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Abstract

We consider functionals due to the difference in Petrovi¢ and related inequalities
and prove the log-convexity and exponential convexity of these functionals by using
different families of functions. We construct positive semi-definite matrices generated
by these functionals and give some related results. At the end, we give some
examples.
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1 Introduction
First time exponentially convex functions are introduced by Bernstein [1]. Indepen-
dently of Bernstein, but some what later Widder [2] introduced these functions, as a
sub-class of convex functions in a given interval (a, b), and denoted this class by W .
After the initial development, there is a big gap in time before applications and exam-
ples of interest were constructed. One of the reasons is that, aside from absolutely
monotone functions and completely monotone functions, as special classes of expo-
nentially convex functions, there is no operative criteria to recognize exponential con-
vexity of functions.

Definition 1. [[3], p. 373] A function f: (a, b) — R is exponentially convex if it is

continuous and
n
> &gf(xi+x) =0 1)
ij=1

for all # € N and all choices &€ R and «x; + x;€ (4, b), 1 <i,j < n.
Proposition 1.1. Let f: (a, b) — R. The following propositions are equivalent.

(i) f is exponentially convex.
(ii) fis continuous and

Saar (1) 2o

for every & € R and every x; € (a, b), 1 <i<n.
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Proposition 1.2. If f is exponentially convex, then the matrix

3

is positive semi-definite. In particular,

Xi + X\ "
det[f( i ’)] >0
2 ij=1
foreveryne N, x; € (a, b),i=1, .., n.
Proposition 1.3. If f: (a, b) — (0, «) is an exponentially convex function, then f is
log-convex which means that for every x, y € (a, b) and all A € (0, 1)

flax+ (1= 1)) < f)F ()

We consider functionals due to the differences in the Petrovi¢ and related inequal-
ities. These inequalities are given in the following theorems [[4], pp. 152-159].

Theorem 1.4. Let I = (0, a] € R be an interval, (xy, ..., x,) € I", and (py, ..., p,) be a
non-negative n-tuple such that

Zpixiel and Zpixizxjforj=1,...,n. (2)

i=1 i=1

Iff: I — R be a function such that f (x)/x is an increasing for x € I, then

f (Z Pixi) = Y pif(x). 3)
i=1 i=1

Remark 1.5. Let us note that if fix)/x is a strictly increasing function for x € I, then
equality in (3) is valid if we have equalities in (2) instead of the inequalities, that is, x,
=..=x,andy . pi=1

Theorem 1.6. Let I = (0, a] S R be an interval, (xi, ..., x,) € I", such that 0 < x; < ...
< %, (P1) - Pn) be a non-negative n-tuple and f: I — R be a function such that fix)/x

is an increasing for x € 1L

(i) If there exists an m(< n) such that

0<P<Py<--<Pp<1, Ppa=--=P=0, )
where P, = Z?’:l pi, Po =Py — Py (k=2,...,n)and P, = Py, then (3) holds.
(ii) If there exists an m(< n) such that
PIZPZZ“‘ZPmZL Pm+1=“‘=_n=0/ (5)
then the reverse of inequality in (3) holds.
Theorem 1.7. Let I = (0, a] € R be an interval, (x1, ..., x,) € I", and x, - x5 - ... - X,

€ I Also let f: 1 — R be a function such that f(x)/x is an increasing for x € I Then
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f (x1 - in) < fla) =) f(x). ©)
i=2 i=2

Remark 1.8. If fix)/x is a strictly increasing function for x € I, then strict inequality
holds in (6).

Theorem 1.9. Let [ = (0, a] € R be an interval, (xy, .., x,) € I", (p1, ..., pn) and (q,
«r qy) be non-negative n-tuples such that (2) holds. If f: I — R be an increasing func-
tion, then

> af (Z Pixi) > g (x). )
i=1 i=1 i=1

Remark 1.10. If f is a strictly increasing function on I and all x;’s are not equal, then
we obtain strict inequality in (7).

Theorem 1.11. Let I = [0, a] € R be an interval, (xy, ..., x,) € I", and (py, ..., p,) be a
non-negative n-tuple such that (2) holds.

If f is a convex function on I, then

f (Z Pixi) > Zpif(xi) + (1 - Zpi) f(0). 8)

Remark 1.12. In the above theorem, if f is a strictly convex, then inequality in (8) is
. , > n .
strict, if all x;’s are not equal or ZH pi # L

Theorem 1.13. Let I S R be an interval, 0 € I, f be a convex function on I, h : [a.b]
— [ be continuous and monotonic with h(ty) = 0, ty € [a, b] be fixed, g be a function of
bounded variation and

t b

G(t) := /dg(x), G(1) :=/dg(x).

a t

(@) If [* h(t)dg(t) € land

0<G(t)<1 for a<t<ty, 0=<G@)<1 for to<t=<bh 9)

then we have

b b b
/ F(h(©)dg(0) > f f n(e)dg(0) | + f dg(t) - 1| £(0). (10)

b
) If/ h(t)dg(t) € land either



Butt et al. Journal of Inequalities and Applications 2011, 2011:89
http://www.journalofinequalitiesandapplications.com/content/2011/1/89

there exists an s < ty such that G(t) < 0 for t <s,

G(t)=1 for s<t<ty and G()<O0 for t>to (11)

or
there exists an s = ty such that G(t) < 0 for t <t,

G(t)=1forto <t<s, and G(t) <0 fort>s, (12)

then the reverse of the inequality in (10) holds.

In this paper, we consider certain families of functions to prove log-convexity and
exponential convexity of functionals due to the differences in inequalities given in The-
orems 1.4-1.13. We construct positive semi-definite matrices generated by these func-
tionals. Also by using log-convexity of these functionals, we prove monotonicity of the
expressions introduced by these functionals. At the end, we give some examples.

2 Main results
Let / € R be an interval and f: I — R be a function. Then for distinct points u; € 1, i
=0, 1, 2, the divided differences in first and second order are defined as follows:

flui) = f(wi)

L1, ] = Uiyl — Ui =00 (13)
[uo, u1, uz, f] = Lo 2] = [t w1 f]
0, U1, U432, U — U .

The values of the divided differences are independent of the order of the points u,
uy, uy and may be extended to include the cases when some or all points are equal,
that is

[to, uo, f] = u}i_fflllo[uofulzf] = f'(uo),

provided that f exists.
Now passing through the limit #; — uo and replacing u, by u in (13), we have [[4],
p. 16]

F (@) = f(uo) = (u — uo)f'(uo)

(u— uo)2

u # up,

[uo, to, u, f] = lim [uo, us, u, f] =
uy—>up

provided that f exists. Also passing to the limit u; — u (i = 0, 1, 2) in (13), we have
1"
u
[w u,u f] = lim[ug, uy, us, f] = A ),
u—u 2

provided that f exists.

One can note that if for all ug, u; € I, [ug, u1, fl = 0, then fis increasing on I and if
for all ug, uy, uy € I, [ug, Uy, ty, f] = 0, then fis convex on L.

(M;) Under the assumptions of Theorem 1.4, with all x;s not equal, we define a lin-

ear functional as

Page 4 of 16
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Piuf) =f (Z Pixi) - > pif ().
i=1

i=1

(M,) Under the assumptions of Theorem 1.6, with all x;s not equal and (4) is valid,
we define a linear functional as

Pa(f) = Pr(f)-

(M3) Under the assumptions of Theorem 1.6, with all x;’s not equal and (5) is valid,
we define a linear functional as

Ps(f) = =P1(f).

(M4) Under the assumptions of Theorem 1.7, with all x;s not equal, we define a lin-

ear functional as

Pa(f) =f(x1) — Zf(xi) —f (x1 - in> .

(Ms) Under the assumptions of Theorem 1.9, with all x;s not equal, we define a lin-
ear functional as

Ps(f) = Zqu (Z pm) - Zqif(xi)~

(Ms) Under the assumptions of Theorem 1.11, with all x;s not equal, we define a lin-
ear functional as

Ps(f) =f (Zpixi) - Zpif(xi) - (1 - ZP:’) f(0).
i=1 i=1 i=1

(M7) Under the assumptions of Theorem 1.13, such that (9) is valid, we define a lin-
ear functional as

b b b
Pa(f) = / F(h(0))dg(t) — f / n(o)dg(r) | - / dg(t) — 1 | £(0).

(Mg) Under the assumptions of Theorem 1.13, such that (11) or (12) is valid, we
define a linear functional as

Ps(f) = =Pz (f).

Remark 2.1. Under the assumptions of (My) for k = 1, 2, 3, 4, if lu)/u is an increas-
ing function for u € 1, then

Pe(f) >0, fork=1,2,3,4.
If flu)/u is strictly increasing for u € I and all x;’s are not equal or Y| p; # 1then

strict inequality holds in the above expression.
Remark 2.2. Under the assumptions of (Ms), if f is an increasing function on I, then

Ps(f) = 0.
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If f is strictly increasing function on I and all x;’s are not equal, then we obtain strict
inequality in the above expression.
Remark 2.3. Under the assumptions of (My) for k = 6, 7, 8, if f is a convex function

on I, then
Pu(f)=0fork=6,7,8.

If f is strictly increasing function on I and all x;’s are not equal, then we obtain strict
inequality in the above expression for Pg(f).

The following lemma is nothing more than the discriminant test for the non-negativ-
ity of second-order polynomials.

Lemma 2.4. Let I € R be an interval. A function f: 1 — (0, «) is log-convex in J-sense
on I, that is, for each r, t € I

roro=r("3")
if and only if, the relation
m2f (1) + 2mnf (t ' T) +2f(r) = 0 (14)

holds for each m,ne R andr, te I

To define different families of functions, let I € R and (¢, d) € R be intervals. For
distinct points ug, u;, u, € I we suppose

D, ={;,: 1> R |te (¢ d) and t » [ug, uy, F,] is log-convex in J-sense, where F,(u)
= f, (u)/u}.

Dy={f,: 1> R |te (¢ d)and t » [ug, uy F,] is log-convex in J-sense, where F,(u)
= f; (u)/u and F; exists}.

D;={,: 1> R |te (¢ d) and t ~ [uy, uy, f] is log-convex in J-sense}.

D,={f;: 1> R |te (¢ d) and t » [uo, uo, f;] is log-convex in J-sense, where f/
exists}.

Ds=1{f,: I >R |te (¢, d) and t ~ [ug, uy, Uy, f;] is log-convex in J-sense}.

Dg={f,: I >R |te (¢ d) and ¢ [uo, uo, Uy f; is log-convex in J-sense, where f/
exists}.

D,={fi: 1> R|te (¢, d)and t » [uy, uo, uo f] is log-convex in J-sense, where f;’
exists}.

In this theorem, we prove log-convexity in J-sense, log-convexity and related results
of the functionals associated with their respective families of functions.

Theorem 2.5. Let Py, be the linear functionals defined in (My), associate the func-
tionals with D; in such a way that, for k = 1,2, 3,4, f,e D;,i=1,2, fork=>5, f,e D,
i=3,4andfork=6,7,8,f,e D,i=5,6,7. Also for k =7, 8, assume that the linear
functionals are positive. Then, the following statements are valid:

(a) The functions t — Py(f)are log-convex in J-sense on (¢, d).

(b) If the functions t v+ Pr(fi)are continuous on (c, d), then the functions
t = Pu(fi)are log-convex on (c, d).

(¢) If the functions t — Py(f;)are derivable on (c, d), then for t, r, u, v e (c, d) such
that t < u, r < v, we have

Page 6 of 16
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Bri(t, 1;ft) < Bri(w v f),

where
1
P (ﬂ) t—r
(PZUJ) ' kel
Bri(t, 1 fi) = NGA0) "
exp lPk(f[) Hb=T

Proof. (a) First, we prove log-convexity in J-sense of t — Py(f;) for k = 1, 2, 3, 4. For
this, we consider the families of functions defined in D; and D,.
Choose any m, n € R, and t, r € (c, d), we define the function

h(u) = m*f,(u) + 2mnfrer (u) + n°f;(u).
This gives

2 2
[uo, ur, H] = m* [up, u1, Fi] + 2mn [uo,ul,Fm} +n” [ug, u1, Fr],
2

where H (1) = h(u)/u and F(u) = fi(u)/u.

Since t = [uog, u1, F;] is log-convex in J-sense, by Lemma 2.4 the right-hand side of
above expression is non-negative. This implies /(u)/u is an increasing function for u €
L

Thus by Remark 2.1

Pr(h)>0fork=1,2,3,4,
this implies

m*Pi(fe) + 2mnPy(frsr ) + n*Pr(fy) > 0. (16)
2

Now [ug, uy, F;] > 0 as it is log-convex, this implies fi(u)/u is strictly increasing for all
ue land t € (¢, d). Also all x/s are not equal and therefore by Remark 2.1, Py(f;) are
positive valued, and hence, by Lemma 2.4, the inequality (16) implies log-convexity in
J-sense of the functions t — Py (f:)for k = 1, 2, 3, 4.

Now we prove log-convexity in J-sense of t = Ps(f;). For this, we consider the
families of functions defined in D3 and D,. Following the same steps as above and hav-
ing H(u) = h(u), we have the log-convexity in J-sense of Ps(f;) by using Remark 2.2
and Lemma 2.4.

At last, we prove log-convexity in J-sense of t — Py(f;) for k = 6, 7, 8. For this, we
consider the families of Functions defined in D; for i = 5, 6, 7.

Choose any m, n € R, and t, r € (c, d), we define the function

h(u) = m?f,(u) + 2mnfz;r (u) + n?f,(u).
This gives

[to, ur, uz, h] = m? [ug, uy, ua, f;] + 2mn [uo, ui, Uzrft;r] +n” [uo, u1, ua, ;] .
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Since t ~ [ug, Uy, Uy, f;] is log-convex in J-sense, by Lemma 2.4 the right-hand side of
above expression is non-negative. This implies /% is a strictly convex function on 1.
Thus by Remark 2.3

Pr(h) = 0fork=06,7,8,
this implies

m*Pr(fy) + 2mnPy(frer ) + n*Pr(fy) = 0. (17)
2

Since Pyr(f;) are positive valued, we have by Lemma 2.4 and inequality (17) the log-
convexity in J-sense of the functions t > Py(f;) for k = 6, 7, 8.

(b) If t = Pr(f;) are additionally continuous for k = 1, .., 8 and D/’s associated with
them, then these are log-convex, since J-convex continuous functions are convex
functions.

(¢) Since the functions log Py(f;) are convex for k = 1, .., 8, and D,’s associated with

them, therefore for t < u, r < v, t = r, u = v, we have [[4], p.2],

log Pr(f:) — log Pr(f;) - log Pr(fu) — log Pr(f)

t—r u—v
concluding
Br,i(t, 15 fi) < Bri(w, v; fi).
Now if t = r < u, we apply lim,_,,, concluding,
Bii(t, G fi) < Bri(u, v; fr).

Other possible cases are treated similarly.

In order to define different families of functions related to exponential convexity, let
I € R and (¢, d) € R be any intervals. For distinct points ug, u;, u, € I we suppose

Ei={:I>R|te (¢ d) and t » [uy, uy, F] is exponentially convex, where Fi(u) =
fr (w)/uj.

E;={i:I>R|te (¢, d) and t » [ug, uy, F,] is exponentially convex, where F,(u) =
f; (u)/u and F; exists}.

Es=1{f,: > R |te (¢, d)and t » [uy, uy, f;] is exponentially convex}.

E,={i:I—>R|te (¢, d) and ¢ ~ [ug, uo, f;] is exponentially convex, where f/
exists}.

Es=1{f,:I>R|te (¢, d) and t ~ [ug, u, uy, f;] is exponentially convexj.

Es=1{i:I> R |te (¢, d) and t » [ugy, uo, Uy, f;] is exponentially convex, where f/
exists}.

E;={f,: 1> R |te (¢, d) and t ~ [uy uo uo f;] is exponentially convex, where f;’
exists}.

In this theorem, we prove the exponential convexity of the functionals associated
with their respective families of functions. Also we define positive semi-definite
matrices for these functionals and give some related results.

Theorem 2.6. Let Pybe the linear functionals defined in (My), associate the func-
tionals with E; in such a way that, for k = 1,2, 3,4, f,e E,;i=1,2,fork=5,f,€ E;, i
=3,4and fork=6,7,8, f,e€ E, i =05,6,7. Then, the following statements are valid:

Page 8 of 16
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(a) If t = Pr(fy)are continuous on (¢, d), then the functions t = Pi(f;), are exponen-
tially convex on (c, d).

(b) For every qeN and ty, ..., t; € (c, d), the matrices
q

|:Pk(ftz+2tm )]

I,m=1

are positive semi-definite. In particular

det [Pk(fmtm )] >0fors=1,2,...,q.

2 I,m=1

(¢) If t = Pu(fi)are positive derivable on (c, d), then for t, r, u, v € (c, d) such that t

< u, r < v, we have

Ci(tiif) < Criu, v; fr)

where €,i(t, 1; f;)is defined similarly as in (15).

Proof. (a) First, we prove exponential convexity of t — Py(f;) for k = 1, 2, 3, 4. For
this, we consider the families of functions defined in E; and E,.

Foranyne N,&e Rand ¢, € (¢, d), i =1, ..., n, we define

h(u) =Y &&ft; + t (u).

ij=1 2

This gives

n
[uo, u1, H] = Z&Ej [uolulrFti+t;],
ij=1 2
where H (u) = h(u)/u and F(u) = fi(u)/u.
Since t = [ug, uy, F,] is exponentially convex, right-hand side of the above expression
is non-negative, which implies 4(u)/u is an increasing function on L
Thus by Remark 2.1, we have

Pr(h) =0, fork=1,2,3,4,

thus

D &P (fwj) > 0.
2

ij=1

Hence t — Py (f;) is exponentially convex for k = 1, 2, 3, 4.

Now we prove exponential convexity of t — Ps(f;). For this, we consider the families
of functions defined in E; and E,. Following the same steps as above and having H (u)
= h(u), we have the exponential convexity of the Ps(f;) by using Remark 2.2.

At last, we prove exponential convexity of t — Pi(f;) for k = 6, 7, 8. For this, we
consider the families of functions defined in E; for i = 5, 6, 7.
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Foranyne N, & e Rand t;€ (¢, d), i = 1, ..., n, we define

h(u) = )& e (1)

ij=1

This gives

n
[uo, Uy, Uy, h] = Z ‘i:igj |:u0, Uy, uz,fti+tj ]
2

ij=1

Since t ~ [ug, Uy, Uy, f;] is exponentially convex therefore right-hand side of the
above expression is non-negative, which implies 4(x) is a strictly convex function on .
Thus by Remark 2.3, we have

Pr(h) >0 for k=6,7,8,

thus

Z%‘ifﬂ’k (fu;t,-) > 0.

ij=1

Hence t — Py (f;) are exponentially convex for k = 6, 7, 8.

(b) It follows by Proposition 1.2.

(¢) Since t — Py(f;) are positive derivable for k = 1, ..., 8 with E/s associated with
them, we have our conclusion using part (c) of the Theorem 2.5.

3 Examples

In this section, we will vary on choices of families of functions in order to construct

different examples of log and exponentially convex functions and related results.
Example 1. Let £ € R and ¢; : (0, ) = R be the function defined as

ut
COR a9
Then ¢, (u)/u is strictly increasing on (0, «) for each £ € R. One can note that ¢t —
(1o, uo, ¢¢ (u)/u] is log-convex for all t € R. If we choose f; = ¢, in Theorem 2.5, we
get log-convexity of the functionals Py(¢;) for k = 1, 2, 3, 4, which have been proved
in [5,6].
Since ¢, (u)/u) = u"? = e~ 2 18 “ the mapping ¢ ~ (¢, ()/u)’ is exponentially con-
vex [7]. If we choose f; = ¢, in Theorem 2.6, we get results that have been proved in

[6,8]. Also we get €15(t, 15 ¢;) = Atllr(x; p) for ¢, r # 1. By making substitution x; — X}, ¢

b
e tls, v rlsand s = 0, ¢, r = s, we get C12(t,159) = A} (X p) for ¢, r # s, where
A; (x;p) is defined in [5].

Similarly, €45(t,7;¢) =C. (X)for t, r = 1, and by substitution used above
Cia(t,ri¢) = C (x) for &, r = 5, where C; ,(X) is defined in [6].

Example 2. Let £ € R and f3; : (0, ) — R be the function defined as

u[

NEREE
Aulu) = {logu, t=0. (19)
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Then, f; is strictly increasing on (0, «) for each ¢ € R. One can note that ¢ ~ [u, 1o,
B is log-convex for all £ € R. If we choose f; = B; in Theorem 2.5, we get log-convex-
ity of the functional Ps(B;), which have been proved in [9].

Since g](u) = ut~! = e(t=1)198% the mapping t > B] is exponentially convex [7]. If we
choose f; = 3, in Theorem 2.6, we get results that have been proved in [9]. Also we get
Cs4 (t, 13 B) = Hy, (x5 p; q) for ¢, r = 0, where H;, (x; p; q) is defined in [9].

Example 3. Let £ € (0, o) and J; : [0, ) — R be the function defined as

u[

Su(u) = =’ t#1, (20)
ulogu, t =1,

with a convention that 0 log 0 = 0. Then J, is convex on [0, =) for each t € (0, o).
One can note that ¢ ~ [ug, ug, Ug, J,] is log-convex for all £ € (0, o). If we choose f; =
d, in Theorem 2.5, we get log-convexity of the functionals Pr(8;) for k = 6, 7, 8, which
have been proved in [10].

Since §)'(u) = u'~? = e(t=2)1%8%, the mapping t > §; is exponentially convex [7]. If we
choose f; = J, in Theorem 2.6, we get results that have been proved in [8,10]. Also we
get €67 (t,1;8;) = Bl (x; p) for ¢, r # 1. By making substitution Xi > X}, ¢~ t/s, r = r/s
and s # 0, t, r # s, we get C67(t,7;8;) = B} .(x;p) for ¢, r # s, where B} (x;p) is defined
in [10].

Similarly, €77(t,7;8;) = F. (a,b,h,g) for ¢, r # 1 and by substitution used above
C77(t,1:8:) = F; (a,b,h, g) for ¢, r # s, where F; (a, b, h, g) is defined in [6].

Example 4. Let £ € (0, ) and {; : (0, o) — R be the function defined as

ut™ t?/].
u) = { —logt’ ! 21
£i(u) u?, t=1. @D

One can note that ¢ ~ [ug, ug, ; (u)/u] is log-convex for all £ € (0, ). If we choose f;
= {, in Theorem 2.5, we get log-convexity of the functionals P, (&) for k = 1, 2, 3, 4.

Since {; (#)/u)’ = t*, the mapping ¢ ~ ({; (u)/u)’ is exponentially convex [7]. If we
choose f; = {; in Theorem 2.6, we get exponential convexity of the functionals Py (¢;)
fork=1,2,3,4.

For P1(f;) using the function {; in Theorem 2.6, €, , (¢, r; {) in this particular case
looks like

1

log r(a'c,, r~in —i pixi r’“i) t=r
0 , t#r, tr#l,
log t(xnr*"" —x; pixiT i )1

PP t—1
Xt ™1 =" pixit i
i=1

: ~logt(32-3 pu? '

Cip(t1;8) = Ogt<x" pr')

T =Y pa e
i=1

t#r=1,

exp ,t=1, tr#l,

tlogt — o
8 t()'cnt”‘" =>" pix; r’“f)
i=1
n
Ba—3pix
exp = , t=r=1,
e $ns)
i=1

where X, = Z?:l pixi.
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For P4(f;) using the function {; in Theorem 2.6, €4, (¢, r; {) in this particular case
looks like

logr(xlt 1 le N =Xt ”")

, t#r, tr#1,
logt(xlr *1 7ler Xi X, r % )

_ I—
Xt — le X _F,tn
i=2

o , t#r=1,
_ _ 2_22
Cua(t,158) = ]Ogt(xl 2 x)
a3 — Zx i =32t
exXp | y1ogr =1, tr#1,
t| xpt™1 —Z Xt i—xnr”n)
i=2

n
3 3_%3
X=X %,
i=2

n ’ t=r= 1,
72(x%72xi275c%)

i=2

where X, = (x1 — Y 1L, %)
Example 5. Let £ € (0, o) and 6, : (0, =) — R be the function defined as

u, t=1.

6 (u) = { oger 071 (22)

One can note that t ~ [ug, ug, ;] is log-convex for all £ € (0, ), and if we choose f;
= 0, in Theorem 2.5, we get log-convexity of the functional Ps(6;).

Since 6/(u) = t™", the mapping t — 6/(u) is exponentially convex function [7]. If we
choose f; = 6, in Theorem 2.6, we get exponential convexity of the functional Ps(6;).

For Ps(f;) using the function 6, in Theorem 2.6, €54 (¢, r; 0;) in this particular case
looks like

1 P ) tir
logr(Z gt =3 qﬂ"”)
i=1 i=1

. . , t#r, tr#l1,
logt(Z girn =3 qw‘*f)
i=1 i=1

th’" S\
i=1

n ’ t 7-/1' = 1
@5,4(12 T; 9t) = 10gl<1216h ;qlxl)
1 quin[_}“ > qixit ™
i=1 i=1
exp n , L=, tr 7{ 1
tlogt 4(2%_%, qﬂ‘*i)
i=1 i=1
SRy g
eXp 1:1" 1:171 ’ t=r= 1,
72(2 qiicn*z qixl>
i=1 i

Where X, = Y 1| pixi.
Example 6. Let £t € (0, ) and A, : (0, ) — R be the function defined as
ue vt

-t

One can note that ¢ ~ [u, 1y, A; (1)/u] is log-convex for all £ € (0, ). If we choose
fi = A, in Theorem 2.5, we get log-convexity of the functionals P;(A;) for k = 1, 2, 3, 4.

ha(u) = (23)
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Since (Al(u)/u)/ = e, the mapping ¢ - (A, (u)/u) is exponentially convex function
[7]. If we choose f; = A, in Theorem 2.6, we get exponential convexity of the func-
tionals Pr(A) for k = 1, 2, 3, 4.

For P (f:) using the function A; in Theorem 2.6, €, , (¢, ; A,) in this particular case
looks like

1

n
«/r<5¢ne”"””—2pixie’”i”> e

i-1
t#T
«/t<5cne*"‘"¢’—ipixie”i”> , 7

¢1lz(t, T, )»[) = i=1 g
Te =y padetivt
-1 _ i=1 t=r
2t _ ~ n ’ =1
2«/t<xne*"ﬂﬁ—zp,-x,-e”‘N‘)

i=1

exp

Where X, = Y 1, pixi.
Now for Py(f;) using the function A, in Theorem 2.6, €45 (¢, r; A;) in this particular
case looks like

1
n P —
«/T (xl e—x“/t _ ine—x,-«/t _ &ne—xn\/t> t—r

i=2

" / L,
Jt (xle—x“/t — Y xeuVr — &ne—’?ﬂ\/r)

Cao(t, 1 2) = i
n
) x%e*x“/‘ — foe*xf*/‘ — &%e*;‘"*/‘
exp 2 - =2 n ,t=T,
2./t (xle*x“/‘ - xevi — &ne*xm/‘>
i

Where &, = (x1 — Y 1L, Xi).
Example 7. Let t € (0, ) and &, : (0, o) R, be the function defined as
—th
u) = (24)

One can note that ¢ ~ [ug, ugy, &) is log-convex for all £ € (0, o). If we choose f; = &
in Theorem 2.5, we get log-convexity of the functional Ps(&).

Since &/(u) = e~uVt, the mapping t — &/ (u) is exponentially convex function [7]. If we
choose f; = & in Theorem 2.6 we get exponential convexity of the functional Ps(&;).

For Ps(f;) using the function &, in Theorem 2.6, €54 (¢, r; &) in this particular case
looks like

1
n ~ n ‘—
VT (Z gie SVt =y fiﬁ”‘) r
1n 1;1 ) ¢ 7! ,
«/t ( e—a’cm/r ,e—xiJr)
Csa(ti1; &) = 12 L Z i
n n
. 1 > qixne” x"\/t Z ql‘xiefx“/t
exp =1 =1 ,t=rT,
t n n
2./t (Z gie e—Fnvt _ 3 qie—xi«/t)
i=1 i=1

Where X, = Y 1| pixi.
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Example 8. Let £ € R and y, : (0, ) — R be the function defined as

uett

nw =1 (25)

One can note that ¢ = [ug, uo, v, (u)/u] is log-convex for all £ € R. If we choose f; =
¥, in Theorem?2.5, we get log-convexity of the functionals Py(y) for k = 1, 2, 3, 4.

Since (y, (u)/u) = e, the mapping ¢ + (w, (u)/u)’ is exponentially convex function
[7]. If we choose f; = y, in Theorem 2.6 we get exponential convexity of the functionals
Pr(y) for k =1, 2, 3, 4.

For P (f;) using the function y, in Theorem 2.6, €, , (¢, r; y,) in this particular case
looks like

1
= g - t—r
r (x,,e""‘ - Zpix,-ex*t>
i=1

n
t <J~Cn€x"r — Z pixie"lr)
i=1
1
~ n 1
Fehnt = Y paxett | £

i=1

, tZr, t,r#0,

i , t#r=0,
Cia(t, 1Y) = t(’?% - ;p,xf)
i
1 X2t — ipixfexf‘
exp [+ l:nl ,t=1, 410,
Fpefnt — 3" piaetit
. i=1
% = 2 pix]
exp ’=L , t=r=0,
2 (5 - S
i=1

Where X, = Y 1, piXi.

Now for Pu(f;) using the function v, in Theorem 2.6, €4, (¢, r; y,) in this particular
case looks like

1
L % t—r
r|xpeft — > xefit — xnex")
i—2
ln , t#r, tr#0,
t (xlexlf — Y xet — fcne’?nr>
i
1
< H\t—1
xpe1t — 3 xetit — et
i=2
, " , t#r=0,
)
Caa(t, ) = t<x1 - gxi - xn)
i
n
xTelit — 3" xZeNil — 32t
i=2
exp Pt . ) =1, 4,r#0,
xpe¥t — 3 xjedit — xpent
i=2

n
3 3_ 23
Xy =X — X,
w2

u , t=r=0,
2(%—2xf—5c%)

i=2

exp
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n
where X, = (x1 — >_xi).
i

Example 9. Let t € R and w, : (0, ) — R be the function defined as

et
OR R 6
One can note that t ~ [u, ug, w,] is log-convex for all t € R. If we choose f; = w, in
Theorem 2.5, we get log-convexity of the functional Ps(w).
Since w|(u) = ", the mapping t — w;(u) is exponentially convex function [7]. If we
choose f; = w, in Theorem 2.6 we get exponential convexity of the functional Ps(w;).
For Ps(f;) using the function e, in Theorem 2.6, €54 (¢, r; ,) in this particular case

looks like

1
< d t—r
r (Z giet — 3 Qiex’t>
121 1;1 / t#r, tr#0,
t (Z gieht — qﬁ‘")
i=1 i=1
1
Nl v t—1
Zqiexnt _ Z qiex,-t —
i=1 i=1
, t#r=0,
n n
Csa(t, 1 00) = t| > gix, — Zqixi)
i=1 i=1
n . n
Z qii‘nex"t - Z qixiex*'t
exp| +1:1n ) 121 ,t=1, t,r#0,
Z qlexnt _ Z qiex,‘t
- 32 1_=1n 2 -
qu‘xn qu'x1
€xp lzln 1=1n ' t=r=0,
2 <Z qi%n — Zqixi)
i=1 i=1

Where X, = Y 1| pixi.
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