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1 Introduction

Unless stated otherwise throughout this section / is an interval of R.

Definition 1 A function f : I — R is called convex if the inequality

F (A + (1= 1)x) < Af(x) + (1= A)f (x2) (L1)
holds for each x1,x, € I and A € [0,1].

Remark 1
(a) Ifinequality (1.1) is strict for each x; # x5 and A € (0,1), then f is called strictly
convex.
(b) If the inequality in (1.1) is reversed, then f is called concave. If it is strict for each
%1 # %2 and A € (0,1), then f is called strictly concave.

The following proposition gives us an alternative definition of convex functions [1], p.2.

Proposition 1 A function f : I — R is convex if the inequality

(3 —2)f (1) + (%1 — x3)f (2) + (%2 —21)f (w3) > O

holds for each xy,%5,x3 € I such that x; < xp < x3.
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The following result can be deduced from Proposition 1.

Proposition 2 Ifa function f : I — R is convex, then the inequality

S x2) —f(x1) <f()’2) -f ()

Xy—%1 Y2-N

holds for each x1,%2,y1,y2 € I such that x; < y1, xp <y, %1 Z %2, Y1 # 2.

Now we define the generalized convex function which can be found in [2, 3] and

[1].

Definition 2 The nth order divided difference of a function f : I — R at distinct points
XiyXis1, .- Xisn € 1 = [a,b] C R for some i € N is defined recursively by

[ f1=f(x), j€ly...,i+n},

[xi, . :xi+n;f] _ [xi+1; o xxi+n;f] - [xh e ,xi+n—1;f] )
Kitn — Xi

It may easily be verified that

[xi;...,xiJrn;f] = Z f(xi+k)

i+n
k=0 Hj:i,j—T/Hk(ka - %j)

Remark 2 Let us denote [;,..., %y f] by Agyf(x:). The value [x;, ..., %, f] is indepen-
dent of the order of the points x;,%;,1,...,%;.,. We can extend this definition by including

the cases in which two or more points coincide by taking respective limits.

Definition 3 A function f : I — R is called convex of order n or n-convex if for all choices
of (n + 1) distinct points x;,...,%;., we have Ag,f(x;) > 0.

If the nth order derivative f” exists, then f is n-convex if and only if f* > 0.

Remark 3 For n =2 and i = 0, we get the second order divided difference of a function

f:I— R, which is defined recursively by

(%1 =f(x;), je€{0,1,2},
S i) —f (%))

(x5, %5015 f] = j€{0,1}, (12)
Xj+l = Xj
[xo,xl,xz;f] _ [xlyx2;f] - [xOrxl;f] ,
X2 — X0

for arbitrary points xg,x;,%; € I. Now, we discuss some limiting cases as follows: taking

the limit as x; — xg in (1.2), we get

_ S(x2) —f (xo) —f" (o) (22 — x0)

(%2 — %0)?

hm [xOrxlyxZ;f] = [xO’xO!xZ;f] ) X2 #x())
X1—> X0
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provided that f”(x,) exists. Furthermore, taking the limits as x; — xo, i € {1,2} in (1.2), we

obtain

1" (%0)
2

’

lim [xOIxI)xZ;f] = [xo,xo,xo;f] =
X1—>X0

X0 —>x0
provided that f”(xo) exists.

For fixed m > 2, let x = (xy,...,%,,) and y = (1, ...,¥) denote two real m-tuples and
X[1] > X[2] =+ > X[m]» V1] = V2] = - - = Yim) their ordered components.

Definition 4 For x,y € R”,

k k
i ¥ = 2y, kell.,om-1}
YEa = 0 i

x<y if

when x <y, X is said to be majorized by 'y or y majorizes X.

This notion and notation of majorization was introduced by Hardy et al. [4]. Now, we
state the well-known majorization theorem from the same book [4] as follows.

Proposition 3 Let x,y € [a,b]™. The inequality

if () < if(%’) (1.3)
i=1 i=1

holds for every continuous convex function f : [a,b] — R if and only if x < y. Moreover, if
f is a strictly convex function, then equality in (1.3) is valid if and only if x;) = yy;) for each
iefl,...,m}.

The following weighted version of the majorization theorem was given by Fuchs in [5]
(see also [6], p.580 and [1], p.323).

Proposition 4 Letw € R"” and let x,y € [a, b]" be two decreasing real m-tuples such that
k k

Z wix; < Z wy, ke{l,...m-1} and (1.4)
i=1 i=1

Xm: WiXx; = i wiyi. (15)
i=1 i=1

Then for every continuous convex function f : [a,b] — R, the following inequality holds:

m

D wif@) < wif 0i). (1.6)
i=1

i=1

Remark 4 Under the assumptions of Proposition 4, for every concave function f the re-
verse inequality holds in (1.6).
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The following proposition is a consequence of Theorem 1 in [7] (see also [1], p.328) and

represents an integral majorization result.

Proposition5 Letx,y: [«, B] — I be two decreasing continuous functionsand w: [a, B] —

R continuous. Then if
/u w(t)x(t) dt < [u w(t)y(t)dt, foreachue(x,p), and (1.7)

B B
/ w(t)x(t) dt = / w(t)y(t) dt, (1.8)

hold, then for every continuous convex function f : I — R the following inequality holds:

B p
/ w(t)f (x(¢)) dt < / w(t)f (y(2)) dk. (1.9)

Remark 5 Letx,y: [«, B] = I be two increasing continuous functions and w: [a, 8] — R

continuous. If
B B
/ w(t)x(t) dt < / w(t)y(t)dt, foreachue (a,8), and

B B
/W(t)x(t)dt:/ w(t)y(¢) dt

then again inequality (1.9) holds. In this paper we will state our results for decreasing x
and y satisfying the assumption of Proposition 5, but they are still valid for increasing x
and ¢ satisfying the above condition; see for example [6], p.584.

In paper [8] the following extension of Montgomery identity via Taylor’s formula is ob-

tained.

Proposition 6 Let n e N, f:1 — R be such that "~V is absolutely continuous, I C R an
open interval, a,b € I, a < b. Then the following identity holds:

) fk+1 (@) (x— ﬂ)k+2 ”—ka+1( b) (x - b)k+2
S = —ff(tdt+zk'(k %) b-a _gk!(k+2) b-a

1 b
’ / Tl )" s) ds (110)
(l’l - 1)‘ a
where
(=) e o
T,(x,8) = —aoa the®—9)", as<s<x -
_;(:(612)”) + %(x -s)"1, x<s<b.

In case # =1 the sum ZZ;(% --- is empty, so identity (1.10) reduces to the well-known

Montgomery identity (see for instance [9])

b b
flx) = ﬁ/; f(t)dt+/; P(x,s)f'(s) ds,

Page 4 of 22
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where P(x,s) is the Peano kernel, defined by

e as<s<x,
P(x,s) = o
—a’ x<s§b

The aim of this paper is to present a new generalization of weighted majorization the-
orem for n-convex functions, by using generalization of Taylor’s formula. We also obtain
bounds for the remainders in new majorization identities by using the Cebysev type in-
equalities. We give mean value theorems and #n-exponential convexity for functionals re-

lated to these new majorization identities.

2 Majorization inequality by extension of Montgomery identity via Taylor’s
formula

Theorem 1 Suppose all the assumptions from Proposition 6 hold. Additionally suppose

thatme N, x;,y; € [a,b] and w; e R fori € {1,2,...,m}. Then

m m

D wif ) = Y wif (x:)

i=1 i=1

1 n-2 1 m
“b-a [Z Ki(k + 2)! 2wl M@= - -]
’ =l

k=0

_f(k+1)(b)[(yi _ b)k+2 — (- b)k+2]]:|

(r[ 1)!/ (Zwl T()/l,S) Tn(xirs)))/(")(s)ds. (2.1)
i=1

Proof We take extension of Montgomery identity via Taylor’s formula (1.10) to obtain

m

D owif o)=Y wif (%)
i=1 i=1
b m
/ft)dtZwl ia/;f(t)dt;wi

f(k+1)(a) ()/i _ a)k+2 n-2 f(k+1)(b) (yi _ b)k+2
" ZW’( K(k+2) b-a “—Kk+2) b-a

kaﬂ) 6l) x; —61 k+2 ~ n-2 f(k+1)(b) (xi _b)k+2
k+2) b-a P kKik+2) b-a

T (i, 8)f s) ds.

Wz

(n o Zw,/ T.(yirs

By simplifying this expressions we obtain (2.1). 0

We may state its integral version as follows:
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Theorem 2 Let x,y: [o, 8] — [a, b] be two functions and w : [«, 8] — R continuous func-
tion. Let f : I — R be such that f"~V) is absolutely continuous for some n € N, I C R an open
interval, a,b € I, a < b, then for all s € [a, b] we have the following identity:

B B
/ w(t)f(y(t)) dt—/ w(t)f(x(t)) dt

o

_ 1 "2-2: 1 _/ﬂ WO [f* @[ ((8) - )™ = (x(e) - a) ]
“b-a| &Rk ), ’

P08 - 0 - |

1 by rb
P / ( / W(t)(Tn(y(f)rS)—Tn(x(t),s))dt)f(”)(s)ds, (2.2)

where T,(-,s) is as defined in Theorem 6.

Proof Our required result is obtained by using extension of Montgomery identity via Tay-
lor’s formula (1.10) in the following expression:

B p
/ w@)f (y(t)) dt - / w(t)f (x(t)) dt

o o

and then using Fubini’s theorem. O

Now we state the main generalization of the majorization inequality by using the iden-
tities just obtained.

Theorem 3 Let all the assumptions of Theorem 1 hold with the additional condition

> wiTu(xis) <Y wiTu(yis), Vs € la,bl. (2.3)
i=1 i=1

Then for every n-convex function f : I — R the following inequality holds:

Do w0 = Y wif (x)
i=1 i=1
1 n-2 1 m o . .
Zb—a Z/<l(k+2)[zwf[f (“)[()’i—ﬂ) —(x;—a) ]
k=0 i-1
— YO i - b = (xi - b)"*z]]}. (2.4)

Proof Since the function f is 7-convex so we have f) > 0. Using this fact and (2.3) in (2.1)

we easily arrive at our required result.
Remark 6 If reverse inequality holds in (2.3) then reverse inequality holds in (2.4).

Now we state important consequence as follows:
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Corollary 1 Suppose all the assumptions from Theorem 1 hold. Additionally suppose that
X,y € [a, b]" are two decreasing m-tuples and w € R™ which satisfy conditions (1.4), (1.5).
Iff is 2n-convex then the following inequality holds:

m m

D owif )= wif (%)

i=1 i=1

1 2n-2 1 m
" a [Z i @i a) - - a) ]
k=0

i=1

~FEB 3 - b - —b)“]]}. (25)

Moreover, if f9(a) > 0 and (-1)fV(b) > 0 for j=1,...,2n -1 then

iwa i) > imf (:). (2.6)
i=1 i=1

Proof Since

T,(x,5) = —ra T ra®-9)", as<s<x<b,
S JCS +EL(x—g)l g<x<s<
n(b-a) —a ) =
and
@ Ty (%,5) Pl -2+ (n-2)x-a)x—5)"3], a<s<x=<b,
I X,8) =
2 2L — 52 4 (- 2)(x— B)(x—9)"%], a<x<s<h.

T,(-,s) is continuous for every n > 2 and convex function for even #. Thus it satisfies in-
equality (2.3) by weighted majorization theorem (Proposition 4) and hence (2.3) by Theo-
rem 3 provides us (2.4) with 27 instead of #. Furthermore, we consider condition f¥ () > 0
and (-1)/f%(b) > 0 for each j = 1,...,2n — 1. By applying Proposition 4 with the continuous

convex function f(x) = (x — a)**2, x € [a, b] we have
m m
D owilyi—a) = " wilxi — a)* .
i=1 i=1

Since continuous function f(x) = (x — b)**2, x € [a, b] is convex if k is even and concave if

k is odd, by the same proposition we have

Z wi(y; - b)*? > Z wi(x; — b)*?  if k is even,

i=1 i=1

Z wi(y; - b)** < Z wi(x; — Y2 if k is odd.
i=1 i=1
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Now considering the assumption ¥ (a) > 0 and (-1)/f?(b) > 0 foreachj=1,...,2n—1we
have

Z w; [f(k+l)(ﬂ)[()/i _ ﬂ)k+2 _ (xi _ ﬂ)k+2] —f(k+1)(b)[()/i _ b)k+2 _ (xi _ b)k+2]]

i=1

=% V@)Y wil i — @) = (i - )] = EDB) Y il i = B = (i - )]
i=1 i

i=1

is positive for all k = 0,1,...,2n — 2. Thus the right-hand side of (2.5) is positive and (2.6)
holds. O

Remark 7 Sinceincasea <s<x<b %Tn(x, s) is always positive, T),(x,s) cannot be
concave and reverse inequalities cannot be observed.

Also, if w; =1, i =1,...,m the result of the previous corollary holds for any x,y € R”
such that x <y.

Its integral analogs are given as follows:

Theorem 4 Let all the assumptions of Theorem 2 hold with the additional condition
B B
/ w(t) T, (x(t),s) dt < / w(t) T, (y(t),s) dt, Vsé&la,b], (2.7)

where T,(-,s) is defined in Proposition 6. Then for every n-convex function f : I — R the
following inequality holds:

B B
f wt)f (y(t)) dt - / w(t)f (x(t)) dt

o1 22 1 / "W O @[ () - 0) - (x(0) - a) ]
“b_a — klk +2)! J, ’

k k
_jmwm@m-m”—@m—w”ﬂm} (2.8)
Proof Since the function f is n-convex so we have f” > 0. Using this fact and (2.7) in (2.2)
we easily arrive at our required result. g
Remark 8 If reverse inequality holds in (2.7) then reverse inequality holds in (2.8).

Corollary 2 Suppose all the assumptions from Theorem 2 hold. Additionally suppose that
x and y are decreasing and satisfy conditions (1.7), (1.8). If f is 2n-convex then the following
inequality holds:

B B
/ wt)f (y(t)) dt - / w(t)f (x(t)) dt

- 1 2;’12—:2 1 /’3 w(t)[f““’”(a)[( (t) _ Ll)k+2 _ (x(t) _ ﬂ)k+2]
“b-a| = kk+2) ), Y

-G () - ) - (x(6) - )] dt} 29)
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Moreover, if fV(a) > 0 and (-1)fV(b) > 0 forj=1,...,2n -1 then

B B
[ weroena= [ weao)ar

Proof By using the same arguments as we have given in Corollary 1, we easily arrive at our
required results simply by replacing (1.6) by (1.9), (2.3) by (2.7) and (2.4) by (2.8). O

3 Bounds for identities related to generalization of majorization inequality
Let g,/ : [a,b] — R be two Lebesgue integrable functions. We consider the Cebysev func-
tional

b

b b
T(g,h) = L gx)h(x)dx — (%/ g(x) dx) (%/ h(x) dx). (3.1)

b-al, - -

The following results can be found in [10].

Proposition7 Letg: [a,b] — R be a Lebesgue integrable function and h : [a,b] — R be an
absolutely continuous function with (- —a)(b—-)[/'1* € L{a, b]. Then we have the inequality

1 1 b ) 1/2
W) < —|—|T(gg x—a)b-x)Wx)]| dx) . .
7] = 5= (5|1 [ -0l ] ax) 62)

The constant % in (3.2) is the best possible.

Proposition 8 Let 4 : [a,b] — R be a monotonic nondecreasing function and let g :
[a,b] — R be an absolutely continuous function such that g’ € Ly[a,b]. Then we have the
inequality

1
2b-a)

b
|T(g,h)| < lg.. / (x - a)(b - x) dh(x). (3.3)

The constant % in (3.3) is the best possible.

Now by using aforementioned results, we are going to obtain generalizations of the re-
sults proved in the previous section.

For m-tuples w = (wy,...,wy), x = (%1, ..., %), and y = (91, ..., ¥yy) With x;,y; € [a, b], w; €
R (i=1,...,m), and the function T, defined as in (1.11), denote

8(s)= > wiTuis) = Y wiT(xi,s), Vs€la,b). (3.4)
i=1

i=1

Similarly for continuous functions x,y: [«, 8] — [4,b] and w: [o, 8] — R, denote

B B
A(s) = f w(t) T, (¥(t), s) dt — / w(t)T,(x(2),s)dt, Vs € [a,b]. (3.5)

Hence by using these notations we define Cebysev functionals as follows:

2

b b
T(8,8):ﬁ/ 82(s)ds—(ﬁ/ 8(s)ds> ,
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b b 2
T(A,A):ﬁ/ Az(s)ds—(ﬁ/ A(s)ds) .

Now, we are ready to state the main results of this section:

Theorem 5 Let n €N, f : [a,b] — R be such that f" is an absolutely continuous function
with (- — a)(b — )[f"*)? € L[a,b) and x;,y; € [a,b], w; e R (i = 1,2,...,m), and let the
functions T, T, and § be defined in (1.11), (3.1) and (3.4), respectively. Then we have

D owif ) =Y wif (x:)
i=1 i=1

1 m n-2
_ . (k+1) k+2 _ (o k42
e | S -0 -]

f k+1 [(y b)k+2 ( X — b)k+2]]i|

L 0) - (@)

b
L
1—Dib—a) ) 8(s)ds + R, (f;a,b), (3.6)

where the remainder Ri (f;a, b) satisfies the estimation

b-a
2

172
) . (3.7)

Proof 1f we apply Proposition 7 for g — & and & — £, then we obtain

L R 1’ 1"
m/ 3(s)f (s)ds—(m/; 8(s)ds)<m/f (s)ds)

1 ) 172
_\/— |T(8 8)’/ (s—a)(b- s)[f (s)] .

b
’Ri(f;ﬂ,b” =< ﬁ( T(s, 8)/ S)[f n+1) ]

Therefore we have

L ) - @) o
oo |, e CEGEEEA [Cata oo,

where R.(f;a, b) satisfies inequality (3.7). Now from identity (2.1) we obtain (3.6). d

Here we state the integral version of the previous theorem.

Theorem 6 Letf : [a,b] — R be such that f € C"[a,b) for n € Nwith (-—a)(b—-)[f"*V]? e
Lla,b] and x,y : [a,,B] — [a,b] and w: [a, B] — R and let the functions T,,, T and A be
defined in (1.11), (3.1) and (3.5), respectively. Then we have

p p
/ wt)f (y(t)) dt - / w(t)f (x(t)) dt

1 S 1 ’ k k+2 k+2
= a2 k2 / WO @[O0 -a) - (0 -a) ]

k=0
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—f(k+1)(b)[(y(t) _ b)k+2 B (x(t) _ b)k+2]] dt:|

N [f(n—l)(b) - f(n—l)
n-Db-a

b
)(“)] / A(s)ds + R2(f; a, b), (3.8)

where the remainder R(f; a, b) satisfies the estimation

1 b _ b 1/2
\R2(f;a,b)| < —— 2—21(A, A) / (s—a)(b-s) [f<”+1>(s)]2 ds| ) . (3.9)
(m=1'\ 2 a
Proof This result easily follows by proceeding as in the proof of previous theorem and by
replacing (2.1) by (2.2). O

By using Proposition 8 we obtain the following Griiss type inequality.

Theorem 7 Let f : [a,b] — R be such that f € C"[a,b) for n € N with f**Y > 0 on [a, b)
and let the functions T and § be defined in (3.1) and (3.4), respectively. Then we have the
representation (3.6) and the remainder R\(f; a, b) satisfies the following condition:

b—
[Rfs .0 < ¢ : ol [T“[f‘"‘“(b) +f "D (@)] - [ b) —f(”‘”(a)]}. (3.10)

Proof If we apply Proposition 8 for g — 8 and # — £, then we obtain

L OV 1 1 (" w
m/ﬂ‘ 6(S)f‘ (S) ds — (m/; S(S)ds) (EL f (S) ds)

b
18] /ﬂ (s = a)(b - $)f "V (s) ds.

=

1
2(b-a)
Since

b

/ (s—a)(b-s)f"V(s)ds
b

_ / (25— a—b)f")(s)ds

= b-a)[f" VB + @] - 2P ) - f P )], (3.11)
Therefore, by using the identities (2.1) and (3.11) we deduce (3.10). (I

Integral version of the above theorem can be given as:

Theorem 8 Let f : [a,b] — R be such that f € C"[a,b) for n € N with f**V > 0 on [a,b]

and let the functions T and A be defined in (3.1) and (3.5), respectively. Then we have the

representation (3.8) and the remainder R:(f;a, b) satisfies the following condition:

b—
[Ratfianb)| = ! il A'”w[Tﬂ V) + V@] - [ ) —f<"-2>(a)]].
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Here, the symbol L, [a, b] (1 < p < 00) denotes the space of p-power integrable functions

on the interval [a, b] equipped with the norm

Ifllp = ( / blf(t) i dt)%

and L [a, b] denotes the space of essentially bounded functions on [a, b] with the norm

[Iflloo = ess SUPV(t)I

tela,b

Now we state some Ostrowski-type inequalities related to the generalized majorization

inequalities.

Theorem 9 Let all the assumptions of Theorem 1 hold. Furthermore, let (p,q) be a pair
of conjugate exponents, that is, 1 < p,q < oo, 1—7 +g = =1. Letf € Lyla, b] for some n € N,
n > 1. Then we have

m m 1 m n—-2 1 .
;WJ@i)—;Wif(xi)—m;Wi[;m[f (a)

x [(yz _ a)k+2 _ (xz' _ a)k+2] _f(k+1)(b)[(yi _ b)k+2 _ (xi _ b)k+2]]:| ‘

m

Z T (J/n : Tn(xir ))

i=1

(3.12)

L e

q

The constant on the right-hand side of (3.12) is sharp for 1 < p < oo and the best possible
forp=1.

Proof Let us denote

m

> wi[ Tui5) = Tl 5)].

M= G &

Now, by using identity (2.1) and applying Holder’s inequality we obtain

m m m n-2 1 X
D owif ) =Y wif () - Z [Z T (£ a)

i=1 i=1 i=1

x [(yl _ a)k+2 _ (xi _ a)k+2] _f(k+1)(b)[(yi _ b)k+2 _ (xi _ b)k+2]]:| ‘

b
- ‘ / A(s)f"(s)ds| < |[f(”>||p||x||q. (3.13)

For the proof of the sharpness of the constant ( f: |A(s)|7 ds)"/4, let us find a function f for
which the equality in (3.13) is obtained.
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For 1 < p < 0o take f to be such that
Fs) = sgnrls) - |a(s)] "7,
For p = 00, take f such that
F(s) = sgn A(s).

Finally, for p =1, we prove that

b b
/a A(s)]f(n)(s)ds 531;1[2);]|A(5)| /; f(n)(s)ds

is the best possible inequality.
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(3.14)

Function T,(x,-) for n = 1 has jump of -1 at point x. But for # > 2 it is continuous, and

thus A(s) is continuous. Suppose that |A(s)| attains its maximum at sq € [a, b]. First we

consider the case A(sp) > 0. For € small enough we define f;(s) by

0, a<s<so
Je8) =1 Z(s—s0)", so<s<so+¢,

L(s—s0), so+e<s<bh.

So, we have

b
/ L)) (s) ds

a

S0 +€ 1
/ A(s)—ds
S0 €

Now from inequality (3.14) we have

1 S0 +€
= - / A(s)ds.
€ Js

1 SQ+€ 1 S +€
- / A(s)ds < A(sg)— / ds = A(sp).
€ Js € Js
Since
SQ+€E
lim — A(s)ds = L(so)
e—0 ¢ 50

the statement follows.
In the case A(sp) < 0, we define f;(s) by

Lis—so—e), as<s<s,
fe(®) =1 -Li(s—so—€)", sop<s<sp+e,

en!

0, So+€<s<bh,

and the rest of the proof is the same as above.

The integral case of the above theorem can be given as follows.

(3.15)

(3.16)
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Theorem 10 Let all the assumptions of Theorem 2 hold. Furthermore, let (p,q) be a pair
of conjugate exponents, that is, 1 < p,q < oo, % + é =1 Let f" € L,[a,b] for some n € N.
Then we have

p B
/ w(t)f (y(t)) dt - f w(t)f (x(2)) dt

o

n-2 P
b 1 a |: k!(k1+ 5 / w(t) [f(k’“l)(a)[(y(t) _ a)k+2 _ (x(t) B ﬂ)k+2]

k=0

—f(k+1)(b)[(y(t) _ b)k+2 B (x(t) _ b)k+2]] dt:|

1

(n)
= (I’l _ 1)! ”f ”p (3'17)

B
/ w(t) (T, (5(0),) = T, (x(0),5)) dt

q

The constant on the right-hand side of (3.17) is sharp for 1 < p < 0o and the best possible
forp=1.

For our next two sections, we give here some constructions as follows. Under the as-
sumptions of Theorem 3 using (2.4) and Theorem 4 using (2.7) we define the following
functionals, respectively:

" m 1 m n-2 1
M0 = 3= St 55 o] T i
i=1

i=1 i=1 k=0

x [(yl _ d)k+2 _ (xi _ d)k+2] _f(k+1)(b) [()’z _ b)k+2 _ (xi _ b)k+2]]:|, (Al)

B B
Aslf) = / W) (y(0)) e~ / WO (+(0) dt

! S 1 g (k+1) k+2 k+2
" b-a Zk‘(k+2)'/ v @[ (00 -a) " - (60 -a) ]
k=0 " cJa
_f(k+1)(b)[(y(t) _ b)k+2 _ (x(t) _ b)k+2]] dt:| (Az)

4 Mean value theorems
Now we give mean value theorems for Ay, k € {1,2}. Here f;(x) = ’;—',’

Theorem 11 Let f € C"[a,b] and let Ay : C"[a,b] — R for k € {1,2} be linear functionals
as defined in (A1) and (A2), respectively. Then there exists & € [a, b] for k € {1,2} such that

Aclf) =P ED A o), kefL2). (4.1)

Proof Since f is continuous on [a,b], so L < f"(x) < M for x € [a,b] where L =
MiNye[qp)f ) (x) and M = MaXye[qp)f ) (x).
Therefore the function

F) = M~ ) = M) )
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gives us
F(x) =M - f"(x) > 0

i.e. F is n-convex function. Hence A (F) > 0 and we conclude that for k € {1,2}
Ax(f) < MA(fo).

Similarly, for k € {1,2} we have

LA(fo) < Ax(f).
Combining the two inequalities we get
LA(fo) = Aw(f) = MA(fo),
which gives us (4.1). O

Theorem 12 Let f,g € C"[a,b] and let Ay : C"[a,b] — R for k € {1,2} be the linear func-
tionals as defined in (Al) and (A2), respectively. Then there exists & € [a, b] for k € {1,2}
such that

Alf) _ F (&)
Ak(g) g(n)(%-k)

assuming that both denominators are non-zero.

Proof Fix k € {1,2}. Let h € C"[a, b] be defined as

h=Ar@f - Ax(f)g.

Using Theorem 11 there exists & such that

0 = Ax(h) = K (&) Ax(fo)

or

[Ac@f " (&) - Ac()g™ €] Ax(fo) = 0,

which gives us the required result. O

. (n) .
Remark 9 If the inverse of % exists, then from the above mean value theorems we can

give the generalized means,

(SN (Al

5 Log-convexity and n-exponential convexity

5.1 Logarithmically convex functions

A number of important inequalities arise from the logarithmic convexity of some func-
tions as one can see in [6].
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Now, we recall some definitions. The following definition was originally given by Jensen
in 1906 [11]. Here I is an interval in R.

Definition 5 A function f : I — R, is called log-convex in the J-sense if the inequality

X1+ X
f2<_1 5 2) </f@)f ()
holds for each x1,x, € I.

Definition 6 ([1], p.7) A function f:I — R, is called log-convex if the inequality

o+ (= 1)) < [Fee0)] [Fx)] "™
holds for each x;,x, € I and A € [0,1].

Remark 10 A function log-convex in the /-sense is log-convex if it is continuous as well.

5.2 n-Exponentially convex functions

Bernstein [12] and Widder [13] independently introduced an important sub-class of con-
vex functions, which is called the class of exponentially convex functions on a given open
interval, and studied some properties of this newly defined class. Pecari¢ and Peri¢ in [14]
introduced the notion of n-exponentially convex functions, which is in fact a generaliza-
tion of the concept of exponentially convex functions. In the present subsection, we discus
the same notion of n-exponential convexity by describing related definitions and some im-

portant results with some remarks from [14].

Definition7 A functionf : I — R is n-exponentially convex in the J-sense if the inequality

" L+t
Z”l“}f( ; 1)20

ij=1
holds for each t; e Tand u; € R, i € {1,...,n}.

Definition 8 A functionf :I — Ris n-exponentially convex if it is n-exponentially convex
in the J-sense and continuous on I.

Remark 11 We can see from the definition that 1-exponentially convex functions in the
J-sense are in fact nonnegative functions. Also, n-exponentially convex functions in the

J-sense are k-exponentially convex in the /-sense for every k € N such that k < n.

Definition 9 A function f : I — R is exponentially convex in the ]-sense, if it is n-

exponentially convex in the /-sense for each n € N.

Remark 12 A function f : I — R is exponentially convex if it is n-exponentially convex in
the /-sense and continuous on 1.
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Proposition 9 If function f : I — R is n-exponentially convex in the J-sense, then the ma-

(3L,

is positive-semidefinite. Particularly

Lt+t\1"
()] =
ij=1

foreachmeN,m<nandt;elforie(l,...,m}.

trix

Corollary 3 If function f : I — R is exponentially convex, then the matrix

(5

is positive-semidefinite. Particularly

t+t\1"
ol =
2 ij=1

foreachmeNandt; el forie{l,...,m}.

Corollary 4 Ifthe function f : 1 — R, is exponentially convex, then f is log-convex.
Remark 13 A function f :/ — R, is log-convex in /-sense if and only if the inequality

L+ 1y

uff(tl) + 2u1u2f<T> + Mif(lfg) >0

holds foreach t;, t; € I and u;, u; € R. It follows that a positive function is log-convex in the
J-sense if and only if it is 2-exponentially convex in the /-sense. Also, using basic convexity
theory it follows that a positive function is log-convex if and only if it is 2-exponentially

convex.

Here, we get our results concerning the n-exponential convexity and exponential con-
vexity for our functionals Ag, k € {1,2}, as defined in (Al) and (A2). Throughout the sec-
tion [ is an interval in R.

Theorem 13 Let D; = {f; : t € I} be a class of functions such that the function t —
[20,21, ..., 2u;ft] is n-exponentially convex in the J-sense on I for any n + 1 mutually dis-
tinct points zo, 21, ...,z € [a,b]. Let A be the linear functionals for k € {1,2} as defined in
(Al) and (A2). Then the following statements are valid:
(a) The function t — Ax(f:) is n-exponentially convex function in the J-sense on I.
(b) Ifthe function t — A(f;) is continuous on I, then the function t — A(f;) is
n-exponentially convex on I.
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Proof (a) Fixk € {1,2}. Let us define the functionw for ¢; € I, u; € R,i € {1,...,n} as follows:

n
w= E winifyy .
=

ij=1

Since the function ¢ > [2¢,z1,...,24;f;] is n-exponentially convex in the /-sense,

n
’ =
[ZO Zl,...,zn,a)] MtM][ZO’ZI)'--’Zn’fﬁ] 01
2
ij=1

which implies that w is n-convex function on 7 and therefore A(w) > 0. Hence

n
Z uiujAk(ﬁini )>0.
2

ij=1

We conclude that the function ¢ — Ax(f;) is an n-exponentially convex function on I in

the J-sense.
(b) This part easily follows from the definition of the n-exponentially convex function.
O

As a consequence of the above theorem we give the following corollaries.

Corollary 5 Let Dy = {f; : t € I} be a class of functions such that the function t —
(20,21, ..., zus ft] is exponentially convex in the J-sense on I for any n + 1 mutually distinct
points zo,z1,...,zy € |a,b). Let Ay be the linear functionals for k € {1,2} as defined in (A1)
and (A2). Then the following statements are valid:

(a) The function t — Ai(f:) is exponentially convex in the J-sense on I.

(b) If the function t — A(ft) is continuous on I, then the function t — Ax(f;) is

exponentially convex on I.
(¢) The matrix [Ak(fg )]Zf:1 is positive-semidefinite. Particularly,

det[A,((fi;, )i =0
foreachm e Nand t; €I wherei € {1,...,m}.

Proof The proof follows directly from Theorem 13 by using the definition of exponential
convexity and Corollary 3. O

Corollary 6 Let D3 = {f; : t € I} be a class of functions such that the function t
[20,21, ..., 2Zu; ft] is 2-exponentially convex in the J-sense on I for any n + 1 mutually dis-
tinct points zo,z1,.. .,z € [a,b]. Let Ay be the linear functionals for k € {1,2} as defined in
(Al) and (A2). Then the following statements are valid:
(a) Ifthe function t — Ax(f:) is continuous on I, then it is 2-exponentially convex on I. If
the function t — A(f;) is additionally positive, then it is also log-convex on I.
Moreover, the following Lyapunov inequality holds forr <s<t, r,s,t € I

[Ac)] ™ < [Ath)] " Ak (] (5.1)
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(b) Ifthe function t — A(f:) is positive and differentiable on I, then for every s,t,u,v € I
such that s < u and t < v, we have

Ms,t(Ak: DB) < Mu,v(Ak;DB); (52)

where s, is defined as

1
(Ak%))sj, s #t,
s (A Ds) = {0
: (& Aulh)
eXp A(fs) 77

(5.3)

fOI"f;, t €D3~

Proof
(a) It follows directly from Theorem 13 and Remark 13. As the function ¢ > Ak(f;) is
log-convex, i.e., In Ax(f}) is convex, by using Proposition 1, we have

In[Acf)]™ < In[Ax()] " + In[A(B)], kefL,2),

which gives us (5.1).

(b) From Proposition 2, for the convex function f, the inequality

f6) £ _fw) -f)

5.4
s—t u-—v 64
holds Vs, t,u,ve I C Rsuchthats <u,t <v,s#t,u#v.
Since by (c), A(f;) is log-convex, setting f(£) = In A(f;) in (5.4) we have

In Ax(fs) —In Ay In Ar(fy) — In Ar(f,

n Ar(fs) —In /(ft)5 n Ag(fy) —In Ag(f,) (5.5)

s—t u-—-v

fors <u, t <v,s#t, u+#v, which is equivalent to (5.3). The cases for s = ¢ and/or
u = v are easily treated from (5.5) by taking the respective limits. d

Remark 14 The results from Theorem 13 and Corollaries 5 and 6 still hold when any two
(all) points zy,z1,...,2, € [a,b] coincide for a family of differentiable (n times differen-
tiable) functions f; such that the function ¢ — [z¢,21,...,2,;f¢] is n-exponentially convex,
exponentially convex, and 2-exponentially convex in the /-sense, respectively.

Now, we give two important remarks and one useful corollary from [15], which we will

use in some examples in the next section.

Remark 15 To (A, Q) defined with (5.3) we will refer as a mean if
a=< I’Ls,t(Akr Q) < b

for s,t € I and k € {1,2} where Q = {f; : t € I} is a family of functions and [a, b] C Dom(f;).

Theorem 13 gives us the following corollary.
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Corollary 7 Let a,b € R and Ay be linear functionals for k € {1,2}. Let Q = {f;: t € I} be a
family of functions in C?[a, b). If

d*f L

a< (%) T© <o

dx?

for& € la,bl, s, t €1, then s (Ax, ) is a mean for k € {1,2}.

Remark 16 In some examples, we will get a mean of this type:

dx?

d*f; ﬁ
(Zz;) (¢)=¢, &€lablsHt.

6 Examples with applications

In this section, we use various classes of functions € = {f; : ¢ € I} for any open interval
I C R to construct different examples of exponentially convex functions and applications
to Stolarsky-type means. Let us consider some examples.

Example 1 Let ©; = {t);: R — [0,00) : £ € R} be a family of functions defined by
etx
7 t # 0;
Vilx) = tn
5 t=0.
Since %wt(x) = €% > 0, the function ¥ (x) is n-convex on R for every ¢t € R and ¢t —
%l/ft(x) is exponentially convex by definition. Using analogous arguing to the proof of
Theorems 13, we see that ¢t > [z¢,z1,...,2,; Y] is exponentially convex (and so exponen-
tially convex in the /-sense). Using Corollary 5 we conclude that ¢ — A (), k € {1,2} are
exponentially convex in the J-sense. It is easy to see that these mappings are continuous,
so they are exponentially convex.
Assume that t — Ax(y;) > 0 for k € {1,2}. By introducing convex functions v, in (4.2),
we obtain the following means: for k € {1,2}

1 Ar(¥s)
IRy $76
Myo(Ap ) = | I 2 5= ¢ /0,

A lid- o)
(n+1) Ak (o)’

s=t=0,

where id stands for the identity function on R. Here 9%, ,(Ax, ©21) = In(us:(Ax, 1)), k €
{1,2} are in fact means.

s
Remark 17 We observe here that ( d"ff;ft )é(lné) = & is a mean for & € [a,b] where

dx"
a,beR,.

Example 2 Let Q; = {¢;: (0,00) = R: ¢ € R} be a family of functions defined as
(94
D ) t¢{0,...,n-1},

(x)/ In(x) _ _
= t=je{0,...,n-1}.

@i(x) =
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Since ¢;(x) is n-convex function for x € (0, 00) and ¢ > ;—;got(x) is exponentially convex,
by the same arguments as given in the previous example we conclude that Ax(¢;), k € {1,2}
are exponentially convex.

We assume that Ag(¢;) > 0 for k € {1,2}. For this family of convex functions we obtain
the following means: for k € {1,2}

(i)™ s7t)
M (Mg, Q22) = | exp((=1)""(n - 1)! Agi“’;“’; T ), s=te{0,...,n-1),

exp(-1)"}(n - i) L S L), s=te{0,..,n-1}
Here 9 (A, Q22) = st (Ag, 23), k € {1,2}, are in fact means.

Remark 18 Further, in this choice of family 5, we have

d"gs é
(ff;) (6)=¢&, E&e€la,bl,s#t, wherea,b e (0,00).
dx"

So, using Remark 16 we have the important conclusion that pt,,:(A, ©22) is in fact a mean
for k € {1,2}.

Example 3 Let Q3 = {6, : (0,00) — (0,00) : t € (0,00)} be a family of functions defined by

Since ¢ — %Gt(x) =e Vs exponentially convex for x > 0, being the Laplace transform

of a nonnegative function [15], by the same argument as given in Example 1 we conclude
that Ag(6), k € {1,2} are exponentially convex.

We assume that Ax(6;) > 0 for k € {1,2}. For this family of functions we have the follow-
ing possible cases of (s (Ag, 23): for k € {1,2}

1
(Xk(es))a’ S#t,
B k0)
M (Ak, Q23) = A(id0)

exp(- 2/5h 0 2

s=1.

By (4.2), My, (Ak, ) = —(v/5 + /1) In g, (Ag, Q3), k € {1,2}, defines a class of means.

Example 4 Let Q24 = {¢;: (0,00) — (0,00) : ¢ € (0,00)} be a family of functions defined by

Since %q&t(x) =t*=¢*"t 5 0 for x > 0, by the same argument as given in Example 1 we

conclude that ¢t > Ax(¢), k € {1,2}, are exponentially convex.

Page 21 of 22
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We assume that Ax(¢;) > 0 for k € {1,2}. For this family of functions we have the follow-
ing possible cases of ;. (Ax, 24): for k € {1,2}

A9\ L
(R ™ s7t

M1 (Ak, ) = exp(—% -a5) s=t#],

1 Aglid-¢1) e
XP(— Gy A » STEEL

By (4.2), M+ (Ak, Qa) = —L(s,£) In gy, (Ax, Qa), k € {1,2}, defines a class of means, where

L(s, t) is the logarithmic mean defined as

S;t, s#t,
L(S, t) _ ) Ins-Int # (61)

S, s=1r.

Remark 19 Monotonicity of s (Ax, $2;) follows from (5.2) for k € {1,2},j € {1,2,3,4}.
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