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Abstract

A novel construction of compactly supported orthogonal scaling functions and
wavelets with spline functions is presented in this paper. Let M, be the center
B-spline of order n, except for the case of order one, we know M, is not orthogonal.
But by the formula of orthonormalization procedure, we can construct an orthogonal
scaling function corresponding to M,. However, unlike M, itself, this scaling function
no longer has compact support. To induce the orthogonality while keeping the
compact support of M, we put forward a simple, yet efficient construction method
that uses the formula of orthonormalization procedure and the weighted average
method to construct the two-scale symbol of some compactly supported orthogonal
scaling functions.

Keywords: B-spline; orthogonal; compactly supported; scaling; MRA

1 Introduction

It is well known that B-splines have many useful properties, and they are widely used in
practical problems. But except for the case of order one, B-splines of other orders are
not orthogonal [1]. Thus, in order to get the property of orthogonality, many researchers
are interested in the study of constructing orthogonal wavelets with B-splines [2—6]. For
instance, Franklin wavelet and Battle-Lemarié wavelets [7, 8], but these wavelets are not
compactly supported. In [5] Goodman gave a construction, for any n > 2, of a space S of
spline functions of degree 7 —1 with simple knots in 1Z which is generated by a triple of re-
finable, orthogonal functions with compact support. Subsequently, Cho and Lai simplified
Goodman’s constructive steps for compactly supported orthonormal scaling functions
and provided an inductive method for constructing compactly supported orthonormal
wavelets [6]. In [2] Nguyen and He presented a method to construct orthogonal spline-
type scaling functions with B-splines. They multiplied a class of polynomial function fac-
tors to the two-scale symbol of the B-splines so that they become the two-scale symbol of
a spline-type orthogonal compactly supported function. Different from above, firstly, we
use orthonormalization procedure so that splines become orthogonal scaling functions.
Unfortunately, the orthogonal scaling functions are not compactly supported. So, in order
to make them have the property of compact support, we use the weighted average method
to eliminate the denominator of the two-scale symbol, which is the corresponding orthog-
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onal scaling function. And from examples in Section 3, we found that this method is simple
and flexible.
The goal of this section is to prepare for the next chapter of theorem proving. For this

reason, we need the following auxiliary results.

Definition 1.1 ([9]) A Multiresolution Analysis (MRA) comprises a sequence of closed
subspaces Vj, j € Z, of L,(R) satisfying
(i) (Nested) V; C Vj,q forallj € Z;
(ii) (Density) U,z Vj = La(R);
(iii) (Separation) ﬂjeZ Vi ={0};
(iv) (Scaling) f(x) € Vj; ifand only if f(2x) € V},, for all j € Z;
) (Basis) There exists a function ¢ € Vj such that {¢(x — k) : k € Z} is an orthonormal

(v

basis or a Riesz basis for V.

The function ¢ defined as in Definition 1.1 is called the scaling function of the given
MRA. From (iv), we know that ¢ € Vj is also in V5. Since {¢1 1 := 2120 (2x — k) : k € Z} is
a Riesz basis of V, then there exists a unique />-sequence {p;} satisfying the ‘two-scale

relation’

P@)= > prp(2x — k). (11)

k=—00

This sequence {py} is called the ‘two-scale sequence’ of ¢. With this /2-sequence, we define
1 [o¢]
_ - —iwk
P) = 5 kZ pre k. (1.2)
=—00

Then the Fourier transform formulation of identity (1.1) can be written as

—~ o\~ w
¢(w)=P(5)¢<5>- (1.3)

We call P(w) the two-scale symbol of the scaling function ¢. Noticing that {¢p(x—k) : k € Z}
is an orthonormal basis, we have the following equivalent statements of orthogonality, see
also in [6, 9-12].

Theorem 1.2 Suppose that P(w) = % > pee % is a polynomial satisfying the following

conditions:
P(0)=1, (14)
P()|” + [P+ 7)) =1, (15)
|P()| >0, V-m2<w<m/2. (1.6)

Then P(w) is the two-scale symbol of an orthogonal scaling function.
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Riesz lemma Let ay,...,ay be real numbers and ay # 0 such that

ag

N
A(w) := - + Zak cos(kw) >0, VweR. 1.7)

k=1

Then there exists a polynomial

N
B@)=) b (1.8)
k=0

with real coefficients and exact degree N satisfying
B = A(w), z=e™. (1.9)

2 Constructing compactly supported orthogonal scaling functions

In this section we will give a new method to construct compactly supported orthogonal
scaling functions and wavelets by a center cardinal B-spline. The mth order center cardinal
B-spline M,,, is defined as follows, see also [9, 13].

1 “ m m m-1
My (x) = —— ) (1) ——k) . 2.1
(@) (m_l)!g ) <k><x+2 ) 21)
It is well known that M,,(x) is symmetric with respect to the origin and suppM,, =
[-m/2,m/2].
Denote
Q@) = > | Ml + 2kr) . (2.2)
keZ

Then, for any m > 2, there exists a positive constant A,, such that
A, <Q,(w <1 VweR (2.3)

Furthermore, it is easy to verify that

m-1
Q@) =1-4 Y Moy (k) sin® (%‘”) (2.4)

k=1

Note that the scaling function M,,(x) is semi-orthogonal for m > 2. Next, we give a
method to obtain the orthogonal scaling function through the B-spline M,,. We define a
function ¢,,(x) through its Fourier transform

~

M (@)
(Xkez Mon(e + 2k ) 22

Om(w) = (2.5)

Since Q2 (@) = > 4ey, |M,( + 2k7)|%, then

Pn(@) = (@) 2 M, (). (2.6)
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By (1.3) and (2.6), we can obtain P,,(w),

P, (o) = am(zw) _ ( Q(w)

1/2
Pml@) Qm(Za))> cos™(w/2), 2.7)

which is the two-scale symbol of the scaling function ¢,,(x). It is well known that the scal-
ing function ¢, (x) determined by (2.7) is orthogonal but not compactly supported. So next
we concentrate our effort on the study of constructing compactly supported orthogonal
scaling functions.

Note that the presence of the denominator in (2.7) can bring about scaling functions
which are not compactly supported. Therefore, we multiply a function factor to the two-

scale symbol P, (w) and obtain the following Theorem 2.1 and some corollaries.

Theorem 2.1 Fori=1,...,N, suppose that h;(w) is the two-scale symbol of an orthogonal

scaling function, and let

2
)

N
H@)[* = >~ hi(w)| i) (2.8)
i=1

where Lj(w) is a 7 -periodic function and satisfies the following conditions:

0 <Xi(w) <1,
SN hilw) =1

Then H(w) is the two-scale symbol of an orthogonal scaling function.

Proof 1t is easy to observe that H(w) satisfies statements (1.4) and (1.6) in Theorem 1.2,
now we only need to prove that H(w) also satisfies |H(w)|* + |H(w + 7)|* = 1. Since 4;(w)

is the two-scale symbol of an orthogonal scaling function, we have

(@) |* + [hi(w+7)|* =1, fori=1,...,N.

|2
Thus

N N
H@)[* + |Ho + )" =Y mi@)|m@)* + Y riw + 7)o + 1)
i=1

i=1

N N
= ni@)| @) + Y 1) e + 1)
i=1

i=1
N
=Y hil@)=1,
i=1

which by Theorem 1.2 implies that H(w) is the two-scale symbol of an orthogonal scaling
function. 0
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Corollary 2.2 Let m > 2 be any integer, \(®) = 2,,(2w), () =1 - Q,,2w), P,,(w) be
defined as in (2.7). Suppose

m-1
|Bu()|” = (1 ~4) " Moy (k) sinz(%“’>) cos”(w/2)

k=1
m-1
+2) " Moy (k) sin® (ke) (2.9)
k=1
and
|Hp(@)|* = 11(0)|Pon(@)| + 2o()[Bu(0) . (2.10)

Then H,,(w) is a two-scale symbol of some compactly supported orthogonal scaling function.

Proof By (2.4) and (2.7), we have

_ m-1 -2 ko \ 1/2
Py (w) = (1 42 i Mon(®) sin (5 )> 05" (/2), 2.11)
1-4 305 My, (k) sin? (ko)
therefore
’P (w)‘z _ (1 4 Z M2m(k) SIHZ(kw) ) COS2m(a)/2) (2 12)
" 1-430 ! My, () sin?(kw) ’ '

Since P,,(w) is a two-scale symbol of some orthogonal scaling function, we obtain

1= |Pm(a))|2 + |Pm(w + 7r)|2

m-1
= ((1 - 4§M2m(k) sin2<k2—w)) cosz'”(;)
iy k(w + ) w
+ <1—4;M2m(k) sin2<T)> sinZW’(E))

m-1
/ (1 ~ 4" My (k) sin? (kw)).

k=1
Multiplying 1 — 4 ka:_ll My, (k) sin?(kew) on both sides in the above equation, we obtain
m-1

1-4) " Moy (k) sin® (ke)
k=1

s p . 5 ko o ©
= 1—4ZM2m(<)s1n - cos )

k=1

’

+ T
(1 4ZM2m sin? a)2 )>sin2’”

SRS
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it means that

m-1 m-1
., ko 1) L klw+m)\ ., @
1= (1 - 4ZM2m(k) sin? 7) cos2™ 5 + <1 - 4ZM2m(k) sin? (T)) sin? )
k=1 k=1
m-1
+4) " Mop(K) sin® (ko). (2.13)
k=1
Therefore
~ 2 2
|Pu(@)|” + [P + )| = 1. (2.14)

By Theorem 2.1 and the Riesz lemma, we know that H,,,(®) is a two-scale symbol of some

compactly supported orthogonal scaling function. O

Corollary 2.3 Let my,...,my > 2 be any integer. Define hi(w) = P, (w) as in (2.7) and
B,y (w)? as in (2.9) fori=1,...,N. Assume that

N
hy () = <Z|ﬁml.(w)|2) /N
i=1

and

N+1

(@) =Y hilw)| i)

i=1

2
)

(2.15)

where );(w) satisfies the following conditions:

rilw) =aiglw) (i=1,...,N),

Yhaw)=1, 0<a <],

g(w) = Ry 2w) X Qppyy (20) X -+ X Qpy, Q0),
Ann(@) =1-g(w).

Then h(w) is the two-scale symbol of a compactly supported orthogonal scaling function.
The proof is analogous to that of Corollary 2.2.

Corollary 2.4 Define
.2 ) 2 . 2
M(w) = (a + bsin” w + c¢sin (Za))) (1 ~3 sin a))
and

13 1
A (w) = (d + esin® o) (1 T sin?w — 30 sin2(2w)>,
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where the real numbers a, b, ¢, d, e satisfy

1
= — c=—-—- —, d=1-a, e=—a—4.
5 15 5 30 3

Moreover, let

2

1P(@)]” = (@) [Pa()| + As(0) |Ps(@)|, (2.16)

where P, (w) and P3(w) are defined as in (2.7). Then P(w) is the two-scale symbol of a com-
pactly supported orthogonal scaling function.

To facilitate our proof of Corollary 2.4, we need the following result.
Lemma 2.5 Define
.2 ) 2, 2
M(w) = (a + bsin” w + c¢sin (2a))) (1 -3 sin a))
and
15

13 1
M(w) = (d + esin? ) (1 - —sinw- 30 sin2(2w)>,

where a, b, ¢, d and e are real numbers. Then there exist real numbers a, b, ¢, d and e
satisfying

M (@) + Aa(@) = 1. (2.17)

Proof By (2.17) we obtain

2 13 4 2 13
l=a+d+{b-Za-"d+e— || —=d-4c)cos’w+ b+ —e]sinw
3 15 30 3 15
2
- —c+i sin? 2w } sin’ w.
3 30

Now, consider the system

a+d=1,
2 13 _ 2 13
b—gﬂ—ﬁd‘l'e— §b+ Ee, (218)
2 13 _ 4
§b+ﬁe—%d—40,
2 —
3¢+ 35 =0.

It is easy to check that the pair number (a, b, ¢, d, e) satisfying

21 13 1 a 2
=— - —a, c=——-—, d=1-a, e=—-a—4
5 15 5 30 3

is the solution of (2.18), also the solution of (2.17). O
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Lemma2.6 Let0<x<1land 0 <a<26.Then

47 Ta\ , 182a 394 I 8a 16a 32 5
1+2%+ | ——-— "+ | — - — +{16- = |t + ([ —= - =
5 5 45 15 3 45 15
> 0. (2.19)

Proof Define

47 394 32
fla)=1+2x+ —a* - % +16x* - —=x°
5 15 15
7 182 8 16
+—=a? + —=a% - =x+ —&° |a, (2.20)
5 45 3 45
one obtains f'(a) = —Zx* + $2x% — 8x* + 1%4°, then

f'(a) <0, x€[0,0.5],

(2.21)
f'(a) =0, x€][0.5,1].
Now define
Q%) =1+2x+ Ta? - D253 + 165" — 3255,
Q) =—Ix"+ 182x3— Sxt+ 240,
then
gi(x) =2+ Zx— x? + 64x° — 24, 2.22)
gz(x)———x+11852x2 332x3+16x4 ’
Therefore

gax)>1, &(x) >-0.03746, Vxe[0,0.5].

This means that f(a) > 0.02604 for all x € [0,0.5] and a € [0, 26].

Similarly, one can obtain f(a) > 1.3322 x 107" for all x € [0.5,1] and a < [0, 26]. This
completes the proof. d

Proof of Corollary 2.4 By calculation, we have

2 47 Ta\ . 4o 1822 394\ . (o
|P(w)| =|1+2sin? —+ - sin* — + | —— — — ) sin® —
2 5 5 2 45 15 2

8a g @ l6a 32\ o RO
+{16—-—)sin®° —+| — — — ] sin cos® —
3 2 45 15 2 2
Denote

47 7 182 4
A(w)=1+251n2w+ r_e sin49+ M—g sin69
2 5 5 2 45 15 2

8a\ . gw l6a 32\ o
+|(16-—)sin® —+| ——-—]sin" —,
3 2 45 15 2
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and note that A(w) is an even and 27 -periodic function. We obtain from Lemma 2.6
Alw) >0, VweR.
Therefore, |P(w)|? > 0.
Noticing that P;(w) and P3(w) are the two-scale symbols of orthogonal scaling functions
and A1(w) + A2 (w) = 1, we have

P(@)|” + [P+ 7)) = 1.

Now applying Theorem 2.1 and the Riesz lemma, we know that P(w) is a two-scale sym-

bol of some compactly supported orthogonal scaling function. O

3 Examples
In this section, we give three examples to show our construction scheme introduced in

the above section.

Example 3.1 For m = 3, from (2.4) and (2.7), we have

2
Qs(w)=1-4)  Mq(k) sin2<k7w>

k=1
13
“1- —sin? 2 -~ sinfw
15 2 30
and
1-Bsin?2 - Lsinw
2
|P3(0)|” = < o 00 ) cos®(w/2), (3.1)
1— 3 sin” w — 35 sin”(2w)
respectively.

Moreover, we have

~ 13 1 13 1
’Pg(a))‘2 = (1 = sin? % ~30 sin? a)) cos®(w/2) + 30 sin w + 0 sin?(2w).

Now, we obtain from (2.10) that

13 1 13 1
|H3(a))|2 =(1- 2622 - —sinw cos®(w/2) + | = sin® w + — sin*(2w)
15 2 30 15 30

13 1 13 1
x [ {1- = sin? L_— sin? w | cos®(w/2) + — sin® w + — sin?(2w) ).
15 2 30 30 60

Therefore, by the Riesz lemma, we have

Hs(z) = —0.000015 — 0.0004:8z — 0.00292z% — 0.010533z> — 0.028055z*

—0.0366482° + 0.0582932° + 0.261712” + 0.472698z° + 0.2859337°.
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081

06

045

0.2

0

-0.2

o 1 2 3 4 5 6 7 8 ] 1 2 3 4 5

Figure 1 ¢3(x) and y¥3(x) from Example 3.1.

By (1.1) and (1.2) we obtain the two-scale relation

$5(x) = —0.00003¢3(2x) — 0.00096¢3(2x — 1)
~0.00584¢5(2x — 2) — 0.021066¢3(2x — 3)
~0.05611¢3(2x — 4) — 0.073296¢3(2x — 5)
+0.116586¢)3(2x — 6) + 0.52342¢3(2x — 7)

+0.945396¢5(2x — 8) + 0.571866¢3(2x — 9),

and the corresponding wavelet

V3 (x) = 0.571866¢3(2x + 8) — 0.945396¢3(2x + 7)
+0.52342¢3(2x + 6) — 0.116586¢3 (2% + 5)
~0.073296¢5(2x + 4) + 0.05611¢h3(2x + 3)
~0.021066¢3(2x + 2) + 0.00584¢5(2x + 1)

—0.00096¢3(2x) + 0.00003¢3(2x — 1).

In Figure 1, we show the graphs of ¢3(x) and v3(x), respectively.

Example 3.2 Consider my =2, my =3, a1 = i and a, = %, then by Corollary 2.3, we have

1 13 1 2
|h(a))|2 ) (1 ~E sin®w — 30 sin2(2a))) (1 -3 sin® %) cos* %

3 2 ., 13 ,w 1 ., 6@
+—|1-=sin“w])|{1-—sin“— — —sin“w ) cos’ —
4 3 15 2 30 2

1/23 1 26 2
+ = = sin?w + — sin?(2w) — — sin* @ - — sin® wsin?(2w)
2\ 15 30 45 90

2 1
X 1- = sin? @ cos* @ +=sin*w
3 2 2 3
13

13 1 1
(1= 26?2 - —sin?w ) cos® 2 + =2 sin w + — sin?(20) ).
15 2 30 2 30 60
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02
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02

-0.4

0 1 2 3 4 5 6

Figure 2 ¢(x) and ¥ (x) from Example 3.2.

Similar to the discussion of Example 3.1, we obtain 4(z), ¢(x) and v (x)

h(z) = -0.0000003 + 0.0000003z — 0.0000767z>
+0.00010772% - 0.0029515z* + 0.00412752°
—0.02913552° + 0.04015412” — 0.03952862°
+0.04735252° + 0.5666672z'° + 0.40323262",

@(x) = —0.0000006¢(2x) + 0.0000006¢ (2x — 1)
—0.0001534¢(2x — 2) + 0.0002154¢ (2x — 3)
—0.005903¢(2x — 4) + 0.008255¢ (2x — 5)
—0.058271¢(2x — 6) + 0.0803082¢(2x — 7)
—0.0790572¢(2x — 8) + 0.094705¢(2x — 9)

+1.1333344¢(2x — 10) + 0.8064652¢(2x — 11)

and

¥ (x) = 0.8064652¢(2x + 10) — 1.1333344¢(2x + 9)
+0.094705¢ (2x + 8) + 0.0790572¢(2x + 7)
+0.08030826(2x + 6) + 0.058271¢)(2x + 5)
+0.008255¢(2x + 4) + 0.005903¢(2x + 3)
+0.0002154¢(2x + 2) + 0.0001534¢(2x + 1)

+0.0000006¢(2x) + 0.000000664(2x — 1),

respectively (see Figure 2).

Example 3.3 Let a = 6, then, by Corollary 2.4, b = -1, ¢ =0, d = -5, e = 0. By (2.16), we
have

2 13 1
|P(w)|2 = (6 -sin*w)( 1~ =sin’ “Yeost L _5(1- Zsin? 2 - —sin?w ) cos® 2.
3 2 2 15 2 30 2
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"o 05 1 15 2 25 3 35 4 4.5 ] 05 1 15 2 25 3 35 4 45

Figure 3 ¢(x) and ¥ (x) from Example 3.3.

Now from the Riesz lemma, we have
P(z) = 0.00595 — 0.01085z — 0.09675z° + 0.184282> + 0.58577z* + 0.321542°.
Then we obtain from (1.1) and (1.2) the two-scale relation

d(x) = 0.0119¢(2x) — 0.0217¢(2x — 1) — 0.1935¢(2x — 2) + 0.36856¢(2x — 3)

+1.17154¢(2x — 4) + 0.64308¢(2x — 5),
and the corresponding wavelet v (x) (see Figure 3)

¥ (x) = 0.64308¢(2x + 4) — 1.17154¢(2x + 3) + 0.36856¢(2x + 2) + 0.1935¢(2x + 1)

—0.0217¢(2x) — 0.0119¢(2x — 1).

4 Conclusion

A simple and flexible method for constructing compactly supported orthogonal scaling
functions is presented in this paper. Using this method, we can construct orthonormal
compactly supported scaling functions from B-splines. Note that the change of A; (i =
1,...,N) can cause the change of the scaling functions corresponding to two-scale symbol
H(w) in (2.8). Therefore we can provide the user with different scaling functions with
the same compact support. Similarly, then we can obtain different compactly supported
scaling functions by changing the parameters in (2.10).
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