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Abstract: In this paper, we deal with bulk viscous magnetized Kantowski—Sachs string cosmological models in the
presence of time variable cosmological term A. To obtain a deterministic model, we assume the conditions o cof and
(0 = constant, where o is the shear, 6 the expansion in the model, and (the coefficient of bulk viscosity. The value
of cosmological constant for the models is found to be small and positive, which is supported by the results from recent
observations (SN 1la). The behavior of the model in the presence and absence of magnetic fields together with physical

and geometrical aspects is also discussed.
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1. Introduction

Recent observations of the type la supernova (SN 1la) established that our universe is currently accelerating
[1-4] and the observations (SN 1la) of high confidence level [5-7] have further confirmed this. In addition,
measurements of the cosmic microwave background (CMB) anisotropies [8-10] and large-scale structure (LSS)
[11-13] strongly indicate that our universe is dominated by a component with negative pressure, dubbed as dark
energy. Numerous dynamical dark energy models have been proposed in the literature, such as quintessence [14],
phantom [15], k-essence [16], and tachyon [17]. However, the simplest and most theoretically appealing candidate
for dark energy is vacuum energy (or the cosmological constant A) with a constant equation of state parameter
equal to —1. Recent observations indicate that A ~ 1075 e¢m ™2 while the particle physics prediction for A
is greater than this value by a factor of order 10*2°. This discrepancy is known as the cosmological constant
problem. The simplest way out of this problem is to consider a varying cosmological term, which decays from
a huge value at initial times to the small value observed in these days in an expanding universe [18-22].

In recent years, there has been considerable interest in string cosmology. It is generally assumed that after
the big bang the universe may have undergone a series of phase transitions as its temperature lowered below
some critical temperature as predicted by grand unified theories [23-25]. It can give rise to topologically stable
defects such as strings, domain walls, and monopoles. Among these cosmological structures, cosmic strings is the
most interesting consequences [26], because it is believed that cosmic strings give rise to density perturbations,
which lead to formation galaxies [27]. The general relativistic treatment of strings has been initially given by

Letelier [28] and Stachel [29]. Letelier [30] obtained massive string cosmological models in Bianchi type-I and
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Kantowski—Sachs space-times. Afterwards, Banerjee et al. [31] investigated an axially symmetric Bianchi type-I
string dust cosmological model in the presence and absence of a magnetic field. The exact solutions of string
cosmology for Bianchi type-II, VI, VIII, and IX space-times have been studied by Krori et al. [32] and Wang
[33,34].

On the other hand, the matter distribution is satisfactorily described by perfect fluid due to large-scale
distribution of galaxies in our universe. However, a realistic treatment of the problem requires the consideration
of material distribution other than the perfect fluid. It is well known that when neutrino decoupling occurs
during radiation era and decoupling of radiation with matter takes place during recombination era, the matter
behaves like a viscous fluid in an early stage of the universe. Bulk viscosity is associated with GUT phase
transition and string creation. The effect of viscosity on the evolution of cosmological models and the role of
viscosity in avoiding the initial big bang singularity have been studied by several authors [35-39].

The study of magnetic fields provides an effective way to understand the initial phases of cosmic evolution.
Primordial magnetic fields of cosmological origin have been discussed by Asseo and Sol [40] and Madsen
[41]. Melvin [42] suggested, in the cosmological solution for dust and electromagnetic fields, that during the
evolution of the universe, the matter was in highly ionized state and smoothly coupled with electromagnetic and
consequently formed a neutral matter as a result of expansion of the universe. Hence, in a string dust universe
the presence of magnetic fields is not unrealistic. Recently, the occurrence of magnetic fields on galactic scales
and their importance for a variety of astrophysical phenomena has been pointed out by several authors such as
Chakraborty [43], Tikekar and Patel [44], and Singh and Singh [45].

The advances in particle physics applied to the early universe have resulted in an interest in solutions
to the Einstein equations with somewhat usual properties. Therefore, a set of articles developed to the new
Kantowski—Sachs models has appeared. Weber [46, 47] has performed a qualitative study of the Kantowski-
Sachs [48] cosmological models. Lorenz [49], Gron [50], Matravers [51], and Krori et al. [52] have also studied
cosmological models for the Kantowski—Sachs space-time. Recently, Wang [53] discussed the Kantowski—
Sachs string cosmological model with bulk viscosity in general relativity. Pradhan and Yadav [54] have
investigated Kantowski—Sachs models with variable Newtonian gravitational constant(G) and cosmological
term (A), whereas Katore [55] has studied the magnetized Kantowski-Sachs inflationary universe in general
relativity.

Motivated by the above discussions, in this paper, we have focused upon the problem of establishing
a formalism for studying a new integrability of magnetized Kantowski—Sachs bulk viscous string cosmological
models with decaying vacuum energy density A(t) in general relativity. The behavior of the models in the

presence and absence of magnetic fields are also discussed.

2. Metric and field equations

We consider the Kantowski—Sachs space-time metric in the form
ds® = —dt* + A%dr® + B*(d6? + sin® 0 dy?), (1)

where A and B are the function of cosmic time ¢ only.
The energy momentum tensor for a cloud string with a magnetic field in a co-moving coordinate system
is
Tij = puiuj — Avixj — CO(uiuj — gij) + Eij, (2)
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where the vector u; describes the cloud 4-velocity and x; represents a direction of anisotropy, i.e. the string
satisfies the relations

wiu; = —zte; = —1, ulz; = 0. (3)

Here p is the rest energy of the cloud strings with massive particles attached to them. It is given by p = pp+A, pp
being the rest energy density of particles attached to the strings and A the density of tension that characterizes
the strings. The energy momentum for the magnetic field is

1 1
EijZE <Fiijlgkl_4giijlel> , (4)

where F;; is the electromagnetic field tensor satisfying Maxwell’s equations
Fijw =0, (F'7V=g) ;=0. (5)

In commoving coordinates, the incident magnetic field is taken along x-axis, with the help of Maxwell’s equations

(5); the only nonvanishing component of Fj; is
Fy3 = I = Constant. (6)
In order to determine the system completely, we consider Takabayasi’s equation of state [56],
p = kA, (7)

where k is constant.
The Einstein’s field equations (in gravitational unitc =1, 87 G = 1)

1

For metric (1), the field equation (8) with the help of Egs. (2)—(7) takes the form

B B2 1 I2

o2 0L Y |

st MOt g prars N ©)
i B AB 5
oo = —— s A, 10
A B AB ¢ 87 B4sin? 0 (10)
2AB+B2+ L. (11)
AB B2 B T P i BtsinZe

Here, and also in what follows, a dot indicates ordinary differentiation with respect to cosmic timet.

3. Solution in presence of bulk viscosity and magnetic field

The research on exact solutions is based on some physically reasonable restrictions used to simplify the Einstein
equations. Eqgs. (9)—(11) are 3 independent equations involving 5 unknowns, viz. A, B, A, {, and A. To solve
the system completely, we need 2 extra conditions. Firstly, we assume that the coeflicient of bulk viscosity ( is

inversely proportional to the expansion 6. This condition leads to

€0 = L (constant). (12)
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The motive behind assuming this condition is explained in the literature [57-59]. Secondly, we consider the

expansion scalar 6 is proportional to the shear o, i.e. §ooo [60]. This condition leads to

A=B" (13)
where n > 0 a constant.
From Egs. (9)—(11), with the help of (12) and (13), eliminating A and A, we have
. e B AM
where
a_(k—l)(l—nz)—Qn 5= (1-k)
S 2-(1-kK(1-n) " " 2-(1-k(@1-n)
_ 2(k—1) _ _ I
Ay g py o Y Gy 0= 2—(1—/1)(1—n)7 and M = g—rog -

To solve Eq. (14), we denote B = 7, then B = nj—g, and Eq. (14) can be reduced to the first order

differential equation in the following form:

dn _ 28 2y M
25 +2aB In? = 5t t20LB (15)
Eq. (15) can be further written as
d
— (n*B**) =2BB**"' + 2y MB?** ™% 4+ 20 LB***". (16)

dB

Thus we obtain

B AMB™? §LB? o]
_ |2 B~%| 4B 1
dt [a+ oD *arn e dB, (17)

where C' is the constant of integration. Hence the line element (1) becomes

E+ (a—=1)  (a+1)

-2 2 -1
ds? = — {ﬂ YMB OLB + CB‘%‘] dB? + B*"dr? + B?(df? + sin® 0 d¢?). (18)

Under suitable transformation of coordinates, Eq. (18) reduces to

-1
) B yMT=2  §LT? 24 2 g2 2002 2 002
=_|= T T+ T T 1
ds {a+ e 1) +(a+1)+C’ dT* + T="dr* + T*(df* + sin” § d¢*), (19)

where a # £1 and the cosmic scale B =T can be determined by Eq. (19).

3.1. Some physical and geometric features

For the model (19), the other physical parameters can be easily obtained. The expressions for the energy
density p, the string tension density A, the particle energy density p,, the coefficient of bulk viscosity ¢, and

the cosmological term A are given by

yM

o 1)T*2 +(2n —1)

p= {Qni +(2n+1) T? +C(2n+a)T 2 — 2MT2} T2+1L, (20)

(a+1)
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1
A== 21
kp7 ( )
1

Ppﬂ>\<1k>07 (22)

1

L I6; yMT—* oL —oq_a|
= OF B 23
=ty LT? @-10 (arD " : (23)

2y MT~2
A= [1 + B + o= + (a+ 1)CT_2"‘] T2 4+MT*-1L, (24)
a (a—1)
The spatial volume V' of universe is given by

V=T (25)

The spatial volume V — 0 when T'— 0, and V' — oo when T — 0.

The physical quantities expansion scalar 6§ and shear scalar o are given by

T 6 7MT74 oL —2a—2 :
0=u'; = (n+2) {aTﬁ et argtT : (26)

1 o 2n=1)[ B AMTH 6L e
2= g0 = CT 22 27
7 T 01 3 LxTQ -1 e+ " ’ (27)
Hence
2 4 —1 2
lim it o0 (;) = 35114_2;2 = constant. (28)
n

Thus the model does not approach isotropy for large values of T'.

The Hubble parameter H and the deceleration parameter ¢ are given by

1

(n+2) [ B yMT* oL —2a-2]?
H = T« 2
5 o2 T a-1) Tlarn ¢ ! (29)
3 |t 3Gy +Olar )T
g=-1+ (30)

o

(n+2)y 4 MT—4 SL e
{aT2 + ’Y(oc—l) + (a+1) +CT 2 2}

3.2. Discussion
The model (19) represents the string magnetized Kantowski—Sachs universe with bulk viscosity. From Eq. (20),
we observe that the energy condition p > 0 given by Hawking and Ellis [61] leads to

The expansion scalar (#) is infinite at T =0 and 0 — % when T'— oo, provided a4+ 1 > 0. The energy

density p -+ o0 at T =0 and p =L {1 + 5%"7;11)} when T — oo provided o+ 1 > 0. The spatial volume
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V — 0 when T' — 0 and V — oo when T' — oco. Since limitp_ o (%) = constant, the model does not
approach isotropy for the whole range of time. Further, when 1 < k < 2, we have %"‘ < 1, and in this case the
strings dominate over the particles. However, when k£ > 2 or k < 0, we have % > 1; therefore, the massive
string dominates the universe in the process of evolution. Figure 1 shows that the cosmological term A is a

decreasing function of time and this approaches a small value as time increases (i.e. in the present epoch).

Recent cosmological observations [1,3,4,6,62-64] suggest the existence of a positive cosmological constant A
with the magnitude A (Gﬁ/ 3= 10_123> . These observations on magnitude red-shift of the type la supernova

suggest that our universe may be an accelerating one with induced cosmological density through the cosmological
A-term. Moreover, the recent observations [1-6,65,66] reveal that the value of deceleration parameter (q) is
confined in the range —1 < ¢ < 0 and the present day universe is undergoing an accelerated expansion. Figure
2 shows that the value of ¢ lies in the range —1 < ¢ < 0, which is consistent with recent observations.

20+ 4
-0.80 ]

15+ B
-0.85 B

< o

10+ 4
-0.90 B
5t 1 -0.95 ]
Ok, \ \ ! N i -1.00 Eu | ! \ N N
0 2 4 6 8 10 0 2 4 6 8 10

T T

Figure 1. The variation of A vs. T for the model (19) Figure 2. The variation of ¢ vs. T for the model (19)
with parameters o =21, § =50, L =0.09, M =17 and with parameters o« = 0.01, 8 = 0.02, v = 2, § = 4,
v =12 n=0.7, L=1 and M = 0.06.

3.3. Bulk viscous model in absence of magnetic field

In absence of a magnetic field (M = 0), we obtain a string cosmological model with bulk viscosity and in this

case the model (19) reduces to the form

—1
+OT™2|  dT? 4 T2 dr? + T*(d6 + sin® 0 dg?), (32)

. [B . oLT?
ds __[a (a+1)

The expressions for the energy density p, the string tension density A, the particle energy density p,, the

coefficient of bulk viscosity ¢, and the cosmological constant A are given by

p= {2n§ +(2n—-1) (Offl)T2 +C(2n+ a)Tzo‘} T2+1L, (33)

1
= — 4
A kp, (34)

pp=p—A=<1—,1€)p7 (35)

198



DAS and ALI/Turk J Phys

1
2

L B §L —oaa]
C7(71—1—2) [aT2+(a+1)+CT2 2] ’ (36)
A= {1 + g + (a+ 1)CT‘2°‘} T2-1L, (37)

The physical quantities expansion scalar # and shear scalar oare given by

i B, oL P
0=ul; =(n+2) [aT2+(a+1)+CT , (38)
1 .. 2n—-1)7 8 5L oo
2 Ty gt — 20—2
o" = 50ij0 3 [ozT2 + (a1 +CT } , (39)
Hence,
L o2 4(n —1)2
lim ZtT—}oo (92> = 327’1—{—2;2 = constant. (40)

Thus the model does not approach isotropy for large values of T'.

The Hubble parameter H and the deceleration parameter ¢ are given by

_ (n+2) B oL —2a—2 2
A= [aT2 (a+1) +oT } ’ (41)
Lo+ C(a+1)1273
g=—14+ 3 {“T latl) }3. (42)

2

o (a+1)

n+2

( ){ ?pz 4+ oL _'_CT,QQ,Q}
From (37), we observe that the cosmological constant is a decreasing function of time and it approaches a small
and positive value for large T (i.e. the present epoch) as shown in Figure 3, which is supported by the results
from recent type la supernova observations [1,3,4,6,62-64]. Figure 4 shows the value of ¢ confined anywhere in
the range —1 < ¢ < 0, which is consistent with recent observations [1-6,65,66] and the negative value indicates

that our model (32) is accelerating.

4FT
-0.70

33 0.75
<ol -0.80
[ 7.0.85

1k -0.90

I -0.95

0 :(-) -1.00

Figure 3. The variation of A vs. T for the model (32) Figure 4. The variation of ¢ vs. T for the model (32)
with parameters « =21, =50, L =0.09, and v = 12. with parameters a = 0.01, 5 =0.02, § =4, n=0.7, and
L=2.
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3.4. Discussion

For the model (32), the energy condition p > 0 given by Hawking and Ellis [61] leads to

{T+C(2n+a)$};z{ml}b (43)

Egs. (34) and (35) show that when k& > 1 the particle density p, > 0 and string tension density A > 0;
however, p, > 0 and A < 0, when k& < 0. Since limitr_ oo (%) = constant the model does not approach

6(2n—1)

o }when T — o0,

isotropy for large values of T'. The energy density p — oo at T =0 and p= L {1 +

provided a + 1 > 0. Further, when 1 < k < 2, we observe % < 1, and in this case the strings dominate over

the particles. However, when k > 2 or k£ < 0, we have % > 1; therefore, the massive string dominates the
universe in the process of evolution.

From Eq. (36), we have seen that the cosmological term A, being very large at initial times, relaxes to
a genuine cosmological constant at the late times, which is in accordance with the observations [1,3,4,6,62—64].
The recent observations of SN 1a show that the present universe is accelerating and the value of the deceleration

parameter lies somewhere in the range —1 < ¢ < 0.

4. Conclusion

In this paper we have studied Kantowski-Sachs bulk viscous string cosmological model in the presence and
absence of an electromagnetic field. To be able to obtain a more general model we assume that the coefficient
of bulk viscosity is inversely proportional to the expansion, i.e. (6 =constant, and expansion is proportional to
shear, i.e. #coo. The presence of a magnetic field affects energy density (p), string particle density (p,), tension
density (A), coefficient of bulk viscosity (¢), cosmological term (A), and expansion as well as acceleration of
the universe. The bulk viscosity plays a greater role in the evolution of the properties of the models. The
presence of viscosity helps us to get a universe with accelerated expansion. Hence the presence of bulk viscosity
should be taken into account in the description of the time evolution of the properties of the universe. In all
the deterministic models, 7 = constant implies that the models do not approach isotropy. In the presence
and absence of a magnetic field, the cosmological term A in the models decreases as a function of time and
approaches a small value at late time. The values of cosmological “constant” for the models are found to be
small and positive, which is supported by the results from supernova observations recently obtained by the

High-Z Supernova la Team and Supernova Cosmological Project [1-4,6,62-64].
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