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Abstract

In this paper, we obtain two refinements of the ordering relations among Heinz
means with different parameters via the Taylor series of some hyperbolic functions
and by the way, we derive new generalizations of Heinz operator inequalities.
Moreover, we establish a matrix version of Heinz inequality for the Hilbert-Schmidt
norm. Finally, we introduce a weighted multivariate geometric mean and show that
the weighted multivariate operator geometric mean possess several attractive
properties and means inequalities.
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1 Introduction

Since Heinz proved a series of useful norm inequalities, which are closely related to the
Cordes inequality and the Furuta inequality, in 1951, many researchers have devoted them-
selves to sharping the Heinz inequalities and extending the Heinz norm inequalities to
more general cases with the help of a Bernstein type inequality for nonselfadjoint op-
erators, the convexity of norm functions, the Jensen functional and its properties, the
Hermite-Hadamard inequality, and so on. With this kind of research, the study of various
means inequalities, such as the geometric mean, the arithmetic mean, the Heinz mean,
arithmetic-geometric means, and Arithmetic-Geometric-Harmonic (A-G-H) weighted
means, has received much attention and development too. For recent interesting work
in this area, we refer the reader to [1-10] and references therein.

Based on [1-8], in this paper, we are concerned with the further refinements of the geo-
metric mean and the Heinz mean for operators in Hilbert spaces. Our purpose is to derive
some new generalizations of Heinz operator inequalities by refining the ordering relations
among Heinz means with different parameters, and of the geometric mean by investigat-
ing geometric means of several operator variables in a weighted setting. Moreover, we will
obtain a matrix version of the Heinz inequality for the Hilbert-Schmidt norm.

Throughout this paper, B**(#) stands for the set of all bounded positive invertible op-
erators on a Hilbert space H, B(H) is the set of all bounded linear operators on 7, and
$B(H)sa is a convex domain of selfadjoint operators in B(#). For any 7,S € B**(H) and
v € [0,1], we write

TV,S:=1-v)T +vS
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and

NI—=

Tt,S:= T3 (T 3ST°2)'T

as the geometric mean of 7' and S. When v = 1/2 we write TVS and TS in short, respec-
tively. We refer the reader to Kubo and Ando [6] for more information on the means of
positive linear operators.

Recall that, for any a,b > 0, the number

1-vpv vpl-v
Hv(a,b)zw’ Ofvfl,
2

is called the Heinz mean H,(a, b) of a and b. It is clear that

b
Ho(a, b) = Hy(a,b) = % Huya(a,b) = v/ab,
Hv(“» b) = Hl—u(ar b): Ve [Orl];

b
Vab<Hyab) <22, velo1)
2

Forany T,S € B**(H) and v € [0, 1], the operator

levs + Tnl—vS

H(T,S) = 5

is called the Heinz operator mean of 7" and S. Clearly,
T4S <H\(T,S) = TVS,

that is, the Heinz operator mean interpolates between the geometric mean and the arith-

metic mean.

2 Improved Heinz means inequalities
In a very recent work [8], we establish the following inequalities:

-262\ 1.1 —2t)?
H(a,b) < (1 - 8 - 232>a2b2 + 8 - ingS(a, b) 2.1)
and
(1-2¢)? (1-2¢)?
HA(T,S) < <1 i 2s)2> TES + G HH(TS)

hold for s, ¢ € [0,1] satisfying |s — %l > |t— %|, s 7!%.
In this section, we improve the result and give two theorems as follows.

Theorem 2.1 Suppose T,S € B**(H), and let s,t € [0,1] satisfy

=3
S——|=t— =]

7'/
S )
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Then

(1-2¢)? (1-2¢t)?
(1 ST ) THS + - 2s)2HS(T, S)

<(1-@-20*)T8S+(1-2t)°TVS. (2.2)

Proof Writing

a=1-2s, p=1-2¢
we see

70, 0<|fl=<|a|l=1

In view of the Taylor series of coshx, we deduce that

2 2
(1-p%) + B*coshx - [(1 - ﬁ—) + 'B—coshozxi|
2
— (1-a? + a® coshx — coshax)

o
a2x2 o?xt ax®
1- + + e

|: 2! 4! 6!
1 + + +---
6!
+ e - + + ..
4! 4! 6!

p
a?

ie,

2 2
(1 - 'B—) + 'B— coshax < (1 B ) + B2 cosha.

a?

With %2 instead of x, we have

(1-28)? (1-2t)? x—y
(1 - - 25)2) + 1= cosh ((1 - 23)7)

<(1-(1-20%) +(1-20> cosh(x%y)

Leta=¢€" b=¢.Then

2
(1_(1—2t) )\/E 1- 2t)H(a,h)

(1-2s)? (1-2s)?

<(1-(-20%)Vab+(1- 2t)2”T+b, (2.3)
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Taking a = x and b = 1 in the inequality (2.2), we get

(1 _a- 2”2)9&/2 L U2 ("H * xs> < (1-(1-20%)x"2 4 (1- 2t)2"7+1.

(1-2s)2 (1-12s)2 2

1 1
With the positive operator 7-2S87~2 instead of x, we have

(1 - 2t)2 (1 _ 2t)2 , ,
- d H(T,S) < (1- (1-26)*) TS + (1 - 20)°TVS.
( oy ) T8+ e TS = (1-(1-26°)T8S + (1 -2t TVS
The proof is completed.

For the functions F, : R, — R (v € [0,1]) defined by

xv_xl—v

, x>0,x#1,
Fv(x) _ logx 7{
2v-1, «x=1,

we have the following result.

Theorem 2.2 Suppose T,S € B**(H) and let s, ¢t € [0,1] satisfy

t#l .|, 1
St# =, s— = -—
2 207 2
Then
1 1 11y, 1
——T2F,(T 28T 2)T*
2t -1
1-2¢t)? 1-21)2 1
< (1= 8220\ pyg, (12200 T3 F,(T-3ST3)T3.
(1-2s)2 1-25)%22s-1

Proof Writing o =1-2s, 8 =1-2t, we have
a#0, B#0, O0=<|fl=|al=L
It follows from the Taylor series of sinhx that

sinh Bx Bixr  Bix*  pOx®
1+ + + +oe

Bx 3! 51 71
2 2 2 /02,2 44 6,6
B* B ﬂ(ax atx*  alx +)

<l-—+—=+— + +
a2 a? a2\ 3! 5! 7!

B2 52<1 o022 atxt abxd )
+ + + oo

3! 5! 7!

_ (4 B2\ B2 (sinhax
(5)ae)
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With % instead of x, we know that, for any s, ¢ € [0,1] satisfying |s — %| > |t - %|, st %,

sinh((1—21,‘)(%))<<1 (1—2;:)2) (1-2¢t)? (sinh(u—zs)(%)))
A-205) -\ a-292) a2\ a-wE) )
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Puta =¢*, b =¢”. Then we get

al—tbt _ atbl—t

(1-2¢)(loga —logb)
b

<102 =207  a"'b—a'b" (2.4)
B < - (1—25)2>a (1—25)2((1—2t)(10ga—10gb))' :

Nl=
ol

+

Letting a = x and b =1 in inequality (2.3), we see that
xb—xlt (1-2¢)? 1-28)2 [ «F—xlt
— <|1- x2 + ,
(2t -1)logx (1 -2s)2 (1-2s)2\(2t-1)logx

that is,

[T

1-202% 1
MR ECE LA

[T

Fi(x) < (1 - a-20° )x

2t -1 (1-2s)?

With the positive operator T-3ST-? instead of x, we have

F(T"35T7%)
21"

_ 2 _ 2
S(l (1-2¢) )(T_§ST_%)% (1-2¢) 1

1 1
_ — _F(T3sT Y.
(1-2s)? T2 251 ( )

Therefore,

1 1 11y, 1
—T3F(T 38T 2)T?
2t—-1

- <1 (1-2¢)? ) TiS 1-20% 1

ol

T3F(T 2ST3)T?.

- +
(1-2s)2 1-2s)22s-1
O
3 Heinz inequality for the Hilbert-Schmidt norm
In this section, we let M, be the Hilbert space of n x n complex matrices and let || - ||
stand for any unitarily invariant norm on M, i.e. |[UTV| = ||T|| for all T € M, and for all

unitary matrices U,V € M,. We suppose that T,S,X € M, with T and S being positive
semidefinite. For T = [a;;] € M, the Hilbert-Schmidt norm of T is defined by

" 1/2
2
1Tl = (Z | ) :

ij=1

It is well known that the Hilbert-Schmidt norm is unitarily invariant.
Next, we prove the following matrix version of Heinz inequality for the Hilbert-Schmidt

norm.

Theorem 3.1 Lets,t € [0,1] satisfy

=3
S——|=t— =]

7'/
S )
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Then

” TtXSH + THIXS!

2

(1 2t)2 T2yl | (1-26)% T5XS"5 + T5XS*
(1-2s)2 2

2
X + XS

< “ (1-(1-20?)T"XS"? + (1 - 2¢) 5

2

Proof Noting that T and S are positive semidefinite, we know by the spectral theorem that
there exist unitary matrices U, V € M,, such that

T=UAU" and S=VA,V*
where

Ay =diag(Ay,..., Ay, Ay =diag(y,..., 1y), rip;>0,i=1,...,1.
Put

Y = XV = [yyl.

Then we have

TIXSYE 4+ TVEXSE (UA U X (VAL V) 4 (UA U)X (VAL V)
2 - 2
(UAUNX(VAYTV) + (UAT U)X (VALY
- 2
UNUXV)ASIVE + UNSTH(U X V)ALV
2
A%WAQ)

V.

u(A{YAﬁf +
2

Hence,

H T!XS + THXS!

2 H ATYAS + ATYAL |
5 -

2

2 2

n )\.?/L}_t +)‘ll’_t/’L]t’ 2 )
(Y

ij=1
By a similar argument to the above, we deduce that

2

1- 2t)2 PP xgl (1-28)% TSXSY + TI5XSS
+
1-2s)2 2

2

n (1-2¢) (1 -2¢)? )‘?“}_s‘*)‘l_sﬂls ,
Z;« (1- 2)2>m+(<l-zs)2> 2 >""
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and

TX + XS |?

H (1-(1-26%)T"XS" + (1 -2t)?

2

= Z((l = (1=26)°)y/hapty + (1= 2t)2%) .

ij=1

By virtue of the inequalities (2.1) and (2.2), we obtain

n )»fli}_t + A}_t,u]t' 2 )
(A

ij=1
2”: L2y o (1202 \ A~ + 2 2| 2
_A=207N )
LA w22 )V T (a2 2 2
n

=3(@-a-207) s a- 20?2 )

j=1

IA

Thus, the proof is completed. d

4 The inductive weighted geometric means and means inequalities
Let F : D — B(H) be a mapping of k variables defined in a convex domain D C B(H).
Recall from Hansen [7] that F is regular if:

(i) The domain D is invariant under unitary transformations of H and

F(Unu,...,U'Td) = U*F(Ty, ..., T)U

for every (T1,..., Tx) € D and every unitary U on H.

(ii) Let P and Q be mutually orthogonal projections acting on H and take arbitrary
k-tuples (T1,..., Tx) and (Sy, ..., S¢) of operators in B(#H) such that the compressed tuples
(PT1P,...,PTiP) and (QS$:Q, ..., QSkQ) are in the domain D. Then the k-tuple of diagonal
block matrices

(PT1P + QS8:Q,...,PTiP + QS Q)
is also in the domain D and

F(PT\P + Q8:Q,...,PTiP + QS:Q)

= PF(PT;P,...,PTiP)P + QF(QS:Q,...,Q5:Q)Q.

Recall also from Hansen [7] that the perspective of a regular operator mapping of several
variables is defined as

Pe(Ths..., T, S) = SPPF(STPTi872, .., ST T S7/%) s12.

Hansen [7] proves that the perspective Pr of a convex regular map F : D% — B(H) is
regular and convex.
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Write
Dk = {(Ty,..., TOITh,..., Te > 0.
Now we prove another two properties of P.

Theorem 4.1 Suppose that F : D’j — B(H)sa is regular, concave, and continuous. Then
the perspective function Pr is monotone.

Proof Let T; and S; be positive invertible operators such that T; < S, fori=1,...,k + 1. If
S; — T; is invertible for eachi=1,...,k + 1 and A € (0,1), then we have

ASi=ATi+ (=MW, i=1,...k+1,
where
Wi=A1-2)7S-T), i=1,..,k+1,
are positive and invertible. Thus, the concavity of Pr implies that

7DF()\SL oo )"Sk+1) = APF(TI) ceer Tk+1) + (1 - )‘-)PF(WD e Wk+1)

> APe(Th, . .5 Thear)

For A — 1, by continuity, we get

Pr(S1y -5 Ska1) = Pe(T, -5 Tran)-
Generally, choose 0 < v <1 such that

vI;<T; <S;, i=1,...,k+1.
Then we have

Pre(uTh,..., uTi1) < Pe(Sy -5 Ske1)-
Letting v — 1, we get the conclusion. O

Theorem 4.2 Suppose that F : DX — B(H)s, is a regular, concave, and positively homo-
geneous. Then the perspective function Pr satisfies the property of congruence invariance:

Pe(W*TLW,..., W*TiaW) = W*Pp(Th,..., Tr)) W (4.1)
for any invertible operator W on H.

Proof Tt follows from Theorem 3.2 of [7] that the perspective function Pr is concave.
Moreover, since F is positively homogeneous, it is easy to prove that Pr is also positively
homogeneous. Hence, by Proposition 2.3 in [7], we get the conclusion. O
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Let
B=(Br-... B € [0,1]*
with Zle Bi =1, and let a1 € [0,1] and
@ = (.0 o) = (B0 - @), Bl = i), ki)

Then, simulated by the significant work of Hansen [7], we construct a sequence of
weighted multivariate geometric means GY, Gj, ... as follows.

(i) Let GF(T) = T for each positive definite invertible operator T

(ii) To each weighted geometric mean G,‘f of k variables we associate an auxiliary map-
ping Ag : DX — B(H) such that Ay is regular and concave, and

AT, To) = GE(Ty, ., Ti)07ket) = (TP )t

for positive T1,..., T, where B is the weight associated to T3,..., Tk.
(iii) Define the geometric mean G ; : D’j*l — B(H) of k + 1 variables as

(Tt Tier) = Pay (Th, .., Tiend)s
where
Py (Do T Te) = TRA(TERT TR, TR T T TR,
Particularly, the geometric means of two variables
’ I S N
G(T1, To) =T, (T, * i T, *) "' T
coincide with the weighted geometric means of two variables 711, 7> in the sense of Kubo
and Ando [6], where o = (0, orp) satisfy o3 + op = 1.
In the above procedure, «; is determined by 8; and a4 in the following sense:

Oli=ﬂl'(l—ak+1) (i=1,...,k).

Conversely for fixed o = (@1, ..., o41), wWe can set

o

ﬂi ’ i=1,2,...,k,ak+17!1,

1-opn

and hence trace back to the case of k = 1. Therefore for fixed weight we can define the
corresponding weighted geometric mean.

Theorem 4.3 The means G, : DK — B(H)* constructed as above are regular, positively

homogeneous, concave, and they satisfy
Gy (Th,..., Tio 1) = G (T) =) (4.2)

for T =(Ty,...Tk) eD'j,
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Proof By the definition of Gf, we know that G for each k = 2,3,... is the perspective of
a regular positively homogeneous map. Therefore, G{ are regular and positively homoge-
neous. Moreover, since Gy, is the perspective of (Gf Yi-%+1 ) we see that (4.2) holds.

Next, we prove that G} is concave. Clearly, GY is concave. Assume that G,'f is concave for
some k and the corresponding weight . For oy, € [0,1], the map x — x~%+1 is operator
monotone (increasing) and operator concave. Then we have

(G (AT + @ =2)8)) " > (M(GET) + (1 - 1)(6L'S))

> A(GLT) Y+ (1 - 2)(Gls) T,
where T = (T,..., Tx), S = (S1,...,Sk). So the auxiliary mapping
Ak(Tlr cees Tk) = Gf(Tl, ceey Tk)l_"’k-v-l

is concave. Then by Theorem 3.2 in [7] we see that its perspective G, is also concave. By
induction, we know that G}/ is concave forall k =1,2,.... O

Remark 4.4 A similar analysis to Theorem 4.3 in [7] shows that the above conditions
uniquely determine the Geometric means Gy for k = 1,2,... by setting G{(T) = T’

Theorem 4.5 Set T = (T3,...,T) € D'j. The means Gy, constructed as above have the fol-
lowing properties:

(P1) (consistency with scalars) G¢(T) = T7" - - - T, if the T;’s commute;

(P2) (joint homogeneity) G§(4T4,..., tx Tx) = £;* - - ;G (T) for t; > 0;

(P3) (monotonicity) if B; < T; for all 1 < i < k, then G} (B) < G§(T);

(P4) (congruence invariance) Gy (W*T1W,..., W*T W) = W*GZ(T)W for any

invertible operator W on H;

(P5) (self-duality) G(T™) = GX(T)™

(P6) (A-G-H weighted mean inequalities) (Zf=1 o, T7H ™ < GY(T) < Z; LTy

(P7) (determinant identity) det G (T) = Hle(det T,)“l.

Proof 1f Ty and T, commute, then
11 L 1
G(T1, To) =T (T, > T T, *) "' T} = T{* T,
Hence, (P1) holds for k =1, 2. Now assume that (P1) holds for some k > 2. Since

z+1(Tlr cees Tk+1) = PFk(Tb ooy Tk+1)

- T/<2+1Fk(Tk+l T1 Tk+21’ Tk+1 Tk Tk ) Tk2+1

B (1-orgy1)
= T/(2+1G ( k+lTlTk+21’ Tk+1Tka ) o Tk2+1

Bi\ (e
- Tk2+1 ((Tk+1 T1 Tk+1) (Tk+1 Tk Tk+1) ) o Tk2+1
— Tlﬂl 1-agy1) . Tk/sk(I*akH)Tl*(l*“kﬂ)

k+1

_ 7Y L @ fes1
- Tl T Tk+1 )
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we see that (P1) also holds for k + 1. By induction, we know that (P1) holds for k=1,2,....
It is easy to verify (P2) holds for k = 1 and k = 2. Assume that (P2) holds for some k > 2.
Then we have

Gt T e T tra1 Tiean)
1 1 1 1
= ka1 Tk?+1Fk (tl t/;l-l Tk+§1 Tl Tk+7l’ tktk+1 Tk+1 Tk Tk+1) Tk+1
1 P P 1 (g
= e TGy (M T A T T trlich Tk+1 T Tk+1) i T1<2+1
By induction, we get

G Tyt Tho b Tran)

(1-
= Lkl (tk+1tf31 t/lfk) @hrt) Gzﬂ(Tl; oo Tk¢ Tk+1)

=t RN G (T Tho Tien)

Hence (P2) is true.

(P3) and (P4) follow from Theorems 4.1 and 4.2.

Clearly, (P5) is true for k =1 and k = 2. Assume that (P5) is true for some k > 2. Then we
have

(T T Ty
Tk+1F /<(Tk+1T 1Tk2+1’ Tk%+1 Ty ' Tk%+1) lel
= T/:+71 Gf (Tk7+l e lerv s Tk%+l Tt Tk%ﬂ)uiakﬂ) T/jl'
By induction, we get

(T T Ty

= Tjﬁf (T/jl n lel’ Tk+1Tk Tk+1) e akﬂ)Tké

1 1

= (T/<2+1G1€3 (Tk+21 n Tk+21’ Tk+1Tk Tk+1) e T/Zrl)i1
=Gy (Theoos T Tiwn) ™

which verifies (P5).
The A-G-H weighted mean inequality, i.e. the arithmetic-geometric-harmonic weighted
mean inequality reads

k -1
(Zainl> §Gz(T1,...,Tk)§Za,-Ti
i=1 i

for arbitrary (Ti,..., Tx) € D*. Firstly, we show the second inequality. It is easy to see the
second inequality holds for k = 1. Assume the inequality holds for some k. Then, by virtue
of

XP<1+p(X-1)
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for X € D! (the set of positive operators) and p € [0,1], we obtain

F(Ty,..., Ty) = Go(Ty, ..., T) o)

<1+ (1 -ax)(GL(Ty,..., To) -1)

k
<1+ (1_ak+1)<2ﬂiTz’ —1>

i=1

k k
= Z(l —ar)BiTi + g1 = Z%’Ti + 0yl

i=1 i=1
Now taking perspective, we have

Gi(Ths s Ty Tiw1) = Pr (T, o5 Tioy Tan)

1 1 1 1 1 1
2 2 ~2 2 2 2
Tk+1Fk(Tk+1 Tl Tk+1’ e Tk+1 Tk Tk+1) Tk+1

b (St !
Tk+1 Z aiTk+1TiTk+l + kst Tk+1

i=1

k+1

= ZO[,‘T,’.
i=1

By induction, the second inequality is proved. Next, it follows from the second inequality
that

k
GU(T.. ) <) T
i=1

By inversion and using the self-duality (P7) of the weighted geometric mean, we get

k -1
— — —1\-1
(ZaiTi 1) <GUI7,.... TN = GU(Th, ..., To).
i=1

Hence the property (P6) holds.
For T € D! and p € R, we have det T? = (det T)? due to det T = exp(Trlog T). For k = 1
and k =2, (P7) is obviously correct. Assume that (P7) holds for some k > 2. Then, using

1 1 1 1 1 1
= —= = —= — = (1_ ) =
%—FI(TI’ cr Tk’ Tk+1) = Tk2+1 Gf (Tk+21 Tl Tk+21’ ce Tk+21 Tk Tk+21) et Tk2+1’
we infer that

et G¢, (Th,..., Te, Thsy) = det Ty (det TP det TP - - det TPk det T%) ™%+

k+1

= [ Jet Ty,
i=1

which means that (P7) is true. O
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