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Abstract

In this article, we characterize the pairs (u, v) of positive measurable functions such
that T maps the weighted amalgam (LP(v), £4) in (L” (), &9 for all 1 < p,q,p,q < oo,
where T belongs to a class of positive operators which includes Hardy operators,
maximal operators, and fractional integrals.

2000 Mathematics Subject Classification 26D10, 26D15 (42B35)

Keywords: Amalgams, Maximal operators, Weighted inequalities, Weights

1. Introduction

Let u be a positive function of one real variable and let p, ¢ > 1. The amalgam (L”(u),
£7) is the space of one variable real functions which are locally in Z”(x) and globally in
€9. More precisely,

(LP(u), €7) = {f < Ifllpuq < 00},

where

1) q

n+1

Wfllpug =1 / IfIPu

nezZ \ y

These spaces were introduced by Wiener in [1]. The article [2] describes the role
played by amalgams in Harmonic Analysis.
Carton-Lebrun, Heinig, and Hoffmann studied in [3] the boundedness of the Hardy

operator Pf(x) = /*__|f] in weighted amalgam spaces. They characterized the pairs of
weights (1, v) such that the inequality

IIPfllpuq < ClIf 504 (1.1)

holds for all f, with a constant C independent of f, whenever 1 < g < ¢ < co. The
characterization of the pairs (u, v) for (1.1) to hold in the case 1 < g < g < oo has
been recently completed by Ortega and Ramirez ([4]), who have also characterized the
weak type inequality

1P 1 scuq = W e
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h q
W18l coimg = { > ||gX<n,n+1)||Zm,u} :

neZ
There are several articles dealing with the boundedness in weighted amalgams of

other operators different from Hardy’s one. Specifically, Carton-Lebrun, Heinig, and
Hoffmann studied in [3] weighted inequalities in amalgams for the Hardy-Littlewood
maximal operator as well as for some integral operators with kernel K(x, y) increasing
in the second variable and decreasing in the first one. On the other hand, Rakotondrat-
simba ([5]) characterized some weighted inequalities in amalgams (corresponding to
the cases 1 <p <p <ooand 1 < g < g < oo) for the fractional maximal operators and
the fractional integrals. Finally, the authors characterized in [6] the weighted inequal-
ities for some generalized Hardy operators, including the fractional integrals of order
greater than one, in all cases 1 < p,p,q,g < oo, extending also results due to Heinig
and Kufner [7].

Analyzing the results in the articles cited above, one can see some common features
that lead to explore the possibility of giving a general theorem characterizing the
boundedness in weighted amalgams of a wide family of positive operators, and provid-
ing, in such a way, a unified approach to the subject. This is the purpose of this article.

2. The results
We consider an operator T acting on real measurable functions f of one real variable
and define a sequence {7}, z of local operators by

Touf (x) = T(f Xn—1,n42))(x) x€(n—1,n+2).

We assume that there exists a discrete operator 79, i.e., which transforms sequences
of real numbers in sequences of real numbers, verifying the following conditions:

(i) There exists C > 0 such that for all non-negative functions f, all 7 € Z and all x
€ (n, n + 1), the inequality

m

T (fX(—oon—1) + f Xns2,00)) (x) < CTY f frlm (2.1)

m—1

holds.
(ii) There exists C > 0 such that for all sequences {a;} of non-negative real numbers

and n € Z, the inequality

T4 ({ar})(n) < CIf(y), (2.2)

holds for all y € (1, n + 1) and all non-negative f such that | nT_l f = ap, for all m.

We also assume that T verifies Tf = T |f|, Tf) = [A| Tf, T(f + 9)(x) < Tf (x) + Tg (x)
and Tflx) < Tg(x) if 0 < f (x) < g(x).
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We will say that an operator T verifying all the above conditions is admissible.

There is a number of important admissible operators in Analysis. For instance:
Hardy operators, Hardy-Littlewood maximal operators, Riemann-Liouville, and Weyl
fractional integral operators, maximal fractional operators, etc.

Our main result is the following one:

Theorem 1. Let 1 < p,q,p, q < oo. Let u and v be positive locally integrable functions
on R and let T be an admissible operator. Then there exists a constant C > O such that

the inequality
T Npuwg < ClIf llpug- (2.3)

holds for all measurable functions f if and only if the following conditions hold:

(i) T¢ is bounded Sfrom i({v, o €1({u,}), where " r —1—), and

q
- (2) p.

(i) (a) ilelg WTall@r )0 )) < in the case 1 < j<q<oc

1 1 1 -
b) Tl )12y} € € with " a7 in the case 1 < q < q < oo.

The proof of Theorem 1 is contained in Sect. 3.

Working as in Theorem 1, we can also prove the following weak type result:

Theorem 2. Let 1 < p,q,p,q < oo. Let u and v be positive locally integrable functions
on R and let T be an admissible operator. Then there exists a constant C > O such that

the inequality
T 1lpooug < Clif I (2.4)

holds for all measurable functions f if and only if the following conditions hold:

(i) T¢ is bounded Srom £3({v,})to 7 ({u,}),), with v,, and un defined as in Theorem 1.

(i1) (a) SUP 1Tull @) < i the case 1 < G < q < oo

1 1 1 -
(b) N Tll (15 ), oo ()} € €, with g7 in the case 1 < g < q < oo.

If conditions on the weights u«, v, and {u,}, {v,,} characterizing the boundedness of the
operators T, and T¢, respectively, are available in the literature, we immediately obtain,
by applying Theorems 1 and 2, conditions guaranteeing the boundedness of T between
the weighted amalgams. In this sense, our result includes, as particular cases, most of
the results cited above from the papers [3-7], as well as other corresponding to opera-
tors whose behavior on weighted amalgams has not been studied yet.

Thus, if M " is the one-sided Hardy-Littlewood maximal operator defined by

M f(x)=sup . [ Ifl,

1
h>0 h x—h
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we have:

(i) The discrete operator (M ), defined b
p Y

. 1 &

(M) (a))G) = sup Y ail,
k<j—1] — k ik
verifies conditions (2.1) and (2.2).

(i) The local operators M, are defined by

X

1
Mpf(x)= sup [ Ifl xe(n =1, n +2).
O<h<x—n+1 " x—p

(iii) If p = p and g = g, there are well-known conditions on the weights u, v, and {u,,},
{v,} that characterize the boundedness of M, and (M )4 (see, for instance [8-10]).

Therefore, we obtain the following result:
Theorem 3. The following statements are equivalent:

(i) M " is bounded from (LF(w), £9) to (LP(w), £7).

(i) M is bounded from (LF(w), £7) to (L7~ (w), £9).

(iii) The next conditions hold simultaneously:
() we A;(n,l,mz)for all n, uniformly, and
(b) the pair ({u,}, {v,}) verifies the discrete Sawyer’s condition Sq, i.e., there exists
C > 0 such that

k , koL
(M) D) (g < CXw 7,
j=r j=r
forall r, ke 7 with r < k.

We can state a similar result for the one-sided maximal operator M*. In this case,
the operator (M *)* defined by
k

(M*)4({an})(j) = sup > lail,

k>j+3 k _j -2 i=j+3

verifies conditions (2.1) and (2.2). The theorem is the next one:
Theorem 4. The following statements are equivalent:

(i) M * is bounded from (LF(w), £9) to (L (w), £9).

(i) M * is bounded from (L (w), £1) to (L7~ (w), £9).

(iii) The next conditions hold simultaneously:
(a) we A;,(n_1,n+2)for all n, uniformly, and
(b) the pair ({u,}, {v..3}) verifies the discrete Sawyer’s condition S;, i.e., there
exists C > 0 such that

g kg
S (MY )Gy < 30,
J=r j=r

Page 4 of 12
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forallr, ke Z withr < k.

If M is the Hardy-Littlewood maximal operator, defined by

MF() =sup - [ Il

xel |I| I

k

then M is admissible, with M9({a,})(j) = sup > | ail, and there are well-
TSjSk k —7r+1 i=r

known results, due to Muckenhoupt ([11]) and Sawyer ([12]), which characterize the
boundedness of M in weighted Lebesgue spaces. Applying Theorems 1 and 2, we get
the following result:

Theorem 5. The following statements are equivalent:

(i) M is bounded from (LF(w), £9) to (L (w), £7).

(i) M is bounded from (L¥(w), £9) to (L7 (w), £9).

(iii) The next conditions hold simultaneously:
(@) we A, i1,ns0) for all n, uniformly, and
(b) the pair ({u,}, {v,}) verifies the discrete two-sided Sawyer’s condition S,, i.e.,
there exists C > 0 such that

k , k )
P (T NGy < C) v].lfq
j=r j=r

forall r, ke 7 with r < k.

This result improves the one obtained by Carton-Lebrun, Heinig and Hofmann in
[3], in the sense that the conditions we give are necessary and sufficient for the bound-
edness of the maximal operator in the amalgam (L(w), £9), while in [3] only sufficient
conditons were given. We also prove the equivalence between the strong type inequal-
ity and the weak type inequality. The equivalence (i) < (iii) in Theorem 5 is included
in Rakotondratsimba’s paper [5], where the proof of the admissibility of M can also be
found.

Finally, we will apply our results to the fractional maximal operator M, 0 <o < 1,
defined by

1 d
M,yf(x) = sup _[Ifl
c<x<d (d - C)1 “ 'cf
The proof of the admissibility of M,, with the obvious Mg, is implied in Rakoton-
dratsimba’s paper ([5]).
Verbitsky ([13]) in the case 1 <q <p < « and Sawyer ([12]) in the case 1 <p < g < oo
characterized the boundedness of M, from L? to L?(w). These results allow us to give

necessary and sufficient conditions on the weight u for M, to be bounded from
(17, 1) to (L"(u), €9).
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Before stating the theorem, we introduce the notation:

(i) If 1 < g < oo, we define H: Z — R by
k

1
H(i) = sup _ > uj.
rei<k (k — 1+ 1)1 i !

(i) If 1 < g < g, we define

- sup ||X[r/k]Mg(X[r/k])|l|£‘l({uj}).

(k—r+1)4

r<k

(iii) If 1 <p <ocand n € Z, we define forx e (n-1,n + 2)
1

Hy,(x) = sup - fu.
" xelC(n—1,n+2) |I|1—o¢p 'If

(iv) If 1 <p < pand n e Z, we define
[ XM (XD (u)

Ic(n—1,n+2) 1

inp

Jn =

The result reads as follows.

Theorem 6. M, is bounded from (LP, ¢7)to (L”(u), £7) if and only if

(i) inthecasel <p<p<ocandl < g <q < 00, SUP,ez Jn < © and ] < ;

(ii) in the casel <p <p <ocandl < q <q < oo, SUP”EZ”H"“LZ,Z W < OCund J < oo

_ _ 1 1
(iii) in the case 1 <p<p<ocand1 <q<q < oo, {J.}, € £°, where s a”
q
and H e ¢i-a({u;}y

N
(iv) in the case 1 <p<p<ooand 1<g<q< oo, ”H””Lﬁf’p(u)egand

H e tri({uy))y

3. Proof of Theorem 1

Let us suppose that the inequality (2.3) holds. Let n € Z and let f be a non-negative
function supported in (7 - 1, #n + 2). Then, on one hand,

Q1 =

n n+1 n+2

T A W e W B O ) Y=

-1 n +1 -1

n+2

vl

= Ql
< Qi
= Ql

—
h=YEY
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and, on the other hand,

1
n p n+1 Z n+2 q q
T llpag > f ayul| + f (1yul| / (TF)u
1
n+2 p
> Cpgq (TfY'u
/
1

n+2 p
> Cyq / (Tuf)fu
-1

= CoglITuf llpu-

Therefore, by (2.3), T, is bounded and || Tl (17 () 1r(u)) < C, where C is a positive con-
stant independent of n. Then (ii)a holds independently of the relationship between ¢

and ¢. Let us prove that if 1 < ¢ < g < oo, then (ii)b also holds.
It is well known that HT"H(L&(V)’U(M)) ) {f-llfsl}lfp 1} HTanU(u)' Therefore, for each »
. Lp(v)=
there exists a non-negative measurable function f,,, with support in (# - 1, n + 2) and

. 1
with [fall (1 (w), (n—1,n+2)) = 1, such that || Ty [l 150y 19y < [ Tfllip () + o’
1
Since {2|n| } € £, to prove that {[Tallpw)r@)} € € it suffices to see that
{1 TnfnllLrw)} € €.
Let {a,} be a sequence of non-negative real numbers and f= ; anfn, For each n e Z,

flx) = a,f, (x) and then Tf (x) = a,T,f, (x) forallx € (n -1, n + 2). Thus,

1
q
n+2 o p q q q
||Tf||p,u,q >C Z [ an(Ty, n)pu = C{ Z anl|T "||LP(u)}
nez \n—1 nez
Then, from (2.3) we deduce
1
1 K
n+2 1_7
, q 5
{Zamm n||3(u)} <Ci{Y /f"v
nezZ neZ )
q]a
n+2 f_)
<cf >l [ A
neZ 9
=C Zai
neZ
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This means that the identity operator is bounded from 7 to ¢4 ({ || T, "”Zﬂ(u]})' Then
{1 Tafalltruy} € £, by applying the following lemma (see [4]).
Lemma 1. Let 1 < g < g < ooand s T4 7 Suppose that {u,} and {v,} are

qa 4

sequences of positive real numbers. The following statements are equivalent:

(i) There exists C >0 such that the inequality

{rgz(lanlun)“}" < C{Ez(mnwn)q};l

holds for all sequences {a,} of real numbers.

(i) The sequence {u,v, ' }belongs to the space .

On the other hand, let us prove that (i) holds. If {a,,} is a a sequence of non-negative
real numbers and

m -1
1-p’ 1-p
fzzam)((mfl,m) /V P v,
mezZ —1

then f’:l”_lf =amy, fm’"_lfﬁv =d, (f’”_l Vlfﬁ’)lfﬁ and by the properties of the operator

T we have "
1
n+1 q q
p
Wl = § 3 { [ 1PPEu) ds
nezZ n
1
n+l m p Z q
>C T4 f (mu(x) dx
=(/({/
1
7 q
n+1 p
= C{ > T ({an})(n) /u(x)dx
neZ n

= [ITam}lergu,y)-

Page 8 of 12
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Applying (2.3) we obtain

= Ql
Qi

n+l1
T am}lesquny < C{ D / fr
n

Qi
QI =

n

C Zaz /vl_‘-”

nez 1

syl

= lanllei(,y)

which means that the discrete operator T¢ is bounded from 09({vy) to €7 ({u,}), as

we wished to prove.

Conversely, let us suppose that (i) and (ii) hold. Then, we have

n+l
1l = Y| [ CC ) + P20

neZ \ y

neZ \y

1
q
n+1 p q
+C Z / (TfX(nfl,n+2))pu
1
q

q
n+1 p
<o Y (@ tah)’| [ u

neZ n
1
MNa

n+1 P
+C{Y. f (Tof Yu

neZ \y

= C(Il + 17_),

where ay = [ | f.

Page 9 of 12
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Applying that T is bounded from 09({v,}) to €7 ({u,,}) and Holder inequality, we

obtain
AL
| 7 A\ 7P
I <C Za?, /vlf"
neZ 1
W NG/ —; q
et (] ([
neZ 1 1
i i )3
n i l_) n 3 1—)/ n N I‘)/
<CZ/f’7v /vlp /vl”
neZ \,~q 21 21
1
q|aq
p

neZ

=CZ /nf’_’v

= ClIfll.a-

Now we estimate I,. If 1 < g < ¢ < o0, since (ii)a holds, we know that the operators

T, are uniformly bounded from LP(u, (n - 1, n + 2)) to Lf’(y, (n —1, n +2)) and then

q 1
n+2 p q
L<{>Y /(Tnf)pu
nezZ —1
q 1
n+2 p q
sciy| [
nezZ —1
o1
A
n+2 p
<cf> | [
nez Y

= Clifllp-
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Let us suppose, finally, that 1 < g < g < oo. Then (ii)b holds and, therefore,

q 1
n+2 P 1
L, <C Z /Tnfpu
neZ -1
q 1
n+2 p 1
q _
< C1 2 (ITallgs ) / frv
nezZ -1
. 1
_q q
a\ q G-
2o\ qq qaq
cl[>| [ v > (Tl @) o)
nez 1 neZ
_ 1
914
n+2 p

s

> Il ww)’

nezZ

= ClIf]

p.g-

This finishes the proof of the theorem.
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