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Abstract

In this paper, we obtain some Bonnesen-style Minkowski inequalities of mixed
volumes of convex bodies K and L in the Euclidean space R". Let L be the unit ball; we
get some better Bonnesen-style isoperimetric inequalities than Dinghas'’s result
forn> 3.
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1 Introduction

It is well known that the ball has the maximum volume among bodies of fixed surface area
in the Euclidean space R”. That is, of all domains K with surface area S(K) and volume
V(K) (¢ 1, 2]),

S(K)' = " w, V(K)* 1 >0, 1)

with equality if and only if K is a ball. Here w, denotes the volume of the unit ball,

2nn/2
Tt (n/2)

Wy

where I'(-) is the Gamma function.
The isoperimetric deficit

A (K) = SK)" = 1w, V(K)" (2)

measures the deficit between the domain K and a ball of radius (S(K)/nw,)""D.

A Bonnesen-style isoperimetric inequality is of the form (cf [2-4])
Au(K) = S(K)" = n"w, V(K)"™" > B, (3)

where the quantity B is a non-negative invariant of geometric significance of K and van-
ishes only when K is a ball.

Bonnesen himself proved several inequalities of the form (3) in the Euclidean plane
(cf [5, 6]), but he was not able to obtain direct generalizations of his two-dimensional
results. This was done much later, first by Hadwiger [7] for # = 3, and then by Dinghas [8]
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for arbitrary dimension. From then on, some Bonnesen-style inequalities in the higher di-
mensions and generalizations have been obtained by Osserman (cf. [1, 2]), Santalé (cf [9]),
Groemer and Schneider (cf. [10]), Zhang (cf. [11]), Zhou (cf. [4, 12]) and others. See refer-
ences [13-36] for more details. The following well-known Bonnesen-style inequality for
a convex body K in the Euclidean space R” is due to Dinghas (cf. [8]):

n(n-1)

S(K)" = n"w, V(K)"™ = (SEK)"" ™ = (naw, ) Dr) ™, 4)
where r is the in-radius of K, and equality holds if and only if K is a ball.

In [11], some different forms of Bonnesen-style isoperimetric inequalities have been es-
tablished associated with the mean width of K. Zhang obtained (cf. [11])

(M([() ) n/(n-1) B < V(K) )l/(n—l) . ( V(K) )n/(n—l) <( V([()>—1/n B R_1>,
2 Wy, - Wy Wy

where M(K) and R are the mean width and out-radius of K, respectively.

The Minkowski inequality of mixed volume is a natural generalization of the isoperi-
metric inequality (1) in the Euclidean space R” (¢f [27, 37-39]). Let K, L be convex bodies
in R”, then

Vi(K,L)" = V(K)"'V(L), (5)

where V1(K, L) is the mixed volume of K and L and the equality holds if and only if K and
L are homothetic.
Motivated by (2), we define the Minkowski homothetic deficit as

ALK, L) = Vi(K,L)" = VK)" T V(L). (6)

The Minkowski homothetic deficit A, (K, L) measures the homothety between K and L.

Then a Bonnesen-style Minkowski inequality would be of the form
Au(K,L) = Vi(K, L)" = V(K)"'V(L) = By 1, (7)

where the quantity By is an invariant of geometric significance about K and L with the
following basic properties:

1. Bk, is non-negative;

2. By, vanishes only when K and L are homothetic.

Note that let L be the unit ball B and by S(K) = nV;(K, B), the surface area of K, then the
Minkowski homothetic deficit is just the isoperimetric deficit. Therefore, the Bonnesen-
style Minkowski inequality (7) is more general than the Bonnesen-style isoperimetric in-
equality (3).

In this paper, we focus on Bonnesen-style Minkowski inequalities of type (7). Some By 1
are obtained. Let L be the unit ball; then we obtain stronger Bonnesen-style isoperimetric

inequalities K than (4).
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2 Preliminaries
A set of points K in the Euclidean space R” is convex if for all x,y € K and 0 < A <1,
Ax+(1—2)y € K. A domain is a set with nonempty interiors. A convex body is a compact
convex domain. The set of convex bodies in R” is denoted by K”. Let K be the class
of members of K" containing the origin in their interiors. Write V' for an n-dimensional
Lebesgue measure and H"! for an (# — 1)-dimensional Hausdorff measure. "' denotes
the surface of the unit ball in R”.

A convex body K C R” is uniquely determined by its support function /g : R” — R,
where hg(x) = max{x - y: y € K}, for x € R”. For the support function of the dilate cK =
{cx:x € K} of a convex body K we have

hyc =chg, ¢>0. (8)

Note that support functions are positively homogeneous of degree one and subadditive.
It follows immediately from the definition of support functions that for convex bodies K
and L

KCL < hgx<h. ©)

For a convex body K and each Borel set w C S"!, the reverse spherical image 7 (K, w), of
K at w is the set of all boundary points of K which have an outer unit normal belonging to
the set w. Associated with each convex body K € K7 there is a Borel measure Sx on Sl

called the Aleksandrov-Fenchel surface area measure of K, defined by
Sk(@) =H" (2 (K, »)),

for each Borel set w € S"~1. Observe that for the surface area measure of the dilate cK of

K we have
S =Sk, ¢>0.
The Minkowski sum of convex sets Kj, ..., K, in R” is defined by
Ki+- - +K,={x1+-+x,:x1 €Ky,...,%, € K, }.

The mixed volume V(Kj,...,K,) of compact convex sets K, ..., K, in R” is defined by

L™, o
V(Kl,...,l(n):EZ(—l) TN V(K + e+ K

j=1 i <eee<ip

The Aleksandrov-Fenchel inequality about the ith mixed volume is
VilKy, Ka)* = Vi (K1, Ko) Vit (K1, K2), (10)
where

VilKy, Ky) = V(K .. Ky, K,y . KG)
— —

n—i i
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with Kj appears # — i times and K appears i times and (10) holds as an equality if and only
if K and L are homothetic.
Note that

Vu(K1, K3) = V(Ky), Vo(Ky, K3) = V(K7). (11)

The following inequality for mixed volumes is the general Aleksandrov-Fenchel inequal-
ity: Let K3,...,K, € K and 1 <m < n. Then

V(KL,...,K,)" > l_[ V(K ..., Kiy Kpe1s - ., K.
i=1

Hence
Vi(Ky, Ko)"™t > V(KG) 2V (K, K). (12)

Let K; = B, then V;(Kj, B) = W;(K7), the ith quermassintegral of the convex body Kj.

The mixed volume has monotonicity: If K; C K], then
V(K1 Ky, ..., Ky) < V(K| K, ..., Ky).

The mixed volume V(K L) of the convex bodies K, L € K has the integral form

1
Vi(K,L) = —/ h; dSx. 13)
n Jgn-1
Since
V(K) = V1(K,K),

we have

1
V(K) = —/ hy dSk.
n Jsn-1

If B is the unit ball, then
nVi(K,B) = S(K),
the surface area of K. The mean width M(K) of K is
2
M(K) = —V1(B,K),
Wy

that is,

M(K) =

hi dSk.

nwy Jgn-1
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The in-radius r(K, L), out-radius R(K, L) of K with respect to L are, respectively, defined
by

r(K,L) = sup{k :x € R"and x + AL CK},

R(K,L) = inf{k :xeR"and K C x + kL}.
Notice that always
r(K,L)R(L,K) = 1.

When L is the unit ball, 7(K, L) and R(K, L) are the radius of maximal inscribed and mini-
mal circumscribed balls of K, respectively.

3 Bonnesen-style Minkowski inequalities associated with r(K, L)

In this section, we derive some Bonnesen-style Minkowski inequalities associated with in-
radius r(K, L) of K with respect to L. In [26], Diskant improved the Minkowski inequality
of mixed volumes as follows.

Lemmal Let K, L be convex bodies in the Euclidean space R", then
VI(K, LY — V)V = (Vi(K, D)V - r(K, L) VL)), (14)
with equality if and only if K is homothetic to L.

Note that the right-hand side of (14) is non-negative for x + 7(K, L)L € K (x € R"). By (13)

we have

1 1
VI(K,L) = — / hpdSx > — / hy dSyuc oy > (K, L)'V (L).
n Jgn-1 n Jgn-1

From Lemma 1 and using the inequality x" ! — y"1 > (x — y)"™! (for x > y > 0), a lower
bound of the Minkowski deficit follows (cf. [26, 27]).

Proposition 1 Let K, L be convex bodies in the Euclidean space R", then
AWK, L) > (Vi(K, L)V — (K, L)V (L))", (15)
where the inequality holds as an equality if and only if K and L are homothetic.
The following Bonnesen-style Minkowski inequality is stronger than (15) for n = 3.
Theorem 1 Let K, L be convex bodies in the Euclidean space R?, then

As(K,L) = (Vi(K, D)2 - (K, L)V(L)"?)°

+2r(K, L> V(L)Y (Vi(K, L)* - r(K, L)V (L)"?)?, (16)

with equality if and only if K is homothetic to L.
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Proof Since V(K) > r(K,L)*V(L) and by x* — 9> > (x — y)® (for x > y > 0), we have

Vi(K,L)*? + VIK)V(L)Y? > Vi(K,L)*? + r(K,L)*V(L)*?
= Vi(K, L)*” = (r(K, L)V (D)"?)° + 2r(K, L)* V(L)

> (Vi(K,L)"* - r(I(,L)V(L)1/2)3 +2r(K, L}V (L)*2.
Note that (14) can be rewritten as
Vi(K, L)*? - V(K)V(L)Y* > (Vi(K, L)Y - r(1<,L)V(L)”2)3.
Multiplying by V1(K, L)*? + V(K)V(L)"? on both sides, we have
VA(K, L) = V(K V(L) = (Vi(K, L)* = r(K,L)V(L)"?)? (Vi (K, L) + V(K) V(L))
By these inequalities, we complete the proof of the theorem. O

Let L be the unit ball and notice S(K) = 3V1(K,B) in (16), we obtain the following
Bonnesen-style isoperimetric inequality that strengthens Dinghas’s inequality (4) for
n=3.

Corollary 1 Let K be a convex body in R® and r be the in-radius of K, then
A3(K) > (SK)? = (47)2r)® +167%21 (S(K)V* = (4)2r)°, (17)
with equality if and only if K is a ball.
For n > 4, we obtain a stronger Bonnesen-style Minkowski inequality as follows.

Theorem 2 Let K, L be convex bodies in the Euclidean space R" (n > 4), then

Au(K,L) = (Vi(K, L)V — (K, L)V (L) -0y
+2(r(K, L) V(D)) 2 (Vi (K, D)V - (K, L) V(L) VD)

+ (Vl(l(, L) V(L))n/(n—l)r(](,L)n(vl(l(’L)l/(n—l) ~r(K,L) V(L)l/(n—l))n(n—B),
with equality if and only if K is homothetic to L.

Proof Let p = Vi(K,L)"" and q = V(L) Vr(K,L)", then p > q.

n

D (VA Ly D (v ity () )
i=2

n
> Z (V1 (I(, L)n(n—i)/(n—l) (V(L)I/(nfl)r(l(’ L))n(z—Z))
i=2

n—i i—4 +- n-2

=(pn—2_qn—2) +pq(pn—4+pn—5q+“.+p q ._+qn—4)+2q

n-3 _ n-3
_ (pn—Z_qn—Z) +p6]p q +2qn—2
prp—-q
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>(p-q)" " +pgp-q)"" +24"

> (plln _ qlln)”(”*m +pq(p1/n _ ql/n)n(”*‘k) + 2qn—2'

That is,

Z ( Vi(K, L)n(nfz’)/(nfl) (V(I()ml V(L)) (i—z)/(n_1))
i=2

> (V1(1<,L)1/(n_1) _ V(L)l/(”_l)r(K,L))n(n_z) + Z(V(L)I/("_I)V(K,L))n(n_2)

+ (i, LYV(L))"" VR, Ly (Vi (K, LD — VL)V e, 1)),

Multiplying by Y7, (V4(K, L)""=)/m=1(V(K)"-1V(L))&2/#-D) both sides of (14) and via
the formula

A7 - =(a-b)(a" P +a"Pb o+ a0 4+ ab" e+ D),
we obtain
VI(K,L)" = V(K" V(L) > (VA(K, L)V = r(K, L) V(L))"

X (Z(Vl (X, L)n(n—i)/(n—l) (V([()"_l V(L))(i—z)/(n_l))) .

i=2
We complete the proof of Theorem 2. O

Let L be the unit ball and by S(K) = nV1(K, B) in Theorem 2; we obtain the following
stronger Bonnesen-style isoperimetric inequality than Dinghas’s inequality (4) for n > 4.

Corollary 2 Let K be a convex body in R" (n > 4) and r be the in-radius of K, then

An(1<) > (S(1<)1/(Vl—l) _ (nwn)l/(n—l)r)”(”—l)
+ 2((na)n)1/(”‘1)r)"("_2) (S(K)I/(n—l) _ (nwn)l/(n—l)r)”
+ (0, S(K)) """V (SO — (e, V)",
with equality if and only if K is a ball.
4 Bonnesen-style Minkowski inequalities associated with the mean width
In this section, we derive some Bonnesen-style Minkowski inequalities associated with

the mean width.

Lemma 2 Let K, L be convex bodies in R", then

VolK,L) _ (vo(K,L))”” _ VK, D) Vi(K, L)'

< < , (18)
Vi(K,L) V(K L) V. (K,L) ~ V(K)"2V(L)

with equality if and only if K and L are homothetic.

Page 7 of 10
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Proof By inequality (12), we have

V(L) _ Vi(K,Ly™!

V(L) V(K)"2V (L)

By the Aleksandrov-Fenchel inequality (10) we have

Vo(K,L) _ Vi(K,L) Vi(K,L) Vi1 (K, L)
VILK,L) — Vo(K,L) = 7 Vin(K,L) = 7 V(K L)

Therefore

VolK,Z) _ ( VoK, L)\ _ Vaa(K, L)
VK L) ~\V,(K, L)) ~ VK L) O

Theorem 3 Let K, L be convex bodies in R”, then

(19)

1/n
ALK, L) > V(K)"2V(L) vl(K,L)(V”‘l(K’L) (VO(K’L)) )

Vu(K,L)  \V,(K,L)
with equality if and only if K and L are homothetic.

Proof Via (18), we have

VI(K, L)Y V(K L) _ VK L) (Vo(K,L) Un
VK)2V(L) Vi(K,L) = VKL (Vn(1<,L))

That is

1/n
Vi(K,L)" - V(KY"'V(L) > VK)"2V(L)Vi(K, L) ( VorkoL) _ (VO(K’L)) ) 0

Vu(K, L) Vu(K, L)

The following Bonnesen-style inequality is a direct consequence of Theorem 3.

Theorem 4 Let K be a convex body in R", then

1/n
A = 1", S(K) V(K)H(M _ <V(1< )> )

2 Wy

with equality if and only if K is a ball.

Lemma 3 Let K, L be convex bodies in R”, then

Vi(K, L)" ! - \/VI(K,L)”‘Z(Vl(K,L)” - V(K)*1V(L))
V(K)"-2V (L)
_ Vo(K, L) - Vau1(K, L) - Vi(K, L)t
~ VI(K,L) T Vu(K,L) ~ V(K)2V(L)

Proof The Minkowski inequality (5) gives

Vi(K, L) — JVi(K, Ly 2 (Vi(K, L)' — V(K)* 'V (L)) _ VoK, L)
V(K)"-2V(L) - Vi(K, L)

The above inequality together with (18) leads to Lemma 3. O

Page 8 of 10
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We are now in a position to prove the following Bonnesen-style Minkowski inequality.

Theorem 5 Let K, L be convex bodies in R", then

= S (Ve - vien) =
with equality if and only if K and L are homothetic.
Proof From (20) we have

\/Vl(K,L)”*Z(Vl(K,L)” - V(K)*1V(L)) - V(K L)  Vo(K, L) -

V(K)"2V (L) -~ V(KL V(KL

The following Bonnesen-style inequality is a direct consequence of Theorem 5 when L
is the unit ball.

Theorem 6 Let K be a convex body in R", then

2n-2, .21/ 2n—4 2
S(KY" = 1w, V(K" > n"cw, V' (M(K) ~ nV(K)) ’

Sn-2 2 S(K)

with equality if and only if K is a ball.
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