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Abstract

In this paper, we prove that if the positive part u*(z) of a harmonic function u(z) in a
half-plane satisfies a slowly growing condition, then its negative part u™(z) can also be
dominated by a similarly growing condition. Further, a solution of the Dirichlet
problem in a half-plane for a fast growing continuous boundary function is
constructed by the generalized Dirichlet integral with this boundary function.
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1 Introduction and main theorem

Let R be the set of all real numbers and let C denote the complex plane with points z =
x +iy, where x,y € R. The boundary and closure of an open set 2 are denoted by 92 and 2,
respectively. The upper half-plane is the set C, := {z = x + iy € C: y > 0}, whose boundary
is9C, =R.

We use the standard notations 4" = max{u, 0}, 4~ = —min{u, 0}, and [d] is the integer
part of the positive real number d. For positive functions /1; and /5, we say that /i < hy if
hy < Mh, for some positive constant M.

Given a continuous function f in dC,, we say that / is a solution of the (classical)
Dirichlet problem in C, with f,if Ak = 0in C, and lim,cc, . h(2) = f(¢) forevery t € 3C,.

The classical Poisson kernel in C, is defined by

Y

P(z,t) = ———,
@0 |z - t]?

wherez=x+iye C, andt e R.
It is well known (see [1]) that the Poisson kernel P(z, t) is harmonic for z € C — {¢} and
has the expansion

1. &7k
P(Z,t): ;Ika_O:W’

which converges for |z| < |£|. We define a modified Cauchy kernel of z € C, by

when |t] <1,

Cm(z’ t) = k
-3 1 when[¢]>1,

ORI
-

|~||»—-
N

t—

N

where m is a nonnegative integer.
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To solve the Dirichlet problem in C,, as in [2], we use the modified Poisson kernel de-
fined by

P(z,t) when |£] <1,
Pm(zﬂt) =ImCm(Z:t) = 1 m ok
Pz, t) - ;Im} 37, &r  when [¢]> 1
We remark that the modified Poisson kernel P,,(z, t) is harmonic in C,. About modified
Poisson kernel in a cone, we refer readers to papers by I Miyamoto, H Yoshida, L Qiao and
GT Deng (e.g. see [3-11]).
Put

(o] [e¢}

Pz, 0)f (t) dt mdl@@@:/l%@ﬁ@ﬂ,

—00

U@ = /

—00

where f(¢) is a continuous function in 9C,.
For any positive real number «, We denote by 4, the space of all measurable functions
f(x +iy) in C, satisfying

//+ W+ )l dxdy < 0o (1.1)

1+ |+ iy|*+2

and by 5, the set of all measurable functions g(x) in 9C, such that

/mwm'm<w. (1.2)

oo L+ [¥[*

We also denote by D, the set of all continuous functions u(x + iy) in C,, harmonic in C,
with u*(x + iy) € A, and u*(x) € B,.

About the solution of the Dirichlet problem with continuous data in C,, we refer readers
to the following result (see [12, 13]).

Theorem A Let u be a real-valued function harmonic in C, and continuous in C,. If u(z) €
By, then there exists a constant dy such that u(z) = dy + U(u)(z) forallz=x + iy € C,.

Inspired by Theorem A, we first prove the following.
Theorem 1 Ifa > 2 and u € Dy, then u € B,.
Then we are concerned with the growth property of U,,(f)(z) at infinity in C,.

Theorem 2 Ifa -2 <m<a—1andf € D,, then

lim  y|z|™U,(f)(z) = 0. 1.3)

|z| > 00,zeC

We say that u is of order X if

log(su u
A =limsup —g( Pros( | |).
00 logr

If A < oo, then u is said to be of finite order. See Hayman-Kennedy [14, Definition 4.1].
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Our next aim is to give solutions of the Dirichlet problem for harmonic functions of
infinite order in C,. For this purpose, we define a nondecreasing and continuously differ-

entiable function p(R) > 1 on the interval [0, +00). We assume further that

. P (R)RlogR
€ = limsup —————

R—o00 ,O(R) (14)

Remark For any € (0 < € <1 - ¢p), there exists a sufficiently large positive number R such
that r > R, by (1.4) we have

p(r) < p(e)(Inr)0re.

Let £(p, B) be the set of continuous functions f in dC, such that

Al
f_oo 1o e U dt < 00, (1.5)

where f is a positive real number.

Theorem 3 If f € E(p, B), then the integral Uj,qu).p(f)(x) is a solution of the Dirichlet
problem in C, with f.

The following result immediately follows from Theorem 2 (the case « = m +2) and The-
orem 3 (the case [p(|t]) + B] = m).

Corollary 1 Iff is a continuous function in C, satisfying
oo
t
/ M dt < OO,

then U,,(f)(z) is a solution of the Dirichlet problem in C, with f satisfying

lim  |z|7 ' U,,(f)(z) = 0.

|z]—00,zeCy

For harmonic functions of finite order in C,, we have the following integral representa-

tions.

Corollary 2 Let u € D, (o > 2) and let m be an integer such that m +2 <o <m + 3.
(D) Ifa =2, then U(u)(2) is a harmonic function in C, and can be continuously
extended to C, such that u(z') = U(u)(Z) for Z € dC,. There exists a constant d
such that u(z) = dyy + U(u)(z) for all z € C,.

(II) Ifo > 2, then Uy, (1) (z) is a harmonic function in C, and can be continuously
extended to C, such that u(Z') = U,,(u)(Z) for Z € dC,. There exists a harmonic
polynomial Q,,(u)(z) of degree at most m — 1 which vanishes in 9C, such that
u(z) = Up(u)(2) + Qu(u)(z) for all z € C,.

Finally, we prove the following.
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Theorem 4 Let u be a real-valued function harmonic in C, and continuous in C,. Ifu €
E(p, B), then we have

u(z) = Upp(ie)+ 1 () (2) + Im T (2)
forallz e C,, where I1(z) is an entire function in C, and vanishes continuously in 0C,.

2 Main lemmas
The Carleman formula refers to holomorphic functions in C, (see [15, 16]).

Lemmal IfR >1and u(z) (z = x+iy) is a harmonic function in C, with continuous bound-
ary in 9C,, then we have

1 [Rr1 1
m_(R)+E/1 <x—2—ﬁ)g_(x)dx

1 (fr1 1 d
:m+(R)+—/ (E—E>g+(x)dx—d3——4

2 R
where
/ Re‘g sin@ do, g+ (%) = uF(x) + ut(—x),
1 a Re®
dy= - ( u(Re )>sin9d0
2 on
and
1 T ) du(R i0
dy=— u(Re”) - Ju(Re”) sin6 do.
27 Jo on

Lemma?2 Foranyz=x+iy€ C,, |z| >1,and t € R, we have

|Cnlz )] Sy Hal™ e, (21)
where 1 < |t| < 2]z|,

|Cnlz )] < L2 e, (2.2)
where |t| > max{1,2|z|},

|Cu(z )| S 57 (2.3)
where |t| < 1.

Proof If t € Rand 1< [¢| < 2|z|, we have |t — z| > y, which gives

|C ( t)| 1 1 1_(%)m+1 1 |Z|m+l |z|m+1
Z, =—|— =
" Tt-2z t—-z | wlt—-2 "~ yltl”‘+1
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If |£| > max{1,2|z|}, we obtain

1 & Zk o |Z|k |Z|m+1
= E < E <
|Cm(Zx t)| Al |~ |t|k+1 ~ |t|m+2 !
k=m+1 k=m+1

If t € R and [¢| <1, then we also have |¢ — z| > y, which yields
[Culz )] Sy~
Thus this lemma is proved. O

Lemma 3 (see [17, Theorem 10]) Let h(z) be a harmonic function in C, such that h(z)
vanishes continuously in 9C,. If

lim  |z|""h*(z) =0,

|z| > 00,zeC4

then h(z) = Q,,(h)(z) in C,, where Q,,(h) is a polynomial of (x,y) € C, of degree less than
m and even with respect to the variable y.

3 Proof of Theorem 1

We distinguish the following two cases.
Casel.a =2.
If R >2, Lemma 1 gives

3 .
m_(R) + > / g (Zx) dx
4 1<x<R/2 ¥

<m_(R) +/1 Rg(x)(é - %) dx

sm@s[ £ W
1<x<R

Since u € C,, we obtain

+(R)
/ s dR<// WD) 4 g
(zeCyilz>1) 1+ DY)

// I +iy)l did
zec, 1+ |x"’ly|4

dx + |d3| + |d4|. (3.1)

from (1.1) and hence

liminfm,(R) = 0. (3.2)
R—o0

Then from (1.2), (3.1), and (3.2) we have

liminf / s (2x) dx < 00,
1<x<R/2

R—o00 X
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which gives

/ g () dx < o0
1 1+x2
Thus u € B, from |u| =u* +u".

Case2. o > 2.
Since u € C,, we see from (1.1) that

O [ W,
{zeCy:|z|>1}

Ra—l |x + ly|ot+2

// f+iy)l dxdy
wec, 1+ [x +iy]es?

< 00, (3.3)

and we see from (1.2) that

< [T &
s[5
<00 (3.4)

We have from (3.3), (3.4), and Lemma 1

1
/lg(x)/ R"l(x ﬁ)dex
<2/ R dR 2/ %<d3+d—‘;>dze
1 R*- R
/ Ral‘/gx)( 2)dxa!R

Set
11 1
I(Q):xll)ngox‘/x. W(E—F>dR
We have
2
I =
(@) oo —2)

from the L'Hospital’s rule and hence we have

Lo (™1 (1
g S/x Ra—l(__ﬁ)”m
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So

[

< 0

o | 1 1
g_(x)/x Rl <; - E) dR dx

Then u € B, from |u| = u* + u~. We complete the proof of Theorem 1.

4 Proof of Theorem 2
For any € > 0, there exists R, > 2 such that

/ 0] dt <e (4.1)
I

y>r. 1+ [E]*

from Theorem 1. For any fixed z € C, and 2|z| > R,, we write
4
U () = Y Vi),
i=1

where

V() = / P tfOdt, Vi) = Pule, ) (0)dt,
0<|t|<1

1<|t|=Re

V3(x) = / P, (z,t)f(t)dt and Vy(x)= / P,,(z,t)f (¢) dt.
Re<|t|=2]z] |

t|>2|z|

By (2.1), (2.2), (2.3), and (4.1), we have the following estimates:

Vi2)| Sy [f ()| dt
0<|t|<1
A (4.2)
V()] <yl / 67 |f ()| de
1<|t|<Re
SR(:_m_ly_l|Z|m+l/ |t|—a lf(y,”dx
1<|t|<Re
SJR(:—m—ly—l|z|m+1’ (4:3)
|Va(2)| S Iy f £ f(0)| de
Re<|t|<2|z|
Seylzl (4.4)
Va@)| <l / 172 1f )| de
|t]>2|z|
< Jpe! / 1117 (0)] dit
|£]>2]z|
Selz*h (4.5)

Combining (4.2)-(4.5), (1.3) holds. Thus we complete the proof of Theorem 2.
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5 Proof of Theorem 3
Take a number r satisfying r > Ry, where R; is a sufficiently large positive number. For any

€ (0 <€ <1-¢y), wehave

€0 +e)

p(r) < ple)(inr)t

from the remark, which shows that there exists a positive constant M(r) dependent only

on r such that
k—ﬁ/er(k+1)+ﬁ+1 < M(I") (51)

for any k > k, = [2r] + 1.
For any z € C, and |z| < r, we have || > 2|z| and

© [o(le)+B]1+1
/ Lkt [f(t)| dt

2 Jiciiatn 100057172
_ 00 rp(k+1)+/3+1 / 2lf(t)| "
~ P fB/2 k<t <k+1 1+ |t|p(|t\)+ﬂ/2+1

t
SM(r) L dt

=k 1+ |t|p(\t|)+ﬁ/2+1

from (1.5), (2.2), and (5.1). Thus U,qe)+p1(f)(2) is finite for any z € C,. Pye)+p)(2,2) is
a harmonic function of z € C, for any fixed ¢t € dC,. U,(+p1(f)(2) is also a harmonic
function of z € C,.

Now we shall prove the boundary behavior of Uj,(.](f)(2). For any fixed z’ € 9C,, we
can choose a number R, such that R, > |Z/| + 1. We write

Uppup+1()(2) = X(2) - Y(2) + Z(2),

where

X(2) :/l . P(z,t)f (¢) dt,

[o(I£)+8] 2k
Y(z) =Im —f(¢) dt,
@=tm 3 / o

Z(z) = / . Pioqa+pn (2 O)f (t) dt.

Since X(z) is the Poisson integral of f (£) x[_r,,r,] (£), it tends to f(z') as z — z'. Clearly, Y (2)
vanishes in dC,. Further, Z(z) = O(y), which tends to zero as z — z’. Thus the function
Uip(ey+5)(f)(2) can be continuously extended to C, such that Uj, (.4 (f)(Z)) = f(2) for any
z' € 3C,. Then Theorem 3 is proved.

Page 8 of 10
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6 Proof of Corollary 2
We prove (II). Consider the function u(z) — U,,(#)(z). Then it follows from Corollary 1 that
this is harmonic in C, and vanishes continuously in dC,. Since

0 < (u(z) — Un()(2)" < u*(2) + Up(u)(2) (6.1)
for any z € C, and
liminf |z| ™ u*(z) = 0 (6.2)

|z|]—>00

from (1.1), for every z € C, we have

u(2) = U, (u)(2) + Qu(u)(2)

from (6.1), (6.2), Corollary 1, and Lemma 3, where Q,,(x) is a polynomial in C, of degree
at most m — 1 and even with respect to the variable y. From this we evidently obtain (II).
If u € Cy, then u € C, for « > 2. (II) shows that there exists a constant ds such that

u(z) = dsy + Ur(u)(2).

Put

1 f(@®)

7T Jis1 |t

dy =ds — dt.

It immediately follows that u(z) = dyy + U(u)(2) for every z = x + iy € C,, which is the
conclusion of (I). Thus we complete the proof of Corollary 2.

7 Proof of Theorem 4
Consider the function u(z) — U,(j¢)+ 61 () (2), which is harmonic in C,, can be continuously
extended to C, and vanishes in 4C,.

The Schwarz reflection principle [12, p.68] applied to u(z) — Up(s)+p1(#)(2) shows that
there exists a harmonic function I(z) in C, satisfying I1(z) = T1(z) such that ImI1(z) =
u(z) = Upp(e)+ 51 () (2) for z € C,. Thus u(z) = Upy(ep+p)(#)(2) + Im T1(2) for all z € C,, where
I1(z) is an entire function in C, and vanishes continuously in dC,. Thus we complete the
proof of Theorem 4.
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