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Abstract

Park et al. proved the Hyers-Ulam stability of some additive functional inequalities.
There is a fatal error in the proof of Theorem 3.1. We revise the statements of the
main theorems and prove the revised theorems.
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1 Introduction and preliminaries

Ulam [1] gave a talk before the Mathematics Club of the University of Wisconsin in
which he discussed a number of unsolved problems. Among these was the following
question concerning the stability of homomorphisms.

We are given a group G and a metric group G’ with metric p(-,). Given € > 0, does
there exist a 6 > 0 such that if f: G — G’ satisfies p(f (xy), fix) fiy)) <0 for all xy € G,
then a homomorphism h : G — G’ exists with p(fix), h(x)) <e for all x € G?

Hyers [2] considered the case of approximately additive mappings f E — E’, where E
and E’ are Banach spaces and f satisfies Hyers’ inequality

[fc+y) = f@) —fO)| <e

for all x,y € E. It was shown that the limit

L(x) = lim /@™

n—oo 2N
exists for all x € E and that L : E — E’ is the unique additive mapping satisfying
[f(x) = L(x)| <e.

Rassias [3] provided a generalization of Hyers’ Theorem which allows the Cauchy
difference to be unbounded.

Theorem 1.1. (Rassias). Let f: E — E’ be a mapping from a normed vector space E
into a Banach space E’ subject to the inequality

If(x+y) = F(x) = FO)] < (=l + [y])") (1.1)
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for all x,y € E, where € and p are constants with € > 0 and p < 1. Then the limit

L(x) = lim /@™

n—oo 2N

exists for all x € E and L : E — E’ is the unique additive mapping which satisfies
2e
— p
If) =L =, ), N (1.2)

for all x € E. If p <0 then inequality (1.1) holds for x,y = 0 and (1.2) for x = 0.

Rassias [4] during the 27th International Symposium on Functional Equations asked
the question whether such a theorem can also be proved for p > 1. Gajda [5] following
the same approach as in Rassias [3] gave an affirmative solution to this question for p
> 1. It was shown by Gajda [5], as well as by Rassias and Semrl [6] that one cannot
prove a Rassias’ type theorem when p = 1 (cf. the books of Czerwik [7] and Hyers et
al. [8]).

Rassias [9] followed the innovative approach of Rassias’ theorem [3] in which he
replaced the factor ||x|” + ||yl by |lx||” - [y for p,g € R with p + g = 1. Gavruta [10]
provided a further generalization of Rassias’ theorem. During the last two decades a
number of papers and research monographs have been published on various generali-
zations and applications of the Hyers-Ulam stability to a number of functional equa-
tions and mappings (see [11-13]).

Throughout this article, let G be a 2-divisible abelian group. Assume that X is a
normed space with norm || - ||x and that Y is a Banach space with norm || - ||y-

Gilanyi [14] showed that if f satisfies the functional inequality

|2F (%) + 2f () = flr D) =< |F )| (1.3)

then f satisfies the Jordan-von Neumann functional equation

2 (x) + 2f () = f(ay) + F (v ).

See also [15]. Gilanyi [16] and Fechner [17] proved the Hyers-Ulam stability of the
functional inequality (1.3).
Park et al. [18] proved the Hyers-Ulam stability of the following functional inequal-

ities
[ +fm+f@) < |2 (771 (1.4
[F@) +£0) +F@] = [fx+y+2)] (15)
[fe o)+ 2f@ ] = |2 (71 +2) |- (16

But there is an error in the 8th line on the 6th page in the proof of [18, Theorem
3.1]. We revise the statements of the main theorems and prove the revised theorems.

In Section 2, we prove the Hyers-Ulam stability of the functional inequality (1.4).

In Section 3, we prove the Hyers-Ulam stability of the functional inequality (1.5).

In Section 4, we prove the Hyers-Ulam stability of the functional inequality (1.6).
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2 Stability of a functional inequality associated with a 3-variable Jensen
additive functional equation

Proposition 2.1. [18, Proposition 2.1] Let f: G — Y be a mapping such that
X z
[f@+fw)+f@1y =< J2r (71T

forall x, y, z€ G. Then fis Cauchy additive.
We prove the Hyers-Ulam stability of a functional inequality associated with a Jor-
dan-von Neumann type 3-variable Jensen additive functional equation.

Theorem 2.2. Let r > 1 and 0 be nonnegative real numbers, and let f: X —Y be an
odd mapping such that

F@ o)+ £ @1y = |2 (70T ot ol + et (2.1)

for all x,y, z € X. Then there exists a unique Cauchy additive mapping h : X - Y
such that
2M+2

IFG) = h@)]y = 3, i 0 Il (2.2)
forallx e X
Proof. Letting y = x and z = -2x in (2.1), we get

[2f(x) = f(29)]y = [2f (%) + f(=29) [, = (2+27)0 lxllk (2.3)

for all x € X. So
o2 (], =570
for all x € X. Hence
m—1
()21, = Sl ()2,

r m—1

2+2 2 .
=", Zl oy Il
J=

(2.4)

for all nonnegative integers m and [/ with m >/ and all x € X.
It follows from (2.4) that the sequence {2"f( )} is a Cauchy sequence for all x € X.

Since Y is complete, the sequence {2"f(5:)} converges. So one can define the mapping
h:X— Yby

hx) = lim 2'4( )

for all x € X. Moreover, letting / = 0 and passing the limit m — o in (2.4), we get
(2.2).
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It follows from (2.1) that

[nCx) + () + @], = Jim 2"

M) (Zn) ()

.

< lim 2)of (*117F)| 4 lim Il + [l + el
(57
2 Y

forall x, y, ze X. So

1) +h) + @)y = |20 (77D TF)|

for all %, y, z € X. By Proposition 2.1, the mapping % : X — Y is Cauchy additive.
Now, let T': X — Y be another Cauchy additive mapping satisfying (2.2). Then we

have
||h(x) - T(x)”Y =2" h(zxn) B T(;')HY

<2 () -r Gl G -r Gl
< iz(z_f));e Il

which tends to zero as n — o for all x € X. So we can conclude that /x(x) = T(x) for
all x € X. This proves the uniqueness of 4. Thus the mapping % : X — Y is a unique
Cauchy additive mapping satisfying (2.2).

Theorem 2.3. Let r < 1 and 6 be positive real numbers, and let f: X — Y be an odd

mapping satisfying (2.1). Then there exists a unique Cauchy additive mapping h : X —
Y such that

I - el < izzr,e Il (2.5)

forall x e X.
Proof. 1t follows from (2.3) that

2

Hf(x) f2)| < +22r9||x||§<

for all x € X. Hence

m—

Z

j=l
_2+2¢ !

2T
<507 220 Ik

j=1

NEEERWIER @)

@) -

1
Y 2 Y

(2.6)

for all nonnegative integers m and [ with m > [ and all x € X.
It follows from (2.6) that the sequence {zlnf(znx)} is a Cauchy sequence for all x €

X. Since Y is complete, the sequence {zln f(2"x)} converges. So one can define the map-

ping h: X > Y by
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h(x) := nll)rglo 21nf(2”x)

for all x € X. Moreover, letting / = 0 and passing the limit m — o in (2.6), we get
(2.5).

The rest of the proof is similar to the proof of Theorem 2.2.

Theorem 2.4. Let r > _}’and 0 be nonnegative real numbers, and let f: X — Y be an

odd mapping such that

[fGy+f 0+ f@ 1y = 2 (70 F)| w0 i Ivl - et (2.7)
Y
for all x, y, z€ X. Then there exists a unique Cauchy additive mapping h : X - Y
such that
276

[Fe) =relly = o, I¥lX 2.8)
forall x e X.
Proof. Letting y = x and z = -2x in (2.7), we get

[2f(x) = f(2x) ||, = [ 2f(x) + f(—2x) ||, < 270 IIxIlR’ (2.9)
for all x € X. So

X 2" 3
o= ()], = 2ot

for all x € X. Hence

m—1
Pr) =21 Gu)l, = 22 G) -2 Gl
rm—1

2j 3r
<o ZI g 1%1X
J=

(2.10)

for all nonnegative integers m and / with m > [ and all x € X.
It follows from (2.10) that the sequence {2"f(,.)} is a Cauchy sequence for all x €

X. Since Y is complete, the sequence {2"f(;:)} converges. So one can define the map-

ping & : X — Y by
h(x) = lim 2"f( "
(x) = lim 2°f(,)

for all x € X. Moreover, letting / = 0 and passing the limit m — oo in (2.10), we get
(2.8).

The rest of the proof is similar to the proof of Theorem 2.2.

Theorem 2.5. Let 1 < ;and 0 be positive real numbers, and let f: X — Y be an odd

mapping satisfying (2.7). Then there exists a unique Cauchy additive mapping h:X — Y
such that

Page 5 of 9
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0
[F(x) = h@)], < 22_ or 121 (2.11)

forallx e X
Proof. 1t follows from (2.9) that

2T
< 0 llx 3r
N llxllx

I - S

Y

for all x € X. Hence

m—1

=5
j=1

1
2j+1

@) = L @)

@ 1)

Y Y

(2.12)

m—1 1j

21 8 .
<’ Zl 5y 0 Il
J=

for all nonnegative integers m and [ with m >/ and all x € X.
It follows from (2.12) that the sequence {zln f(2"x)} is a Cauchy sequence for all x €

X. Since Y is complete, the sequence { 21,, f(2"x)} converges. So one can define the map-

ping & : X — Y by
h(x) := li ! 2"
() := lim _f(2")

for all x € X. Moreover, letting / = 0 and passing the limit m — oo in (2.12), we get
2.11).
The rest of the proof is similar to the proof of Theorem 2.2.

3 Stability of a functional inequality associated with a 3-variable Cauchy
additive functional equation

Proposition 3.1. [18, Proposition 2.2] Let f: G — Y be a mapping such that
[f@)+f ) +f @]y = [fGe+y+2)]y

forall x, y, ze G. Then fis Cauchy additive.

We prove the Hyers-Ulam stability of a functional inequality associated with a Jor-
dan-von Neumann type 3-variable Cauchy additive functional equation.

Theorem 3.2. Let r > 1 and 0 be nonnegative real numbers, and let f: X — Y be an
odd mapping such that

If) +f@) + @)y < [f(x+y+2)|y +0lxlk + [v] + l1zl1%) (3.1)

for all x, y, z € X. Then there exists a unique Cauchy additive mapping h : X —> Y
such that

1)l = 2 "2 6

forallxe X

Page 6 of 9
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Proof. Letting y = x and z = -2x in (3.1), we get
12f(x) = f(2x) | = [|2f (%) + f(—2%) |, < (2 +27)6 Ixll (3.2)

forallx e X

The rest of the proof is the same as in the proof of Theorem 2.2.
Theorem 3.3. Let r < 1 and 0 be positive real numbers, and let f: X — Y be an odd

mapping satisfying (3.1). Then there exists a unique Cauchy additive mapping h:X — Y
such that

)~ = 22 61

forall x e X.
Proof. 1t follows from (3.2) that

I - S

<2 g iy
= Xl x
v 2

forall x e X
The rest of the proof is the same as in the proofs of Theorems 2.2 and 2.3.

Theorem 3.4. Let r > éand 0 be nonnegative real numbers, and let f: X — Y be an
odd mapping such that

[F) +f ) +F @y < [fx+y+2)]y +6 - lxllk - [yl - l2llk (3.3)

for all x, y, z€ X. Then there exists a unique Cauchy additive mapping h : X —> Y
such that

20
[f) =)y = g, IHIX
forall x e X.
Proof Letting y = x and z = -2x in (3.3), we get
[2f(x) = f @)y = |2/ () + F(=29) [y = 20 Il (3.4)

forall x e X
The rest of the proof is the same as in the proofs of Theorems 2.2 and 2.4.
Theorem 3.5. Let 1 < ;and 0 be positive real numbers, and let f: X — Y be an odd

mapping satisfying (3.3). Then there exists a unique Cauchy additive mapping h : X —
Y such that

270
[fe) =)y =, g, IHIX

forall x e X
Proof. 1t follows from (3.4) that

I - S

.
< o«
v 2

forallx e X
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The rest of the proof is the same as in the proofs of Theorems 2.2 and 2.5.

4 Stability of a functional inequality associated with the Cauchy-Jensen
functional equation

Proposition 4.1. [18, Proposition 2.3] Let f:G — Y be a mapping such that

) +£0) + 2@y = |27 (7 42|

for all x, y, z€ G. Then fis Cauchy additive.

We prove the Hyers-Ulam stability of a functional inequality associated with a Jor-
dan-von Neumann type Cauchy-Jensen functional equation.

Theorem 4.2. Let r > 1 and 6 be nonnegative real numbers, and let f: X — Y be an
odd mapping such that

X+y

[fG)+ £+ 26 @y = 2 (77 +2) |+ 000l + [yl + i) (@.1)

for all x, y, z € X. Then there exists a unique Cauchy additive mapping h : X —>Y
such that

Hﬂﬂ—Mthiﬁimw;

forall x e X
Proof. Replacing x by 2x and letting y = 0 and z = -x in (4.1), we get
[ (22) = 2f @)y = [£(2%) + 2/ (=) |y, = (1+ 2790 Il (4.2)

for all x e X. So

1+27
<

ho-2G)l ="

6 llxllk

forall x e X
The rest of the proof is similar to the proof of Theorem 2.2.
Theorem 4.3. Let r < 1 and 6 be positive real numbers, and let f: X — Y be an odd

mapping satisfying (4.1). Then there exists a unique Cauchy additive mapping h : X —
Y such that

Hﬂm—mmhs;iiemm

forallx e X
Proof. 1t follows from (4.2) that

<2
X
2 X

I - S

Y

forallx e X

The rest of the proof is similar to the proofs of Theorems 2.2 and 2.3.
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