P T dy

m V>t t
)2
= Et"l we(T)" + 1Tl w

=

m m m %
<Py (sur)tf%m(T)) + (q)
m

m

m_
trop

KN

t>0

m_m m
e | T,

SN

Since

TErer e (IT]) TEx—rxﬂ" T
T(E[x—r,x+r](|T|))T(| |[ » ](| |))

————————T(|T|PE|- T
‘C(E[x_,,x+r](|T|))t(| | PE|, r,x+r](| |))
1
——1(|T|P E|, T
¥ T(E[x—r,x+r](|T|))r(| | x r,x+r](| |))

Eontqrny T Breen (1T11))
* mf(|T2|Eu-nmr](|T2|))

= mf(lTllE[x_r,x+r](|Tl|))
* mf(wﬂf{xmw}(|T2|)),

taking supremum, we get

MT (x) < MT1(x) + MT,(x),

which implies that
IMT g < C(IMThllpg + IMTllp,q)-
We estimate each term separately. For the first term, using (3.2) we get
o0 dt |
q
IMT1pq = {/ 2 (,U«t(MTl))qT}
0

1

®© q_4q 1 dt)a

= {/ tZ 7 (tplo Mt(MTl))qT}q
0
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o0
gl dt)1
sc{/o AT, .
0o t iz m L
- {[/ t‘q(z%-%H(/ v%_IMV(T)de) dt]q} .
0 0

After replacing r and g respectively with q(— - —) and Z in the first inequality in

Lemma 2.2, we see that the last expression is est1mated as follows:

1
B ot
0

=ClTllpg

i.e, |MT|lpq < ClIT|lpq. To estimate the second term, by applying (3.3) we obtain

1
* q dt)a
IMT3lpq = {/ 128 (Mt(MTz))qT}
0
1

= {/ tp & (tm 'u,t(MTQ)) dt}q

o dt
sc/ SERNTI,,, }
0

=C UOOO (/Ooovl’ﬂl_luv(Tg)mdv>Zldti|
<C fowﬂ (fotw%lm(T)mdvyndt}
+C”: tqp 7 l(lwv%IMV(T)meZdt:F}

For the second term {[f tq(p pr) f i ,u,V(T)m dv) dt]q 7 }m replace r and g respec-

tively with q(ll? - pil) and £ in the second inequality in Lemma 2.2, and we estimate the

m
q

N

!

Q=

N

last expression as follows:

m 0 % 0 1
gc{—m(r)q/ tP_ldt} +c{/ [y v L (1)) dv}
m 0 0

1
N 1
= C{&M:(T)q/ tz_ldt}q +ClTlpq
m 0

1
q

= ClTpg

i.e, |IMTllpg < ClITlpq-
For the case of py > p1, we may simply reverse the roles of py and p; in the above proof.
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We have now shown that
IMT | pg < CIT |l pq- O

Theorem 3.2 Let 0 < g < 00,1 < p,po, p1 < 00 and py # p1 be such that

1 1-60 0
= +— forsome0<6<1.
p Po P

Assume that M has minimal projections, then there exists a constant C such that for all
T € LP1(M) we have

IMT |lpg < ClIT llp,g-
Proof Since M has minimal projections, we consider the von Neumann algebra tensor
product M ® L*([0,1]; dm) denoted by M, equipped with the tensor product trace T ®
dm, where dm is the Lebesgue measure on [0,1], then M has no minimal projection.
Let |T| = fa(\Tl) MdE; (]T|) be the spectral decomposition of T Since
o(IT))=o(IT|®1),

we have

|T®1I=|T|®1=/

Ad(E(IT)) ®1) =/ A(E(IT)) ®1).
a(IT1)

o(IT|®1)

It is easy to check that E,(|T|) ® 1 is a spectral series for each A > 0. Hence, for any
interval

Ico(IT)=0(IT®1])=0(|TI®1),
by the uniqueness of the spectral decomposition, we see that
E(T®1))=E(/T))®L
For Vr > 0, since
“(Bran(17) = [ Bt (1)) dm = 7 @ dm(Epreon (1T1) 1)
and

T® dm(|T ® 1|E[x—r,x+r] (|T|) ® 1)

D=

=TQ® dWl{(|T ® 1|E[x—r,x+r] (|T|) ® 1)*(|T ® 1|E[x—r,x+r] (|T|) ® 1)}

N

=T0Q® dm{(E[x—r,x+r](|T|) ® 1)*|T ® 1|(|T ® 1| Ep—rxsr) (|T|) ® 1)}

=T Q® dm{(E[x—r,x+r](|T|) ® 1)|T b 1|2E[x—r,x+r](|T|) b 1}%
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ST

=TQ® dm{E[x—r,x+r] (|T|) ® 1(|T|2 by 1)E[x—r,x+r](|T|) ® 1}

[T

= v @ dm{ (B (1T1) @ 1) (IT) @ 1) (IT1 © 1) (Eprrner (IT1) @ 1))}
=TQ® dm(|T|E[x—r,x+r] (|T|) ® 1)

= (1T Efyorwsn (1 T1)),
which implies that
M(T ® 1)(x) = MT(x).
By an adaptation of the proof of Lemma 3.1, we deduce that
|MTeNT @), < CIT @1l
With the trivial fact u(7T) = u(T ® 1), we know
1T ®1lpg=1Tlpq

Combing this result with M(T ® 1)(|T ® 1|) = MT(|T|), we infer that

IMT Nlpg < ClIT llpg- O
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