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Abstract

In this paper, we obtain some improved reverses of Young type inequalities which
were established by Burgan and Khandagji (J. Math. Inequal. 9:113-120, 2015).
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1 Introduction

Let M, be the space of n x n complex matrices. Let | - || denote any unitarily invariant
norm on M,. So, ||UAV|| = ||A| for all A € M,, and for all unitary matrices U,V € M,,.
For A = [a;] € M, the Hilbert-Schmidt norm and the trace norm of A are defined by
Al = /Z]’LIS/Z(A), AL = 27=15j(A): respectively, where s;(A) (i = 1,...,n) are the singu-
lar values of A with s;(4) > --- > s,(A), which are the eigenvalues of the positive semidef-
inite matrix |A| = (AA*)%, arranged in decreasing order and repeated according to multi-
plicity.

The classical Young inequality says that if 4,0 > 0 and 0 <v <1, then

a’b <va+1-v)b 1
with equality if and only if a = b.

Kittaneh and Manasrah [1] obtained an improvement of inequality (1) which can be

stated as follows:
a’b"™ + ro(va-~b)? <va+1-v)b, (2)

where rg = min{v,1 - v}.
Recently, Burqan and Khandagji [2] gave the following reverses of the scalar Young type

inequalities:

Va? +1-v)20? <1 -v)%(a-b)? + a2"[(1 - v)b]zfzv, 0<v< %, (3)
and

va? + (1-v)2b? <v*(a-b)? + (va)? b*%, l <v<l (4)
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A matrix Young inequality, proved in [3], says that if A, B € M,, are positive semidefinite,
then

sj (A"BI_V) < s/(vA +(1- v)B)
forj=1,...,n.
Based on the reverses of the scalar Young type inequalities (3) and (4), Burqan and Khan-

dagqji proved the following in [2] if A, B, X € M,, such that A and B are positive semidefinite.
Ifo<v< %,then

|vAX + (1-v)XB|;

< (1= AX = XBI2 + 2v(1 - V)| A3 XB3 |2 + (1 - v)* | AXB| 2. (5)
If% <vy<1,then
|[VAX + (1= v)XB|2 < VIIAX - XBIZ + 2v(1 - )| A3 XB3 |2 +v*|A"XB™" |2 (6)

At the same time, Burqan and Khandagji proved the following in [2] if A, B € M,, such
that A and B are positive semidefinite. If 0 < v < %, then

A-n"rjar], 8],

> \/VZIIAII% + (@ =v2IBI3 = (L= v)*(IAlI3 + 1BI3 - 2[|AB]1). 7)

If%fvfl,then

via, B, = \/VZIIAH% + (1= v2IBI5 - v2(IAll3 + 15 = 21 ABl). (8)

For more information on matrix versions of the Young inequality (1) the reader is re-
ferred to [4-9].

The main purpose of this paper is to give improved reverses of Young type inequalities
(3) and (4). Then we use these inequalities to establish corresponding inequalities for ma-
trices. To achieve our goal we need the following reverses of Young type inequalities for
scalars.

2 Reverses of Young type inequalities for scalars
We begin this section with the reverses of Young type inequalities for scalars.

Theorem1 Leta,b>0.If0<v< %, then
V@ + (1-v)?0* + roa(y A -v)b—a)’ < 1= (a-b} +a®[1-vb]"™,  (9)

where ro = min{2v,1 - 2v}.
If% <v <1, then

Va® + (1 -v)*b* + rob(Vb — va)* < v*(a - b)? + (va)* B>, (10)

where ro = min{2v — 1,2 — 2v}.



Hu and Xue Journal of Inequalities and Applications (2015) 2015:98 Page 3 of 6

Proof If0 <v < %, then, by inequality (2), we have

1-v)*(@-b)?*-v*a* - 1-v)*b* - roa(y/(L - v)b - ﬁ)z +a®[(1- v)b]zfzv
= a[(1 - 2v)a + 2v(1 = v)b] - roa(y/ (A = v)b - /a)* - 2(1 - v)ab + a®[(1 - v)b]* ™
2-2v

> alad ™ [(1-v)b]™} - 2(1 - v)ab + a®[(1 - v)b]

= [0 -nb]" +a® [ - b - 201 - v)ab

[ -v'p a1 -v)'"p ] > 0,

and so
va® + (1= v)*b* + roa(/ (L= b - Va)* < (1 - v)(a - b)* +a®[A - v)b]"™.
If ; <v <1, then
V2(a - b)? - v*a® — (1 - v)2B? — rob(Vb — /va)? + (va)» b*~%
= (2v=1)b* + (2 = 2v)vab — rob(N'b — \/va)* - 2vab + (va)* b*~
=b[(2v-1)b + (2 - 2v)va — ro(V'b — /va)*] - 2vab + (va)* b*~*
> b[bz"_l(va)z_z"] —2vab + (va)>' b* %

- [P (va)' - (va)'b'']* > 0,
and so
va® + (1=v)*b* + rob(Vb - \/va)* <v(a—b)* + (va)>' b>™>.
This completes the proof. O

Remark 1 Obviously, (9) and (10) are improvement reverses of the scalar Young type in-
equalities (3) and (4).

3 Reverses of Young type inequalities for matrices
Based on the reverses of the scalar Young type inequalities (9) and (10), we obtain matrix
versions of these inequalities.

Theorem 2 Let A, B, X € M, such that A and B are positive semidefinite. If0 <v < %, then
[VAX + 1= XB| + ro[(1 - v) |A2XBE |2 + |AXII - 21— v]| AT XBH |}]

< (1= AX = XBI2 +2v(1 - V)| A3 XB3 |2 + (1 - v)** | AXB™ |12, (11)

where rog = min{2v,1 - 2v}.
1
Ifi <v <1, then

|[vAX + (1= v)XB| + ro[v]| A2XB2 |2 + IIXBI3 - 2v/v [ A1 XB |]

< VIAX - XBI2 + 2v(1 - V)| A2 XB2 |2 +v* | A"XB™ |13, 12)

where ro = min{2v — 1,2 — 2v}.
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Proof Since every positive semidefinite matrix is unitarily diagonalizable, it follows that
there are unitary matrices U, V € M,, such that A = UDU* and B = VEV*, where

D = diag(A1, ..., An), E =diag(uy, ..., n), andA;,pu; >0,i=1,...,n.
LetY =U*XV = [yij]' Then

VAX + (1 -v)XB=U(vDY + A =v)YE)V* = U[(vA; + (1 - v);)y5] V*,

1

M\'—'

AX = XB=U[(u—w)yg]V*,  ASXBY = U021l yy] V7,
and
A'XBY = UMy | V*
If0 <v < 1, by inequality (9), we have
|vAX + (1-v)XB|;
= Z (vas + (1= 9);) 2
e
<@-v Xn: (i = 1)y + (L= )4 Xn: (™) byl
e =
Y h Ay P+ 21 -0 Y (i
e =i

=(1- v)ZZ(A 1) lyyl* + (1= v)2”>2 (™) gl

ij=1 ij=1

1

¢ @umr)1=0) Y (Lt

ij=1

1

3 1
_VOZ)L |yL1| +2rp (I_V)Z Al 4 |yt/
ij=1 ij=1

= (1= v)*|AX = XB|)} + (1 - > | A" XB" ”2

+(2v=ro)(1=V)[|A2XBE |2 = rol|AX)% + 2rov/1— v]| AT XB1 |2

2’

Iz

and so

[VAX + (1= )XB| + ro[(1 - v) [A2XBE |2 + | AX|I - 2v/T—v]| AT XBH |}]

< (1= AX = XBI2 +2v(1 - V)| A3 XB3 |2 + (1 - v AXB™| 2.

I

If % < v <1, then by inequality (10) and the same method above, we have inequality (12).
This completes the proof. O
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Remark 2 Obviously, (11) and (12) are improvement reverses of the matrix Young type
inequalities (5) and (6).

In the end, we present two new inequalities, by means of inequalities (9) and (10). To do
this, we need the following lemmas.

Lemma 1 (Cauchy-Schwarz inequality) [10] Leta; >0, b; > 0, fori=1,2,...,n, then

1 1
n n 2 n 2
i=1 i=1 i=1
Lemma 2 [10] Let A,B € M, then
Y si(AB) <) si(A)s;(B).
j=1 j=1

Theorem 3 Let A,B € M, such that A and B are positive semidefinite. If 0 <v < %, then

a-n"rjar], 8],

> \/VZIIAII% + 1 =v)211Bl5 = (L= v2(IAl3 + 1BI3 - 21ABIl) + M, (13)

where ro = min{2v,1—2v}, My = ro[(1 - v)[|AB|ly + [[A]2 = 2/ T= V][ A | B2 |1,].
If% <v <1, then

Va8, = \/v2||A||§ + (@ =v2(IBI} - v2(IA113 + I1BI3 - 21ABIlL) + Ma,  (14)

where rg = min{2v — 1,2 = 2v}, My = ro[VIABIs + 1Bl - 2V AZ 1| B2 [1).
Proof If0 <v < %, then using Lemma 1, Lemma 2, and inequality (9), we have

tr(va2 +(1- v)2B2)
=12 trA? + (1 - v)* tr B2

n

= Z (stjz(A) +(1- V)zS,-Z(B))

j=1

<(1-v)? [Zsf(A) +Y s}(B)-2 Zs,»(A)sj(B):|

Jj=1 Jj=1 Jj=1

W s (W) (B 0 DA -5 B) 5]
j=1 j=1

n n 2
<(1-v)? |:||A||§ +[1BlI3 -2 Zs]«(AB):| +(1—p)20 [Zsj(Av)sj(Bl_v):|

Jj=1 Jj=1

—70 [(1 ~1)) si(A)si(B) + Y sHA) - 2V1- V<Zs§ (A)s].% (B)>:|
j=1 J=1 Jj=1



Hu and Xue Journal of Inequalities and Applications (2015) 2015:98 Page 6 of 6

n

n
< (1=v>[IAl3 + IBI3 - 2lAB[.] + @ = v)**"| Y " sH(A") > 57 (B™)
j=1

j=1
- 2

—10| (=)D 5(AB) + | Al; - 2v1-v Zs,% (A)sf (B)

L j=1 j=1

< - v2[IAI2 + IBIZ - 2|ABIL ] + (1 - v)** || 4% |2 | B

=T

(=)

(L-V)IABIl; + |Al3 - 2v1-v ZSJ‘%(A)ZS,‘%(B)
i o

j=1

Thus

VA + @ -2IBIE < @ - (JAIZ + IBI3 - 214BIly) + (1 - ' |47 | B

—ro[(L=W)IIABIly + 1AIZ - 2v/1-v| A% | || B2 ,]-

If % < v <1, then by inequality (10) and the same method above, we have inequality (14).
This completes the proof. d

Remark 3 It should be noticed that neither (7) nor (13) is uniformly better than the other.
At the same time, neither (8) nor (14) is uniformly better than the other.
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