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Abstract

In this work we study certain boundedness properties for localization operators on
Lorentz mixed-normed modulation spaces, when the operator symbols belong to
appropriate modulation spaces, Wiener amalgam spaces, and Lorentz spaces with
mixed norms.

Keywords: localization operator; Lorentz spaces; Lorentz mixed normed spaces;
Lorentz mixed-normed modulation spaces; Wiener amalgam spaces

1 Introduction
In this paper we will work on R with Lebesgue measure dx. We denote by S(R¥) the
space of complex-valued continuous functions on R“ rapidly decreasing at infinity. For
any function f : R? — C, the translation and modulation operator are defined as T,f(¢) =
f(t —x) and M, f(t) = e2"™f(t) for x,w € R?, respectively. For 1 < p < 0o, we write the
Lebesgue spaces (L*(R%), || - llp)-

Let (x,t) = Zl‘il x;t; be the usual scalar product on R¥. The Fourier transform f (or Ff)
of f € L'(R?) is defined to be

f = /R S@)e 0 dy,

For a fixed nonzero g € S(R?) the short-time Fourier transform (STFT) of a function
f € S'(R?) with respect to the window g is defined as

Vof (2, w) = (f, M, T,g) = fﬂ@df(t)mefzmw dt,

for x,w € R?. Then the localization operator A"*? with symbol a and windows ¢, ¢, is
defined to be

AP (1) = / a(x, w) Vo, f (o, WM, Typp dx dw.
R2d
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If a € S'(R?) and ¢;, ¢, € S(R?), then the localization operator is a well-defined continu-
ous operator from S(R?) to S'(R?). Moreover, it is to be interpreted in a weak sense as

(A22F,8) = @Vir ) Virg) = (@ Virf Ving)

for f,g € S(RY), [1, 2].

Fix a nonzero window g € S(R?) and 1 < p, ¢ < oo. Then the modulation space M?4(RR¥)
consists of all tempered distributions f € S'(R?) such that the short-time Fourier trans-
form V,f is in the mixed-norm space L”7(R>?). The norm on MP4(RY) is |[f|lypa =
| Veflira. If p = q, then we write MP (R%) instead of MP?(R%). Modulation spaces are Ba-
nach spaces whose definitions are independent of the choice of the window g (see [2, 3]).

L(p,q) spaces are function spaces that are closely related to L? spaces. We consider
complex-valued measurable functions f defined on a measure space (X, u). The measure
1 is assumed to be nonnegative. We assume that the functions f are finite valued a.e. and
some y > 0, u(E,) < oo, where E, = E[f] = {x € X | |f(x)| > y}. Then, for y > 0,

) = E) = n({x e X | |f()]>})
is the distribution function of f. The rearrangement of f is given by

fH@) =inf{y> 0| Ar(y) <t} =sup{y>0|As(y) >t}
for ¢ > 0. The average function of f is also defined by

sk 1 * )
rrw=1 [ o
X Jo

Note that As, f*, and f** are nonincreasing and right continuous functions on (0, 00). If

Ar(y) is continuous and strictly decreasing then f*(¢) is the inverse function of A;(y). The
most important property of /* is that it has the same distribution function as f. It follows

that
( / If (x) |pdu(x)>; = ( / ol dt)p. (1.1)
X 0

The Lorentz space denoted by L(p, q)(X, ) (shortly L(p, q)) is defined to be vector space
of all (equivalence classes) of measurable functions f such that ||f]|;, < 0o, where

I = (4 [ P 017dT, 0<pg<oo,
P supso 27, 0<p=<q=oc.

By (1.1), it follows that ILfII;p = I[fllp and so L(p,p) = L*. Also, L(p,q)(X, i) is a normed
space with the norm

o tgfl[f**(t)]th)%, 0<p,q<oo,

fllpg = 1
H SUpP,.q 2 (), O<p<gqg=o0.
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For any one of the cases p=g=1;p=g=00or 1 <p < oo and 1 < g < oo, the Lorentz
space L(p, q)(X, i) is a Banach space with respect to the norm || - || 4. It is also well known
thatif 1 < p < 00,1 < g < oo we have

p
I3 = 1l < 52115

(see [4, 5]).

Let X and Y be two measure spaces with o -finite measures u and v, respectively, and
let f be a complex-valued measurable function on (X x Y, u x v),1< P = (p1,p2) < 00, and
1< Q =(q1,92) < 0. The Lorentz mixed norm space L(P, Q) = L(P, Q)(X x Y) is defined
by

L(P,Q) = L(p2 @) [L(p1. )] = {f : If 0 = If I2mam@oran) = |1 i [, < 00}

Thus, L(P, Q) occurs by taking an L(p;, q1)-norm with respect to the first variable and an
L(p,, q2)-norm with respect to the second variable. The L(P, Q) space is a Banach space
under the norm || - || pq (see [6, 7]).

Fix a window function g € SRHY\{0},1<P= (p1,p2) <00, and 1 < Q = (q1,q2) < 0.
We let M(P, Q)(R?) denote the subspace of tempered distributions S’(R?) consisting of
f € 8'(R?) such that the Gabor transform V,f of f is in the Lorentz mixed norm space
L(P,Q)(R??). We endow it with the norm |f||m@,q) = |l Vef o, where || - |Ipq is the norm
of the Lorentz mixed norm space. It is well known that M(P, Q)(R%) is a Banach space
and different windows yield equivalent norms. If p; = ¢; = p and p; = g2 = g, then the
space M(P, Q)(R?) is the standard modulation space MP4(R?), and if P = p and Q = ¢, in
this case M(P, Q)(R?) = M(p, 9)(R%) (see [8, 9]), where the space M(p,q)(R?) is Lorentz
type modulation space (see [10]). Furthermore, the space M(p, q)(R%) was generalized to
M(p,q, w)(R?) by taking weighted Lorentz space rather than Lorentz space (see [11, 12]).

In this paper, we will denote the Lorentz space by L(p, q), the Lorentz mixed norm space
by L(P, Q), the standard modulation space by M?, the Lorentz type modulation space by
M(p,q), and the Lorentz mixed-normed modulation space by M(P, Q).

Let1 <r,s < oo. Fixa compact Q C R? with nonempty interior. Then the Wiener amal-
gam space W(L",L*)(R?) with local component L"(R?) and global component L*(R?) is
defined as the space of all measurable functions f : R? — C such that fxx € L"(R%) for
each compact subset K C R%, for which the norm

W lwirs) = 1Eells = [ I xoulls]

is finite, where x is the characteristic function of K and

Ff(x) = |leQ+x||r S LS(Rd).

It is known that if 1, > r, and s; < s, then W(L™, L1)(R%) ¢ W(L2,L2)(R%). If r = s then
W (L, L")(RY) = L"(R?) (see [13-15]).

In this paper, we consider boundedness properties for localization operators acting
on Lorentz mixed-normed modulation spaces for the symbols in appropriate function

spaces like modulation spaces, Wiener amalgam spaces, and Lorentz spaces with mixed
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norms. Our results extend some results in [1, 12] to the Lorentz mixed-normed modula-
tion spaces.

2 Boundedness of localization operators on Lorentz mixed normed
modulation spaces
We start with the following lemma, which will be used later on.

Lemma2l Let 5+ 5 =1, g + oo = 1f € L(P, Q)(R*), h € L(P', Q;)(R*). Then f x h €
L® (R and
L(P, Q) (R*) % L(P',Q,) (R*) — L™ (R*) (2.1)

with the norm inequality
If * Alloe < Ifllpey 121l Py (2.2)

where P = (p1,p2), Q1 = (Q}, Q) Q2 = (Q}, Q).

Proof 1t is well known that there are L(p,q1) * L(p’,q2) < L* convolution relations be-
tween Lorentz spaces and

If * Alloe < 1 llpgy 1721l gs»

where }% + 1% =1, q% + qiz > 1, by Theorem 3.6 in [5]. Then (2.1) and (2.2) can easily be
verified by using iteration and the one variable proofs given in [5]. O

Let g € D(R?*) be a test function such that Y, ;2 Trg = 1. Let X(R??) be a translation
invariant Banach space of functions with the property that D - X C X. In the spirit of [13,
16], the Wiener amalgam space W (X, L(P, Q)) with local component X and global compo-
nent L(P, Q) is defined as the space of all functions or distributions for which the norm

I lwexce.on = I - T(zl,zz)gllepQ

is finite, where 1 < P < 00, 1 < Q < 0co. Moreover, different choices of g € D yield equiva-
lent norms and give the same space.

The boundedness of Aﬁﬁf for a € M is established by our next theorem. The proof is
similar to Lemma 4.1 in [1] but let us provide the details anyway, for completeness’ sake.

Theorem 2.1
(i) Let1<P<o0,1<Q<o0.Iff € M(P,Q)(R?) and g € M (R?), then
Vof € W(FLL, L(P, Q))(R*) with

1 Vef lwrir e,y < I llme, gl -

(i) Let 5+ 3 =1, g + gz = L Iff € M(P,Q))(R?) and g € M(P', Q2)(R?), then
Vof € W(FLY, L®)(R*) with

I Vef lwrrr oy < W lae.opIgllane,qy)-
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Proof (i) Let ¢ € S(R%)\{0} and set ® = Voo € S(R??). By using the equality Vof (x, w) =
(f - Tx2)"(w), we write

IVef T ®lrzs = [ [F - Ty ®) (0] e

R2d

=/ |Vo Vef (21,20, 11, 12) | dty dity

]RZd

- / Vet~ 10tV (a2 + )| dir
R

= /RM | V(pf(ul; M2)| | V(pg(ul —Z1, Uy — Zz)| duy du,

= |quf| * |Vgog|w(zl’22)) (2‘3)

for f,g € S(RY), where (V,9)~(2) = (V,g)(-2), z € R?. Since f,g € S(R?), then f ¢
M(P,Q)(R%) and g € M*(R?) by Proposition 2 in [8]. So Vof € L(P, Q)(R*¥) and Veg €
L}(R?). Then, by Proposition 4 in [8], we obtain

IVef lwirnzway = [1Vef * T @lzu | 5
= |||V<pf| * |V<ﬂg|w||PQ
= IVefllrall Veglh

= fllmelgln- (2.4)

This completes the proof.
(ii) Using Lemma 2.1 and (2.3), we have

IVef lwiririey = [[1Vaf 1% 1Vogl™ || o, < 1Vef llpay | Vegllpra, = If Ime.an 1€ lme,ax-
O

Theorem 2.2 Let 1< P < 00,1 < Q< o00.Ifae M®[R?>), 1,90, € M'(R?), then A;’(,}’;;z is
bounded on M(P, Q)(R?) for every ¢ € R** with

||A§3;(;2 HB(M(P,Q)) = ||6l||Moo ||(/’1 ”[\41 ||‘/’2 ”Ml‘

Proof Let f € M(P,Q)(R?) and g € M(P', Q")(R?), where % + % =1, é + é = 1. Then we
write V,,.f € W(FL, L(P,Q)(R*) and V,,,g € W(FL!, L(P, Q))(R*) by above theorem.
Moreover, since M(1,1)(R?) = M*(R?), we have W(FL!,L') = M* = M(1,1) by [16]. Hence

using the Holder inequalities for Wiener amalgam spaces [13] and (2.4) we obtain

VoS - Viu&lian = 1 Vorf - Voo 8llwrri i
S WVof llwrn ceopll Vgl wirn e ,o))

= letlan le2llan If lme. glve,q)- (2.5)
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Thus by using (2.5) we have
(AR .8)] = [(Mea, Vi f - Viug)| < IMeallsoco | Vo - Vingllman
< llallare @1l an @2l an f s, 18 | a1, @)

Hence we get

1A% | s = Nallaes l@rllan ll@allag- O

Theorem 2.3 Let ¢ € S(RY)\{0} be a window function.If1 < P,Q < oo, t' € (1,00),s <t <
randa e W(L",L%), then

ALY MEP, Q) (RY) > M((eP) (1Q) ) (&)

is bounded for every ¢ € R*, where & =1, é Q, =1, omd + 3 =1, and the operator

norm satisfies the estimate
”A;’(/I(fa | < lallwarcs)-

Proof Let t < oo, f € M(tP,tQ)(R%), and h € M(tP,tQ)(R?). Then we have Vof €
L(tP,tQ)(R*) and V,h € L(tP',tQ')(R*). Since V,f € L(tP, tQ)(R*?), then || VoIt o) <
00. By using the equality (3.6) in [12], we get

1Vl Voo = 11V Wi L = NIV ) Wi
= (At 1) 1) = VAL )

= (Vo) (2.6)

1
3

Hence we have |V, f|* € L(P, Q)(R??). Similarly, |V, h|* € L(P', Q')(R*?). By the Holder in-
equality for Lorentz spaces with mixed norm and (2.6) we have

IVef - Vihlly = [V IVl ||, < [1IVef 1 | o |1 Vel | gy
= IVef lipye 1 Vol iopry ey 2.7)

Since a € W(L',L*), then M;a € W(L",L*) for every ¢ € R%*. Also since W(L",L*) C
W(LY, L") = L (R*4), then we have

lally = IMally < |Mallwe ) = lallwaers). (2.8)
By using (2.7), (2.8), and applying again the Holder inequality, we get

[(ANizaf il = [(McaVef, Vo]

< //1;2d|M;a(x,w)||(V(pf. th)(x,w)|dxdw

< IMeallg|Vef - Vihlle
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< llallz | Vof lepye |1 Vohill epyeq)

< lallwawr ) W lmee.c 1Al per 1) (2.9)

If (tp'), (tq) # oo, then (M((¢P), (tQ))(R?))* = M(¢P’, tQ)(R%) by Theorem 8 in [8]. Thus
we have from (2.9) that
(At af 1)

|A%? sup ——
ozhemer 1) Nrllarer 20

Mgﬂ'f”M((tP’)’,(tQ’)’) = =< ”a ” W(L",LS) ”_f”M(tP,tQ)'

Hence A%)u is bounded. Also we have

(21
A% of Iaery ey

[A%zal = sup

< llallwris)-
04 eM(tP,1Q) W laep,20) O

Theorem 2.4 Letp € ﬂlSR,&oo M(R, S)(R), where R = (r1,73), S = (s1,82). If1 <s <r < 00
and a € W(L",L°) then

ALY, M(P, Q)(R) > M(P,Q)(R)
is bounded for every ¢ € R*?, with
|A%2. | < Cllalwar

for some C > 0.

Proof Since a € W(L',L*), then M,a € W(L',L°) for every { € R?. Also since s < r, there
exists 1 < £y < oo such that s < fy <r. Then W(L", L*)(R??%) c L' (R>*?) and

M;allsy = llallzy < llallwerws) = IMeallwer,ws) (2.10)

for all a € W(L",L*)(R*?). Let B(M(P, Q)(R%), M(P, Q)(R?)) be the space of the bounded
linear operators from M(P, Q)(R?) into M(P,Q)(R?). Also let T be an operator from
L}(R?) into B(M(P, Q)(R?), M(P, Q)(R?)) by T(a) = A%)a. Take any f € M(P,Q)(R?) and
he M(P,Q)(R?). Assume that a € W(L!, L')(R?*?) = L}(R?¢). By the Holder inequality we
get

(TG ) = A1) = | caVif, Vi

< /AZJMM(’C’W)HVJ(’C’W)||th(x,w)|dxdw
) ./‘/1;2d|a(x’ W)||(f’Mwa‘p>||<h’Mwa§0)|dxdw

= //2d|a(x, W If e, 1M Te e, 1l are, )
R
X || Mo T | ) dx dw

= |f s, el e o 1Al e o lle v, |2l (2.11)

Page 7 of 10
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Hence by (2.11)
( A‘ﬂ ‘/’ﬂf h
T = A
” af”MPQ ” af“MPQ) O#heS}\l/Ill:I)” 1o ”h”M P.Q)
< lellme ) lellme if lmellall-
Then
A5, of llmp.Q)
7@l - Jagiel = s ﬁjﬁmﬁ <lglmeolelmpolal.  (212)
€ 5

Thus the operator

T:L'(R*) — B(M(P, Q)(R?), M(P,Q)(R?)) (2.13)

is bounded. Now let @ € W(L®,L®)(R?*?) = L®(R??). Take any f € M(P,Q)(R?) and
he M(P,Q)(R?). Then V,f € L(P,Q)(R*), V,,h € L(P',Q)(R?>®). Applying the Holder in-
equality

HT(“)f’hH = ‘(A%af'hﬂ = ’(M;uvwf, th”
< //de ’Mgﬂ(x,W)Hwa(x, W)Hth(X,W)‘dxdw

< lall [ /R Vi )] [Vt w)| dew

< Mlallooll Vof ol Vohllp o (2.14)

By using (2.14) we write

|(A% ,h)|
|7@F i) = 1A% a0 = O#hs;;l;,aW_naumwnm@. (2.15)
€.
Hence by (2.15)
IALE o e,
|T@] = [AfL,] = sup —2= <l
ozreme,0) I lme

That means the operator

T:L%(R*) — B(M(P, Q)(R?), M(P, Q)(R?)) (2.16)
is bounded. Combining (2.13) and (2.16) we obtain

T:L'(R*) — B(M(P,Q)(R?), M(P, Q)(R))
is bounded by interpolation theorem for 1 < ¢ < co. That means the localization operator

ASEM(P,Q) (RY) — M(P,Q)(R?)

Page 8 of 10
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is bounded for 1 < ¢ < 0o. Hence there exists C > 0 such that

|7@) = 452, ] < Clal.. 1)
This implies that it is also true for 1 < £y < co. From (2.10) and (2.17) we write

| 7@ = |A%. | < Cllall, < Cllalwer.- O

Proposition 2.1 Let ¢ € [)_p 5.0 M(R, S)(R?), where R = (r1,72), S = (s1,82). If 0 < s < 1
and a € W (LY, L*)(R?%) then

) d d
ALY M(P,Q)(R?) — M(P, Q)(RY)
is bounded.
Proof Let 0 <s <1 and let a € W(L!,L*)(R*?). Then M;a € W(L',L*) for every ¢ €

R??, Since W(L!,L*)(R*¥) c L}(R??), there exists a number C > 0 such that |M,al; <
ClM;ally 1 1s)- Hence by (2.12),

”A%)a | < llellme.ollelmeo IMeal:
< Cllollme.ollellveo | Meallwir is)

= Cliellme.o)lelmeollallwer -

Then the localization operator from M(P,Q)(R?) into M(P,Q)(R?) is bounded for
0<s<l1. O

Proposition 2.2 Let ¢ € [, _p 5.0 M(R, S)(R¥), where R = (r1,12), S = (s1,82). If1 < P,Q <
oo and a € L(P', Q) (R??) then the localization operator

ASE M, Q(RY) — M(P, Q(RY)
is bounded, where % + 1% =1, é + é =1.

Proof Let a € L(P,Q)(R?*). Then Mia € L(P,Q)(R*) for every ¢ € R* with
M allpq = llallpq. Takeany f € M(P, Q)(R?) and h € M(P', Q')(R?). Applying the Holder
inequality we have by (2.11)

szl < [ Iteats Vst 5., o s
< [[ e[ Vi o) i 10 Tl s

— e 9l / / e w)|| Vef ()|
R

< e oy llellme,o If e llallrq-
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Similarly to (2.12), we get

||Aff:a | < lellmeollalrg.
Then the localization operator Aﬁ,’[fa from M(P, Q)(R?) into M(P, Q)(R?) is bounded. O

Corollary 2.1 It is known by Proposition 2 in [8] that S(R?) C M(R,S)(R?) for 1 <R,S <
00. Then S(R?) ¢ ﬂ15R,S<oo M(R,S)(R?). So, Theorem 2.4, Propositions 2.1 and 2.2 are still
true under the same hypotheses for them if 9 € S(R?).

Corollary 2.2 It is known [8] that if P = p and Q = q, then Lorentz mixed-normed modu-
lation space M(P, Q)(R?) is the Lorentz type modulation space M(p, q)(R?). Therefore our
theorems hold for a Lorentz type modulation space rather than for a Lorentz mixed-normed
modulation space.
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