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1 Introduction
For a positive integer n, N denotes the set {1,2,...,n}, and R""(C"*") denotes the set of
all n x n real (complex) matrices throughout.

A matrix A = [a;] € R”*" is called a nonsingular M-matrix if a; <0, i,j € N, i #J,
A is nonsingular and A~ > 0 (see [1]). Denote by M, the set of all # x n nonsingular
M-matrices.

If A is a nonsingular M-matrix, then there exists a positive eigenvalue of A equal to
T(A) = [p(A™H)]L, where p(A™?) is the Perron eigenvalue of the nonnegative matrix AL,
It is easy to prove that 7(A) = min{|A| : € 0 (A)}, where o (A) denotes the spectrum of A
(see [2]).

A matrix A is called reducible if there exists a nonempty proper subset / C N such that
a;=0,Viel, Vj¢ I If Ais not reducible, then we call A irreducible (see [3]).

For two real matrices A = [a;] and B = [b;] of the same size, the Hadamard product of A
and B is defined as the matrix A o B = [a;b;]. If A and B are two nonsingular M-matrices,
then it was proved in [4] that A o B! is also a nonsingular M-matrix.

Let A = [a;] € M. For i,j,k € N, j # i, denote

Z/;/i |al |a;| + Zk;/j,i |aji | dk
T 8ji = ] ) si = ij{Sij};
i i J7t
|aji] |ajil + 3 iy 1|
ti= ————— r; = max{rj}, mj; =
lajil = > ki 1] J# |l
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In 2015, Chen [5] gave the following result: Let A = [a;;] € M, and Al = (/] be a doubly
stochastic matrix. Then

-1 . 1
r(A oA ) > I?;}/n 3 Qidii + Qi

- [(aiiﬂii — agay)® + 4<ui Z |6lki|01n'> (14/ Z |6lkj|0l/j):| ’ }» (1)

ki kj
where

" |ﬂji| + § :k#j,i |ﬂjk|5ki
ji =
||

, u; = max{u;}.
J#

Soon after, Zhao et al. [6] obtained the following result: Let A = [a;], B = [b;] € M,,. Then,
fort=1,2,...,

{ bi -1 Y, bl }

7(BoA™) > min ) 2
( ) ~ ieN aj; ( )
where
qji = min{s;;, m;;} h; —max{ %] }
ji jis M i=ma |ajlqji — Zk;/j,i |k gri
(¢-1)
© _ il + 2y laplqiih © @il + D kg laplvy O _ max{p?)
i = y ’ i = ,, R L
|| | i
13 13
|ai] lajil + 31 |“1‘k|19§<i)h§ )
h(t) - max j V(t) _ )
o t t ’ /i - . ’
i# A\ ay |P,(‘i) - Zk—,»’j,i | |P§(i) %l

In this paper, we present some new convergent sequences of the lower bounds of
T(BoA™) and t(A 0 A™'), which improve (1) and (2). Numerical examples show that these
sequences could reach the true value of 7(4 0 A™!) in some cases.

2 Some lemmas

In this section, we give the following lemmas. These will be useful in the following proofs.

Lemma 1 [6] IfA = [a;] € M, is strictly row diagonally dominant, then Al = [aj] exists,
and foralli,je N,j#i,t=1,2,...,

(0) 1) (1
@ 1>gizv; =zp; =v

) (2) (2) (£) (6
ZVji Zpﬂ >Vji ZEP,, ZV]'* >...>0;

b) 1>k>0, 1>h">0;

(© aj EP,('?Olii;
1

(d) — <a;.
ajj
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Lemma 2 [6] IfA € M, and A™! = [ay] is a doubly stochastic matrix, then

1
T
1+ Z}#tpﬂ

Qj = i,jGN,t=1,2,....

Lemma 3 [7] If A is a doubly stochastic matrix, then ATe = e, Ae = e, where e =
1,1,...,)%

Lemma 4 [8] Let A = [a;] € C"™" and xy,%»,...,%, be positive real numbers. Then all the
eigenvalues of A lie in the region

n

1 1
LJ{ZGC:V—mMZ—@AS(mE:;ﬂam>(w§:;ﬁaM)}
ij=1 k#i k#j

i#
3 Main results
In this section, we give several convergent sequences for T(Bo A™!) and (4 0 A™Y).

Theorem 1 Let A = [a;],B = [b;] € M,, and A7 = o). Then, fort=1,2,...,

1
T(B oA~ ) > Hll;]n 5 {aubn + a]/b”

1
3
- [(aiibii —ayby)* + 4(P§t)“ii Z |bki|> (P,('t)“ij Z |bki|>i| } =Q;. (3)

ki ki

Proof It is evident that the result holds with equality for n = 1.

We next assume that n > 2.

Since A € M, there exists a positive diagonal matrix D such that D'AD is a strictly row
diagonally dominant M-matrix, and

t(BoA™) =1(D'(BoA™)D) = t(Bo (D'AD)™).

Therefore, for convenience and without loss of generality, we assume that A is a strictly
row diagonally dominant matrix.

(a) First, we assume that A and B are irreducible matrices. Since A is irreducible, 0 <
pﬁt) <1,foranyie N.Let 1(BoA™) = A. Since A is an eigenvalue of Bo A}, 0 < A < b;c;;.
By Lemma 1 and Lemma 4, there is a pair (i,j) of positive integers with i #; such that

1 1
|)\ - biiaii“)\ - b]f“]j' < (pgt) Z o) |]9kiaki|> (P,(t) Z ﬁ|bkjakj|>
Pi

k# Pk ki
1
® ®
=< ( |bkzpk, a,,|> (pj Z W‘bkipk/ a17|)
k#i P k%4 Pk
1
= (o X i) (0 X ourie)
k?’l k#j pk

@%ZW)MMZWQ (4)

ke
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From inequality (4), we have

(A = byaip)(A — bjayy) < (pﬁt)aﬁ Z |hki|) (P;t)azj Z |bk/|)~ (5)
ki k#j
Thus, (5) is equivalent to

1
2
{aiibii + by — [(aiibii —aby)” + 4(?9% > |bki|) (P,('t)%‘j > |bkj|)i| }

ki k%

A=

N =

That is,

‘L’(B OAil) > %{Olu’bii + O[]'/'bj/'

1
2
- |:(05iibii - ajby)* + 4(P§t)0lii > |bki|> (P,('t)“ij > |bki|>i| }

ki k+j

1
> min —{ o;;bi; + by
- [?’/ 2{ utu 9/ad/]

1
2
- |:(aiibii —ajby)* + 4(!’?)%‘ Z |bki|> (P,(-t)ajj Z |bkj|>i| }

ki k%

(b) Now, assume that one of A and B is reducible. It is well known that a matrix in
Z, ={A = [a;] e R"" :a;; < 0,i #} is a nonsingular M-matrix if and only if all its leading
principal minors are positive (see condition (E17) of Theorem 6.2.3 of [1]). If we denote by
C = [c;] the n x n permutation matrix with ¢;p = ¢33 = - - = ¢4_1,4 = ¢;1 = 1, the remaining ¢;;
zero, then both A — ¢C and B — ¢C are irreducible nonsingular M-matrices for any chosen
positive real number ¢, sufficiently small such that all the leading principal minors of both
A —eC and B - ¢C are positive. Now we substitute A — ¢C and B — ¢C for A and B, in the
previous case, and then letting ¢ — 0, the result follows by continuity. g

Theorem 2 The sequence {2}, t =1,2,... obtained from Theorem 1 is monotone increas-
ing with an upper bound t(B o A™) and, consequently, is convergent.

t+1
i

) >0,t=12,..., so by the definition ofpgt), it is

Proof By Lemma 1, we have pl(.f) > p/(,
easy to see that the sequence {pgt)} is monotone decreasing. Then ; is a monotonically

increasing sequence. Hence, the sequence is convergent. d

Next, we give the following comparison theorem for (2) and (3).

Theorem 3 Let A = [a;], B = [b;] € M, and A™! = lay]. Then, fort=1,2,...,

{ bj; _PEt) Z/‘;/i |bji| }

t(BoA™) > Q, > min
aij

ieN
Proof Without loss of generality, for any i #j, assume that

aibii - p ot Z |bril < by —17,(-”0!;7 Z byl (6)
ki k)
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Thus, (6) is equivalent to

P}t)ajj Z |bkj| = ajjbj/ — b + PE”%’ Z |Dri). (7)
k+j ki
From (6), (7), and Lemma 1, we have

1

1 2
5 {“ﬁbn‘ + by - [(“n‘bn’ —aby)* + 4(195”% > |b/<i|> <p](f)a,,- > |bki|>] }

ki ks

1
= ) {aiibii + oibji
%
- |:(05iibii - jiby)* + 4<Pl('t)aii Z |bki|) <Olj;'bj;' — by + e Z |bki|>:| }
ki k#i
1
= 5 aiibii + O{j/'bj/'
293
- |:(aiibii — jby)” + 4(195”0!1‘1‘ > |bkz‘|> (ojbjj — ctisbii) + 4(195”% > |bki|> ] }
ki ki
21
1 ® :
=3 @iibii + by — | | by — b + 2p; atii Z il
ki
= 1 Ol,'ibl',' +aiibii — | a;ib; — aiibii + 2p('t)aii Z |hki|
5 i) i0)j i ‘
ki
= ;b —Pgt)%' Z |Diil
ki
= (bii —P;('t) Z |bki|)
k+#i
(t)
- bii=p;" D ki 1kl . @®)
Aijj
Thus we have
o1
Qt = 1’1;1_7}}1 5 Olu’bii + O[]‘/'bj/'
%
- [(“z‘ibn‘ —aby)’ + 4(19?)% > |bki|> (p;t)azi > |bki|):| }
ki k%
(8
. min{ bii 2 Z}"r’i |bjz’| }
i# aijj

This proof is completed.

Using Lemma 2 in (8), it can be seen that the following corollary holds clearly.
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Corollary 1 Let A = [ay],B = [b;] € M,, and Al = la;] be a doubly stochastic matrix.
Then, fort=1,2,...,

(B oA’l) > Q, > min
ieN

{ bi 1Y, byl }
1+ Zj#ip](‘;)

Remark1 Theorem 3 and Corollary 1 show that the bound in (3) is bigger than the bound
in (2) and the bound in Corollary 1 of [6].

If B = A, according to Theorem 1 and Corollary 1, the following corollaries are estab-
lished, respectively.

Corollary 2 Let A = [a;] € M, and Al= [aj]. Then, fort=1,2,...,

4 1
T(AoA™) = TN 5 it + 0t

1
2
- [(“z’zﬂz’z’ ~ o)’ + 4(105”0611 > |ﬂki|> (p,(»”a,y > |“kj|>:| } =T, (9)

ki ki

Corollary 3 Let A = [a;] € M, and Al = (] be a doubly stochastic matrix. Then, for
t=12,...,

r(A oA‘l) >TI'; > min
ieN

{ aij —PEt) Zj;/z’ |ajil }

(t)
1+ Zj;zip,’i

Remark 2 (a) We give a simple comparison between (1) and (9). According to Lemma 1,
we know that s; > g;; = min{s;;, m;;} and 1 > &; > 0, so it is easy to see that u; > v](»lp) > p}(f).
Furthermore, by the definition of u;, pgt), we have u; > pgt). Obviously, for £ =1,2,..., the
bound in (9) is bigger than the bound in (1).

(b) Corollary 3 shows that the bound in Corollary 2 is bigger than the bound in Corol-

lary 2 of [6].

Similar to the proof of Theorem 1, Theorem 2 and Theorem 3, we can obtain Theorem 4,

Theorem 5, and Theorem 6, respectively.

Theorem 4 Let A = [a;],B = [b;] € M, and A™ = o). Then, fort =1,2,...,

et
T(B OA_I) > Hll;}rl E {aiibii + O(]'jb]'j

641
) ) bl 1bylpi \ 1
- (Otl'l' i — Oljjbjj) + 4 S0 Z E— Sjtj Z = At.

ok sk

Theorem 5 The sequence {A;}, t =1,2,... obtained from Theorem 4 is monotone increas-

ing with an upper bound t(B o A™) and, consequently, is convergent.
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Theorem 6 Let A = [a;],B = [b;] € M, and Al = [aj]. Then, fort=1,2,...,

IBjlp)

{ bi=si3

ajj

r(B oA_l) > A; > min
ieN

Corollary 4 Let A = [a;],B = [b;] € M,, and A7Y be a doubly stochastic matrix. Then, for
t=12,...,

1Bjilp)

{ by —s; Z#i 5

()
1+ Zj;lipji

T(BoA™) > A, > min

Remark 3 Theorem 6 and Corollary 4 show that the bound in Theorem 4 is bigger than
the bound in Theorem 3 of [6] and the bound in Corollary 3 of [6].

If B = A, according to Theorem 4 and Corollary 4, the following corollaries are estab-

lished, respectively.

Corollary 5 Let A = [a;] € M,, and Al= lay]. Then, fort=1,2,...,

1 1
r(A oA ) > I’I};}n 3 Qjia;; + oa;

(t) 1,0 1
|axilpy |13y \ 72
- |:(aiidii - O[jj&l/'j)z + 4‘<5iaii Z Tk SjQi Z ) = Tt.

o Sk Sk

Corollary 6 LetA = [a;] € M, and A7 be a doubly stochastic matrix. Then, fort=1,2,...,

13
aji |p/(',' )

aii —S; Zj#i 5
1+ (&)
j#Pji

T(AcA™) =T, > min

Remark 4 Corollary 6 shows that the bound in Corollary 5 is bigger than the bound in
Corollary 4 of [6].

Let Y; = max{I';, T,}. By Corollary 2 and Corollary 5, the following theorem is easily

found.

Theorem7 Let A = [a;] € M, and A~ be a doubly stochastic matrix. Then, fort =1,2,...,
T(AcA™) > T,

4 Numerical examples

In this section, several numerical examples are given to verify the theoretical results.
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Table 1 The lower upper of T(Ao A1)

Method t Y

Corollary 2.5 of [9] 0.1401
Conjecture of [4] 0.2000
Theorem 3.1 of [10] 0.4471
Theorem 3.2 of [5] 04732
Theorem 7 0.8182
0.8889
09186
09313
0.9368
0.9393
0.9404
0.9408
0.9409
0.9409

— O 00 NOUT M WN —

(=]

~ o~ o o o o o+

Example1 Let

Basedon A € Z,and Ae=e, ATe=¢, it is easy to see that A is nonsingular M-matrix and
A7l is doubly stochastic. Numerical results are given in Table 1 for the total number of
iterations T = 10. In fact, 7(4A 0 A™!) = 0.9678.

Remark 5 The numerical results in Table 1 show that:
(a) The lower bounds obtained from Theorem 7 are bigger than these corresponding
bounds in [4-6, 9, 10].
(b) The sequence obtained from Theorem 7 is monotone increasing.
(c) The sequence obtained from Theorem 7 approximates effectively the true value of
7(A 0 A1), so we can estimate 7(A o A™!) by Theorem 7.

Example 2 LetA= [di]‘] € Rnxn, where ain =axp = "=0auyy = 2, ap =4ax3 =+ =0p-1n =
a,; = -1, and a; = 0 elsewhere.

It is easy to see that A is a nonsingular M-matrix and A~! is doubly stochastic. If we apply
Theorem 7 for n = 10 and # = 100, we have 7(4 0 A™!) = 0.7507 and 7(4 0 A™') = 0.7500
when ¢ = 1, respectively. In fact, T(A 0 A™') = 0.7507 for = 10 and 7(4 0 A™!) = 0.7500 for
n =100.

Remark 6 Numerical results in Example 2 show that the lower bound obtained from
Theorem 7 could reach the true value of (4 o A™!) in some cases.
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5 Further work

In this paper, we present a new convergent sequence {Y}}, £ = 1,2,..., which is more ac-
curate than the convergent sequence in Theorem 5 of [6], to approximate 7(4 o A™!), and
we do not give the error analysis, i.e., how accurately these bounds can be computed. At
present, it is very difficult for the authors to do this. Next, we will study this problem.
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