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ON A MIXED DISCONTINUOUS GALERKIN METHOD*

MIKA JUNTUNEN' AND ROLF STENBERG

Abstract. For the model Poisson problem we study the stabilized Bassi-Rebay discontinuous Galerkin method.
The method is written in a mixed formulation, in which independent and fully discontinuous basis functions are used
both for the scalar unknown and its flux. The continuity requirement is imposed by Nitsche’s technique [Abh. Math.
Sem. Univ. Hamburg, 36 (1970/71), pp. 9-15]. In the implementation the flux is then eliminated by local condensing.
‘We show that the method is stable and optimally convergent for all positive values of the stability parameter. We also
perform an a posteriori error analysis. The theoretical results are verified by numerical computations.
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1. Introduction. The purpose of this paper is to study the so-called stabilized Bassi-
Rebay (SBR) discontinuous Galerkin (DG) finite element method [2, 3]. In [3] a general
framework for DG methods is developed and it is shown that the stability and a priori error
analysis of the SBR method is covered by this.

In this contribution we will give an (alternative) a priori and an a posteriori error analysis
of the method. In addition, we report on benchmark computations. First, we recall the SBR
method. It is written as a mixed formulation in which the flux variable is taken as an inde-
pendent unknown, fully discontinuous between elements. This flux is an auxiliary unknown
that is condensed at each element at a negligible cost. Next, we give a straightforward a priori
analysis, which directly shows that the method is stable for all positive values of the stability
parameter. We recall that for the standard DG the lower bound is given by a constant in a
discrete trace inequality, cf. [7, 8]. (In this respect, the situation is completely analogous with
Galerkin-Least-Squares methods for the Stokes problem [5], where a similar phenomenon
occurs.) Then, we show that the techniques for the a posteriori analysis of nonconforming
methods [1, 4] can be used for the SBR method as well. Finally, we show the results of
computations with the method.

2. The model problem and the discontinuous Galerkin method. Our model problem
is the mixed form of the Poisson equation, for which we present the SBR discontinuous
Galerkin method. The continuity in the variational formulation is imposed weakly using the
Nitsche method. For simplicity we restrict ourselves to two dimensions.

Let @ C R? be a bounded domain with a piecewise smooth boundary 8Q. With T;, we
denote the mesh, i.e. the partitioning of 2 into triangles. With £5q we denote the edges of
the triangles that lie on the boundary 02 and with &y, we denote the internal edges of the
mesh. We assume that the boundary 02 is split into two non-overlapping parts I' , and I'y.
The edges on the boundary are grouped into those on the Dirichlet and Neumann part, i.e.,
Esq = EpUEN. In addition, we denote with A7 the diameter of the element T € 7T}, and with
hg the diameter of E € &y U Esq. For the mesh we assume that there exists Cy,Cy > 0,
such that

Cihg < hy < Cohgp VYE COT, VT € Ty,
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We solve the problem
—Au=f inf,
2.1 u=1ug onlp,
Vu-n=g only,

in which the load f € L%(Q), uo € H'/?>(T'p) and g € L*(Ty). Instead of solving (2.1)
directly, we pose the problem in an equivalent mixed form

oc—Vu=0 inQ,
V-eo+f=0 inQ,

2.2
(2.2) u=ug onlp,

o-n=g only.

Next we derive a discrete form for (2.2). We begin with the definition of the finite element
spaces:

Vi :i={v € L*(Q) |vjg € P(T)VT € T },
Wi = {v € [L* ()] | v € [Pe—1(T)]* VT € Th},

in which Pg(T) denotes the polynomials of order k£ on T. Multiplying the first equation
in (2.2) with a test function 7 € W}, and integrating over the domain 2 yields

(2.3) (0,7)q — (Vu,7), =0.

Multiplying the second equation of (2.2) with a test function v € V}, and integrating by parts
we get

(=fv)g= > (Veou), =3 {~(0,V0), + (o nv)y}

TET, TET,
2.4) =Y —(o,V0),+ Y ({o-n} ),
TeTn Ec&iy
+ > (o-nw)+ Y (g,v),
Ecép E€én

in which we have employed the continuity of the normal component of the flux and used the
notation

{o-n}:= %(01 +032) - ny,
[v] :== v1 — va.

Above, the subindices denote the functions on triangles T} and 75 sharing an edge E and 1
denotes the outward pointing normal vector of 77 .

Neither the Dirichlet boundary condition nor the continuity are imposed in the solution
spaces. Therefore, we need to enforce them in the variational form. Since the correct solution
u is continuous and fulfils u|r,, = wuy, it holds

(2.5) 3 —%([[u]],[[U]DE =0 and

Eegim

(2.6) Z —hl<u,v>E= Z —%(uo,@E,

Ecep, ' F Ecép
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in which we have introduced the positive stability parameter v > 0. (2.5) enforces the conti-
nuity and (2.6) enforces the Dirichlet boundary condition. The model problem is symmetric,
and thus it is logical to maintain this also in the variational form. Once again due to the
continuity and the Dirichlet boundary conditions we have

2.7) > ({r-n}[ul), =0 and
EE&m
(2.8) Z (r-n,u), = Z (T-n,u0) .
Eeép Eeép

Combining (2.3)-(2.8) yields the stabilized Bassi-Rebay method [3].
The SBR Method. Find (up, o) € Vi, x Wy, such that

2.9 a(un,oh;0,7) = L(v,T) VY(v,T) € Vi X Wy,
in which

a(u,o;0,T) := Z [(J,T)T — (Vu,‘r)T - (a’,Vv)T]

TeTh

+ 2 o nh bl + {r - nh[ul),)
Ec&y
Z o-n,v),+ (T n,u),]
Eeép

- Y LB - Y e (ue),
Ee&m Ecép

and

L(v,T) =( 1 ) g, + Z T- ’nuo Z %(uo,@E.

Ecép Eecép
By the derivation of the variational form it is clear that the proposed method is consistent,

i.e., the solution to (2.2) is also the solution to the variational problem (2.9).
The energy norm of the variational problem is

o712 = 3 irliacry + I 90lfEecr)

TETh
+ Z _”[U]]||L2(E)+ Z |U||L2(E)
Eegml EEED

Note that the energy norm is mesh dependent. In order to prove the method to be continuous
and elliptic in the energy norm we need the following estimate (which is easily proved by
scaling).

LEMMA 2.1. These exists a positive constant C'y, such that

hE||T||2L2(8T) S CI“T”%Z(T) V1 e Wh and VT € 771

With Lemma 2.1 it is straightforward to show that the proposed bilinear form a(-,-; -, )
and the linear functional £(-, -) are continuous in the energy norm |||-, -||-
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3. The stability and the a priori error estimates. In this section we show that the
method is stable for all positive values of the stability parameter -y.

THEOREM 3.1. There exists a positive constant C, such that
3.1 sup  ALTivT)

> Clllu,o|l| V(u,0) € Vi x Wh.
(v, T)EVRXWh |||U57-|”

Proof. First, we note that
32  a(u,0;5-u,0) = Y |loljzm Z |||[u]]||L2(E) + Z |u||L2(E)
TETh EeE,m Eesp
Next, we choose k € W, such that kK = Vu, which yields
(3.3) (k, V) o = [Vullioery and [|&llz2(r) < [IVullL2(r).-
Then by the Schwarz inequality we get

a(u,0;0,—K) = Z [—(a’,n)T+ (Vu,n)T] - Z <{nn},[[u]]>E

TETH E€&iy

> 3 [IVullfeqr = lollsen Il
TeTh

1 _
D D TR P vl I

Eec&iy
+hi 21k - mallzacmy b ullzem) |

S D Y TR PRy [ 1 [ PR
Ecép

For 6 > 0, Lemma 2.1, (3.3) and Young’s inequality give

1 1)
a(u,050,—K) > > IVullfacr) — 2—6”0”%2(9) 3 > IVullZ2(r)

TETh Te’rh
015
Z ||VU||L2(T) 26 Z ||[[U]]||L2(E)
TeTh Eim
26 Z |U||L2(E)
1 2
(1_ et +CI) Z ||Vu||L2 2_6||0'||L2(Q)
TeTh
e 3 |m [ Z H““sz
EGS.m

Choosing § < 2/(1 + Cy) yields

a(u,030,—K) > —C’1||cr||i2(9) + Cs Z ||VU||2L2(T)
TeTh

1 1
-G Z g”[[“]”ﬁw(}z)—cl Z E”U”%z(}z)a

E€Ein Eecép

(3.4)
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with positive constants C; and C> independent of the stability parameter . Using the linear-
ity and combining (3.2) and (3.4) we get

a(u,0,—u,0 = ek) > (1 = cO)llollF2i0) +€C Y [IVulljz(r)

TeTh
+ (v —€Ch) Z h—||[[U]]||L2(E) + (v —€Ch) Z h_||u||L2(E)'
Ec&in E Eeép E
Choosing the parameter €, such that
1
€>0, €<C—1 and 6<Cll,
the inequality (3.5) gives
(3.6) a(u,0,—u,0 — ek) > Cs|lu, o,

with a constant C'3 > 0. By the definition of k it is clear that
3.7 l-u, o — ekl < Callju, o]

Substituting (3.6) and (3.7) into the left hand side of (3.1) proves the claim. a

From the stability and consistency we directly get the a priori estimate. The lower bound
s> 3/2ensures thato - n € L?(E) forall E € &y U Eaq.

THEOREM 3.2. Foru € H*(Q), with3/2 < s < k + 1 ir holds

llu = wun, o — aulll < Ch*H|ullz=(g)-

From above we see that the difference of this method compared to the standard discon-
tinuous Galerkin method is that the lower bound (i.e. zero) is readily available. Let us discuss
the implementation of the method a little further. The form of the discrete equations is the

following
A B|[X]| |0
B” | |U| " |F|’

where X and U are the degrees of freedom for o, and up,, respectively. Eliminating 32, yields
the system of equations for U:

(3.8) (C-B"A"'B)U=F.

Since the matrix A corresponds to the part ZTeTh (0', ‘r) o in the bilinear form it is inverted
element by element (i.e. condensed) and the cost of this is negligible. For triangular elements
the situation is even simpler. An orthogonalization of the basis functions on the reference
element gives orthogonal functions on the real element and in this case A is diagonal. Further,
it should be noted that the stability of the method implies that the matrix in (3.8) is positively
definite. The conclusion is hence, that this method is implemented very similarly to the
standard discontinuous Galerkin method, but with the advantage that the stability is ensured

for all values of the stability parameter.
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4. The a posteriori error estimate. In this section we introduce and prove the follow-
ing a posteriori error estimate for the method.
THEOREM 4.1. There exists a positive constant C, such that

1/2
e = uno = anll <C( D nd) "
TETh
in which

ng = h7IV-on+ fllisery + llon — Vunllizr
1
+hellon- ]l ornes,,) + E”[[Uh]]”%?(amsm,)

1 2
+ hello-n = gllr2orney) + E”Uh — uollz2(a7nep) -

In the proof of Theorem 4.1 we need the following Helmholtz decomposition, cf. [1, 4, 6].
THEOREM 4.2. For every vector T € [L2(Q))%, with T - n = g on Ty, there exists
Y € H(Q), with r, =0, and g € H*(Q)/R, with curlq - nr,, = 0, such that
T=Vy+eurlg and |||} = VY12 + llcurlgll7zg, -
The curl operator, used in the Theorem 4.2, is defined as
—Ov
curlv := [ gvm ] ,

81)1

when v € H'(Q) and 2 C R%. We define the tangent to an edge E € &y U s by

L tl _ —MNy
=lnl=0]
in which n = (n1,ns9) denotes the outer normal vector of the edge E. The operator VX is
defined by

U x [ vy ] _ Ovz On

V2

T 6.’L‘1 01’2 ’
Proof of Theorem 4.1. Since the exact solution is continuous and fulfils the boundary

conditions, we get

e = un,o = anll” = llo — alliz@ + D Ve = VunllZzer)
TETh

1 2 1 2
+ Z El||[uh]]|lL2(E)+ Z E|lu0_uh”L2(E‘)'
E€&mn Ecép

4.1)

The two last terms of (4.1) already belong to the indicator iy and therefore we only need to
estimate the first two terms. We begin with the first term. The definition of the norm and
Theorem 4.2 yield

(o’—a’h,‘r)

lo —onlle2@) = sup ~— /@
rerp2@) 1Tl
“ (0 -onVi)y 1q)
o—oyp, o — oy, cur
< sup LT T e + sup h Vo

oy VYl q IVallz2 ()
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Next we turn our attention to the first term in (4.2). Since ¢ € H'(f2) and Yr, =0,

there exists a continuous and piecewise linear Clément interpolation Ip ) that vanishes on the
boundary I' p and fulfils

@3) > bW = Inlley + > hg? 0 = Intll2(my < IVl z2(0)-

TeTh E€&nUEN

The bilinear form gives us

(4.4) 0=a(u—up,o —op; I,0) = Z (0 —on, VIn),.
TETh

The orthogonality above yields

(0’ —O'h,V’(ﬂ)Q = Z (U'_O'h;v("/}_lhw))'r

TeTh
=Y [~(V-(@—0n),¥— ), + (o —on) - n,0 — Ingh) o]
TETh
=> (Veoon+ L —1I), + >, (o —on)-nl,{¢ - I}),
TET: E€&n
+ Y (g—on-n¢—Iw),.
Eeén

Applying the Schwarz inequality and (4.3) gives

(0 —an, Vi),
< > hrlIV-on+ fllzacr hptllv — Il aery
TETh
+ 3 w2 llon - nllleae) b 11 = Indll o)
Eeginl
+ 3w’ llg = on - nlleas by 10 = bl 2
FEcén
<of S BV o+l + X slllon i
TET;. Eeginl

1/2
s hEug—ah-nuiz(E)} IVollLz.

FEeén

Now, the first term in (4.2) is bounded by the indicator n7.

Next, we consider the second term. For the function ¢ € H'(2)/R we construct a
piecewise linear interpolate 74, q in the following way. Since curlg-nr, = 0, it follows that
qr is aconstant. On Iy we thus assign this constant value to 7, q. For all other vertices we
use the Clément construction. The following interpolation estimate holds.

@5 3 hitlla—madllzy + Y ke lla - mndll Lz
TE7—h Ec&nUED

+ lleurl(q — mhq)||z2 (@) < Clleurlg||zz(q).-
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Integrating by parts gives us

0 =a(u—up,0 —op;0,curlmpq) = Z (o — ah,curlwhq)T,
TETh

which leads to

(a' —op,curl q)Q = Z (Vu —op,curl(qg — whq))T

TeTh
= Z [(Vu — Vup, curl(g — th))T + (Vun — op, curl(g — th))T]
TeTh
= Ri + R».

Integrating by parts and using the result V x Vv = 0in T we get

R, = Z [—(V X V(u—un),q —7nq) ;. + (V(u—un) - t,q — mrq) 5, ]

TETh
= > ([V@—up)-tlg—mg), + > (V(u—un)-t,q—maq),
FEe&n E€ésa
==Y ([Vun-tha—mg)y+ > (Vw—un)-t,q—mng),
E€&n Ec&sq
=: 51 +55.

The Schwarz inequality for sums and the estimate (4.5) lead to

/
Si< (X helVan Eee) (2 olla—malia)

Ec&n Ec&n

1/2

(4.6)

1 1/2
< C( Z lI[w - Uh]]||2L2(E)) ||0111’111||L2(Q)-
E€é&; hE

In the previous bound, we have also used the inverse inequality

1
IVun - |2 < Cqlilunlllza).

By (4.6), Sy is bounded by the indicator 7. Since ¢ — g = 0 on 'y, (4.5) gives

1
4.7 Sy <C ( > @Huh - U0||2L2(E)> llcurlgl|r2(q),

Eeép

since both ¢ and 7, q vanish on I'y. Combining (4.6) and (4.7) shows that the term R; is
bounded by the indicator n7. The Schwarz inequality for sums yields

1/2 1/2
R, < C( Z IVurn — Uh||%2(T)) ( Z [|leurl(q - ”hq)H%z(T))
TETh TETh
2 1/2 2
<C( Y IVun = ouli3ar)) * leurlalag).
TeTh

Now, we have proved that

(4.8) lo = onllFz@ <C Y n7s
TETh



ETNA

Kent State University
etna@mcs.kent.edu

ON A MIXED DISCONTINUOUS GALERKIN METHOD 25

and we still need to bound the second term in (4.1). (4.8) and the definition of 7t lead to

SNV —un)lzzm = Y llo = Vunl7zern

TETh TETh

<2 Y [llo = aulliz) + low = Vunlliair | <€ b
TeTh TETh

(4.9)

Combining (4.1), (4.8), and (4.9) completes the proof. 0

Next we give the lower bound estimate. The claim follows from standard techniques,
see [9], and the proof is omitted here.

THEOREM 4.3. There exists a positive constant C, such that

1
nf < C | Ju—unli oy + 10 = Onlli2py + PENF = Fallie(wy) + —=Ilv — unlliz(or
ht

1
+hrllg — gh||i2(aTngN) + E”UO - U’Oyh”%Q(aTﬁgD)) :

Above we denote with wr the union of T and all the elements sharing an edge with T. With
fho gn and ug p, we denote the projections of the given data to the discrete space.

5. Numerical results. In this section we investigate the numerical performance of the
Nitsche method. We show that the Nitsche method has the optimal convergence rate with
respect to the mesh size h. After that we test the adaptive refinement based on the a posteriori
error estimate. In all the computations, if not otherwise stated, the stability parameter is set
toy = 1. A choice which would produce an unstable Nitsche method for the non-mixed
problem.

For simplicity we choose the unit square as the computational domain; Q = (0,1) x
(0,1). To have a problem with typical corner singularities we choose our exact solution to
be, in polar coordinates,

u(r,0) = P sin(36),
with the parameter 8 > 0. With 8 we can control the regularity of the solution, namely
u € HPFIZ9(Q),

for all § > 0. The chosen exact solution v is harmonic (f = 0) and we compute the boundary
conditions from it, i.e., we define

Ou(r,9) on ON).

ug =u(r,d) and g=
Our model problem is:

(0,1) T'p (1,1)

oc—Vu=0 onof
V:o=0 onof
I'p Q Iy u=wu9 onlp

o-n=g only

(0,0) I'n (1,0)

The convergence results are computed with parameter values 8 = 0.7, 1.3 and 2.3. With
this choice the solution belongs to u € H*7=9(Q), H23~%(Q) and H3-379(Q), respectively.
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Linear elements, p=0.7 Parabolic elements, p=0.7

=3 3
-0.5 .1
1 E\‘/T
’ 0 0.5
b 0 X
Linear elements, p=1.3 Parabolic elements, p=1.3
=
Linear elements, p=2.3 Parabolic elements, p=2.3
3 3.
=

FIG. 5.1. Solutions to the model problem with different values of the parameter 3. On the left are the solutions
with linear elements and on the right with parabolic elements. From top to bottom 3 has values 0.7, 1.3 and 2.3.
The mesh is of size h = 0.25.

Figure 5.1 shows the solutions for the chosen values of 8 with both linear and parabolic
elements on a mesh of size h = 0.25.

In Figure 5.2 we show the convergence of the error in the energy norm ||-, ||| for both
linear and parabolic elements, with different values of 8 and using a uniform mesh refinement.
Both methods perform as expected by the analytical results. Note that the linear elements
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Error in the energy norm, linear elements

error

10

—6— B=0.7, slope=0.598
—8— B=1.3, slope=0.958
—*— [=2.3, slope=1.01

107

10” 10
mesh size h

Error in the energy norm, parabolic elements

error
o

—©— B=0.7, slope=0.62
—&— [=1.3, slope=1.21
—*— B=2.3, slope=1.97

107 10
mesh size h

F1G. 5.2. Convergence of the error in the energy norm in uniform mesh refinement for different values of B.
The dotted lines are reference convergence rates of Ch9-7, Ch, Ch-3 and Ch?. The numerical values of the slopes

are in the legends.

cannot take advantage of the regularity beyond v € H?(Q). The numerical values of the
slopes are given in the legends of the figures.

Next we test the adaptive mesh refinement based on the a posteriori error distribution.
On each step we refine the elements that have larger error than the average elementwise error.
The elementwise errors and the average elementwise error are given by the a posteriori error
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estimated error = 0.143

mesh of round 1 exact error = 0.0948
1
> 0.5 & 0.02 1
8 0.01
2 o 05
0
0 0.5
0 0.5 1 . 107
X
estimated error = 0.0959
mesh of round 2 exact error = 0.0674
1
x107°
> 0.5 § 5 1
(]
O
2o 05
0
0
0 0.5 1 05 oY
X
estimated error = 0.0677
mesh of round 3 exact error = 0.0504
1
x107°
> 0.5 s 2 1
(]
o 1
2o 05
0 0 0.5
0 0.5 1 v 107
X

FI1G. 5.3. The first three meshes in the adaptive refinement with linear elements and B = 0.7. On the left the
mesh and on the right the distribution of the a posteriori error. In the titles on the right we give the estimated and
the exact error in the energy norm. Here the non-regularity at the origin dominates the error.

estimator. Figure 5.3 shows the first three adaptive mesh refinements for linear elements with
B = 0.7. The first mesh has the size h = 0.25. We see that the error indicator notices the
singularity at the origin and refines there, but that the error at the origin is still dominant after
two refinements. In Figure 5.4 is the same computation with parabolic elements. Again the
singularity at the origin dominates the error.
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estimated error = 0.0963

mesh of round 1 exact error = 0.0432
1
> 0.5 & 0.01 1
8 0.005
2 o 0.5
0
0 0.5
0 0.5 1 « 107
X
estimated error = 0.0612
mesh of round 2 exact error = 0.0284
1
x107°
> 0.5 § 4 - 1
S 2L
2o 05
0
0
0 0.5 1 05 oY
X
estimated error = 0.0387
mesh of round 3 exact error = 0.0184
1
x 107
> 0.5 s 2 1
S 1
O
2o 05
0 0 0.5
0 0.5 1 C . 107
X

F1G. 5.4. The first three meshes in the adaptive refinement with parabolic elements and 8 = 0.7. On the left
the mesh and on the right the distribution of the a posteriori error. In the titles on the right we give the estimated and
the exact error in the energy norm. Here the non-regularity at the origin dominates the error.

Figure 5.5 shows three adaptive refinements for linear elements and 8 = 2.3. We see that
the origin is not the dominant part here, instead the error indicator notices the large changes
at the boundaries and refines there. In Figure 5.6 we show the mesh refinements for parabolic
elements. Now the origin is again the dominant part of the error since the parabolic elements
are able to capture the large but smooth changes at the boundaries with larger elements.
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estimated error = 0.372

mesh of round 1 exact error = 0.282
1
> 05 5 001 >
[\]
© 0.005 1
2 o 0.5
0 ° s
0 0.5 1 P10
X
estimated error = 0.233
mesh of round 2 exact error = 0.197
1
> 0.5 S ]
[\]
Q
2 05
0
0 0.5 1 05 oY
X
estimated error = 0.147
mesh of round 3 exact error = 0.127
1
> 0.5 S
]
Q
©
£
0
0 0.5 1
X

FI1G. 5.5. The first three meshes in the adaptive refinement with linear elements and B = 2.3. On the left the
mesh and on the right the distribution of the a posteriori error. In the titles on the right we give the estimated and
the exact error in the energy norm. Now, the large changes at the boundaries dominate the error.

Notice also the scales of the error when comparing to Figure 5.5.
Figures 5.3-5.6 also show the estimated error and the exact error in the energy norm. We
see that both diminish at the same speed, as predicted by the theory.
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F1G. 5.6. The first three meshes in the adaptive refinement with parabolic elements and 8 = 2.3. On the left
the mesh and on the right the distribution of the a posteriori error. In the titles on the right we give the estimated and
the exact error in the energy norm. Parabolic elements capture the large but smooth changes at the boundaries and
the singularity at the origin dominates the error.
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