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1 Introduction
Let X denote the class of functions f of the form

1 [e¢]

f@ ==+ ad, (11)
S

which are analytic in the punctured open unit disk

U*:= {z:ze(CandO<|z|<1} =U\ {0}.

A function f € ¥ is said to be in the class MS™ () of meromorphically starlike functions
of order « if it satisfies the inequality

W(£0

& )<—(¥ (zeU;0Za <)

Let P denote the class of functions p given by
oo
p@)=1+Y pd (zel), (1.2)
k=1

which are analytic in U and satisfy the condition
Sﬁ(p(z)) >0 (zel).

For some recent investigations on analytic starlike functions, see (for example) the ear-
lier works [1-14] and the references cited in each of these earlier investigations.
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Given two functions f,g € ¥, where f is given by (1.1) and g is given by

1 o0
== bz,
g@)="+ kz; vz

the Hadamard product (or convolution) f * g is defined by

(%)@ i= -

z

+ Zakbkzk =: (g x f)(2).
k=1

A function f € X is said to be in the class H (B, 1) if it satisfies the condition

w(? @ z2f”(2)) ( 1) B
ﬁ(f(z) +B 1@ < BA )»+2 +2 A (zel)), 1.3)

where (and throughout this paper unless otherwise mentioned) the parameters 8 and A

are constrained as follows:

B=0 and <A<l (1.4)

N =

Clearly, we have
H(0,1) = MS*(2).
In a recent paper, Wang et al. [15] had proved that if f € H(B, 1), then f € MS*(1),

which implies that the class 7(B, ) is a subclass of the class MS*(A) of meromorphically

starlike functions of order A.
Let H*(B, 1) denote the subset of (8, 1) such that all functions f € H (5, A) having the

following form:
1 oo
f@=--Y ad (a20). (15)
k=1

In the present paper, we aim at proving some coefficient inequalities, neighborhoods,

partial sums and inclusion relationships for the function classes H(8,A) and H*(8, A).

2 Preliminary results

In order to prove our main results, we need the following lemmas.

Lemma 2.1 (See [16]) Ifthe function p € P is given by (1.2), then

Ikl =2 (keN).
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Lemma 2.2 Let 8>0and1-y —28 > 0. Suppose also that the sequence {Ai}32, is defined

by
1-y —
A= r=2
1-p
2.1)
2(1-y -28) g
Ags1 = 1 A k eN).
e 1—2,3+(,3k+1)(k+1)< +l§: 1) kel
Then
k-1 o
1-y-2B173-68-2y +j(Bj+1-B)
= ke N\ {1}). 2.2
1o H 1-2B+(Bj+1)(j+1) (keN\{1) @2
Proof By virtue of (2.1), we easily get
k
[1 2B+ (Bk+1)(k + 1)]Ak+1 =2(1-y -2B) <1 + ZA;), (2.3)
I=1
and
k-1
[1-2B+(Bk+1-B)k|Ar=2(1-y —28) (1 + ZA,). (2.4)
I=1
Combining (2.3) and (2.4), we obtain
Akt _3-68-2y +k(Bk+1-p) 5
A 1-2B8+(Bk+1)(k+1) ’
Thus, for k = 2, we deduce from (2.5) that
P O B R V 2ﬁ1—[3 68 -2y +j(Bj+1-p)
Ao A A LL1-2B+ B+ DG+
The proof of Lemma 2.2 is evidently completed. g

The following two lemmas can be derived from [17, Theorem 1] (see also [18]), we here

choose to omit the details of proof.

Lemma 2.3 Let
1 3
1+ﬁk<k+§)—k—5,3>0. (2.6)

Suppose also that f € X is given by (1.1). If

Zk+ﬁkk 1)+y]|ak|<1 y —28, (2.7)
k=1


http://www.journalofinequalitiesandapplications.com/content/2014/1/29

Wang et al. Journal of Inequalities and Applications 2014, 2014:29
http://www.journalofinequalitiesandapplications.com/content/2014/1/29

where (and throughout this paper unless otherwise mentioned) the parameter y is con-
strained as follows:

y::k—ﬁk<k+%>—§, (2.8)

then f € H(B, 1).

Lemma 2.4 Let f € X be given by (1.5). Suppose also that y is defined by (2.8) and the
condition (2.6) holds true. Then f € H*(B, ) if and only if

o]

> [k+Bklk=1)+ylar S1-y —2p. (2.9)
k=

[

3 Main results
We begin by proving the following coefficient estimates for functions belonging to the

class H(B, 7).

Theorem 3.1 Let y be defined by (2.8). If f € H(B, 1) with 0 < 8 < 2/5, then

w22
-B
and
1-y =2 [73-68-2y +j(8j +1-B)

W= S5y kemm)

Proof Suppose that
) 2R 1\ 8
q(z).——f(z) -B e +ﬂ)\<)\.+§>+§—)\. (3.1)

Then, by the definition of the function class (8, 1), we know that g is analytic in U and
‘Ji(q(z)) >0 (zel)

with
q(0)=1—y —28>0.

It follows from (2.8) and (3.1) that

q(2)f (2) = —2f'(2) - B2°f"(2) - vf (2). (3.2)
By noting that
h(z) 1) eP,

T1-y-28
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if we put

o0
Z) =co + Z it
k=1

by Lemma 2.1, we know that

lexl =2(1-y -2B) (keN).

It follows from (3.2) that

(g2

In view of (3.3), we get

(I-y=-2B)ai+cy=-a1—ym

and

k

(co=1-y —-2B),

k=1

Chrr + (L= y = 2B)ai1 + Y ickn s

=1

= —(k+ Dagy - Bk(k + Dagn - yara  (k€N).

From (3.4), we obtain

1-y-2
)< 12V =2

1-

B

Moreover, we deduce from (3.5) that

2(1-y -2p)

,BZkk 1akz> <§+§akzk).

il = 77 2/3+(ﬂ/<+1(k+1)< +Z|‘”|> (ke

Next, we define the sequence {A;}?2; as follows:

A =

1-y-28

and Apyq =

1-8

In order to prove that

|ak| éAk

(k e N),

2(1-y -28)
1-28+(Bk+1)(k+1)

k
(1 + ZA,) (keN).
=1

(3.3)

(3.5)

(3.6)

(3.7)

(3.8)
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we make use of the principle of mathematical induction. By noting that

1-y-28

a| <A =
lai| = Ay 15

Therefore, assuming that
lal <A, (1=1,2,3,...,kkeN).

Combining (3.7) and (3.8), we get

21-y-28)
@il = 7 2ﬂ+(ﬂk+1(k+1)< +Z|‘”|>

210 -y -2p8) k )
1-28+(Bk+1)(k+1) (1 * IXI:AI) =Aka  (keN).

[IA

Hence, by the principle of mathematical induction, we have

lax| £ Ax (keN) (3.9)

as desired.
By means of Lemma 2.2 and (3.8), we know that (2.2) holds true. Combining (3.9) and
(2.2), we readily get the coefficient estimates asserted by Theorem 3.1. O

Following the earlier works (based upon the familiar concept of neighborhood of ana-
lytic functions) by Goodman [19] and Ruscheweyh [20], and (more recently) by Altintas
et al. [21-24], Catas [25], Cho et al. [26], Liu and Srivastava [27-29], Frasin [30], Keerthi
et al. [31], Srivastava et al. [32] and Wang et al. [33]. Assuming that y is given by (2.8) and
the condition (2.6) of Lemma 2.3 holds true, we here introduce the §-neighborhood of a
function f € T of the form (1.1) by means of the following definition:

Ns(f):=1g€2:g(z ——+Zbkz and

wa_bﬂ <5(5=0)}. (3.10)

k=1 l_y_zﬁ

By making use of the definition (3.10), we now derive the following result.

Theorem 3.2 Let the condition (2.6) hold true. If f € X satisfies the condition

fz) + ez}

eH(B,1) (e€Cile|<8;8>0), (3.11)
l1+e

then

Ns(f) CH(B, 1). (3.12)
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Proof By noting that the condition (1.3) can be written as

7@, g21'@ |

f2) f(2)
- o <1 (zel), (3.13)
TR

we easily find from (3.13) that a function g € H (8, 1) if and only if

2g'(2) + BZ*g"(2) + g(2)
zg'(z) + B22g"(2) + 2y - 1)g(2)

4o (zeU;o €Clo|=1),

which is equivalent to

% Z0 (zel), (3.14)
where
1 = ket Bk(k 1) +1— [k + Bk(k—1) + (2y - D]o
hiz) =~ + kX=I:CkZ (Ck = 2810y Bl ) (3.15)
It follows from (3.15) that
k+ Bk(k-1)+1-[k+ Bk(k-1) + 2y - 1)]o
k| =
2[+(1~-y~-Bol]
k+ Bk(k-1)+1+ [k+ Bk(k-1)+ 2y = 1)]|o|
- 20~y -2B)lo|
_ k+1/3k(k—1) +y (|o| :1)‘
-y -2p
If f € X given by (1.1) satisfies the condition (3.11), we deduce from (3.14) that
(f*;l)(z) Z-& (le] <85>0),
or equivalently,
[T TR 016

We now suppose that

q(z) = % + Y did € Ns(f).

k=1

It follows from (3.10) that

(4 —J;)_;“ &\ _ D (i —an)ad ™| el Y lﬂ—:;)ﬁldk - <8, (317)
k=1 k=1
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Combining (3.16) and (3.17), we easily find that

’ @D o

z-1

> (f % b)(2)

z-1

i ’([f+ (a-N*)@

z-1

) ‘ ((-f) b))

z-1

which implies that

@+hHE) *2)(2) 40 (zel).
z

Therefore, we have
q(z) € Ns(f) CH(B, 1)
The proof of Theorem 3.2 is thus completed. d

Next, we derive the partial sums of the class H(B, ). For some recent investigations
involving the partial sums in analytic function theory, one can find in [28, 29, 34, 35] and
the references cited therein.

Theorem 3.3 Letf € X be given by (1.1) and define the partial sums f,(z) of f by

ful2) = % + Y @ (neN). (3.18)
k=1
If
Y <, o
k=1

where y is given by (2.8) and the condition (2.6) holds true, then

1 fGH(,B,)\);
2.
(f(@ n+Bn(n+1)+28+2y '
i n(Z)) = n+pnm+1)+1+y (neNzel), (3.20)
and
g u(2) n+pBnn+l)+1+y .
Jt(f(2)> z n+Bnn+1)+2-28 (neN;zel). (3.21)

The bounds in (3.20) and (3.21) are sharp.

Proof First of all, we suppose that

1
fl(Z) = 2
We know that

-1
f@+ezm 1 560,

1+¢ z

Page 8 of 13
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From (3.19), we easily find that

2 k+Bk(k-1)+y
) vy I

1-y-28

k=1

which implies that f € Vi(z!). By virtue of Theorem 3.2, we deduce that
feN(z) CHB, ).

Next, it is easy to see that

n+l+Bnm+1)+y n+Punn-1)+y

> >1 (neN).
1-y-28 1-y-28

Therefore, we have

o]

Z'“' n+ﬂn(n+1 +1+yz:| Z +ﬁ3kk l)ﬂ/lklﬁl.

k=n+1 =1

We now suppose that

() = n+pnm+1)+1+y [ f(2) _n+,3n(n+1)+2,3+2),>

1-y-28 (2) n+pnn+l)+1+y

n+pn(n+l)+1+y
-1+ 1-y-28 Zk n+1ﬂkZ

1+ Y p axz<!

It follows from (3.22) and (3.23) that

n+Bn(n+l)+1+y
1-y-28 Zk n+l |ak|

n+Bn(n+l)+1+y
2- 22:k1|‘l/<| T-y—28 Zk n+1|6l/<|

m(z) -1

hi(z) +1 =1 (€D

A

which shows that

R(m@) =20 (z€).

(3.22)

(3.23)

(3.24)

Combining (3.23) and (3.24), we deduce that the assertion (3.20) holds true.

Furthermore, if we put

_1_ 1_7/—2/3 n+l
f(z)_z n+PBnn+l)+1+y
then
f(z)_l_ 1-y-28 n+2_)n+ﬁn(n+l)+2,3+2y (z
f,,(z)_ n+pnn+1)+1+y n+pPBnn+1)+1+y

which implies that the bound in (3.20) is the best possible for each n € N.

(3.25)

— 1_),

Page9of 13
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Similarly, we suppose that

Iy(2) n+Pnn+1)+2-28(fu(z) n+Pnn+)+1+y
z) = -
2 1-y-28 f(z) n+,Bn(n+1)+2—2/3
mEED 5| gt
=1- (3.26)
1+ ) 00, axzk!

In view of (3.22) and (3.26), we conclude that

hy(z) -1 P Y o

h 1 § n+Bn(n+1)+2p+2y g 1 (Z € U)’

2(2) + 2 — 22]( 1|a | = Wzkﬂ,ﬂ lak|

which implies that

R(ha(2) 20 (ze). (3.27)

Combining (3.26) and (3.27), we readily get the assertion (3.21) of Theorem 3.3. The bound
in (3.21) is sharp with the extremal function f given by (3.25). We thus complete the proof
of Theorem 3.3. O

In what follows, we turn to quotients involving derivatives. The proof of Theorem 3.4
below is similar to that of Theorem 3.3, we here choose to omit the analogous details.

Theorem 3.4 Let f € X be given by (1.1) and define the partial sums f,(z) of f by (3.18). If
the conditions (2.6) and (3.19) hold, where vy is given by (2.8), then

"(2)\ o (n+2)y +(n+1)(n+2)B .
<f(2)> n+pBnm+)+1+y (neN;zel), (3.28)
and
(112 n+Bnn+1)+1+y '
Eh(ﬂ(z)) = (n=2)(n+1)B +2(n+1)—ny neN;zeU). (3.29)

The bounds in (3.28) and (3.29) are sharp with the extremal function given by (3.25).
Finally, we prove the following inclusion relationship for the function class (8, 1).

Theorem 3.5 Let

1
:31>,32>1 and §§)\1§)\2<1
Then
H(B1, 1) C H(B2 A2). (3.30)

Proof Suppose that f € H(B1,11). Then

7@, 2 N
ER( f(Z) ,31 f( ) ) < )\1 [ﬁl()\.l + E) —1} + E (Z S U). (3'31)

Page 10 0of 13


http://www.journalofinequalitiesandapplications.com/content/2014/1/29

Wang et al. Journal of Inequalities and Applications 2014, 2014:29 Page 11 0f 13
http://www.journalofinequalitiesandapplications.com/content/2014/1/29

Since B1 2 B 2 1and 1/2 < A; £ X, <1, we find that

kll:ﬁ1<)\1+%) —1i| + % §)»2|:,81()»2+%> —1:| + % (332)
It follows from (3.31) and (3.32) that
/ 201
m(zjjf(g) + ﬁlzj:(z()z)> <A [,31 ()\2 N %) - 1} N % zel), (3.33)

which shows that f € H(81, A2), and subsequently, we see that f € MS*(1,), that is,

(F@\
Eh(f(z) >< Ay (zel). (3.34)

Now, by setting

B
B’
so that
O<p=1,

we easily find from (3.33) and (3.34) that

/@ f@ 2 2
(5 Al ) o)
<0 (zel),
that is,
f e H(B2 1)
Therefore, the assertion (3.30) of Theorem 3.5 holds true. 0

From Theorem 3.5 and the definition of the function class H*(8, 1), we easily get the
following inclusion relationship.

Corollary 3.6 Let

H (B, M) CH (B2, A2) T MSE™(R2).
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By virtue of Lemma 2.4, we obtain the following result.

Corollary 3.7 Let f € H*(B,A). Suppose also that y is defined by (2.8) and the condition
(2.6) holds true. Then

< 1-y-28
K= ki pkk-1)+y

Each of these inequalities is sharp, with the extremal function given by

_1o1-y-28 4
S = Ak 1y
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