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1 Introduction
The following notion was given firstly by Hsu and Robbins [1].

Definition 1.1 A sequence of random variables {{/,,, n > 1} is said to converge completely
to a constant @ if for any ¢ > 0,

oo

> P(1U, -] > €) < 0.

n=1

In this case, we write U,, — 6 completely. In view of the Borel-Cantelli lemma, the result
above implies that UJ,, — 0 almost surely. Therefore, the complete convergence is a very
important tool in establishing almost sure convergence of summation of random variables

as well as weighted sums of random variables.

Let {X,,n > 1} be a sequence of random variables, defined on a probability space
(2, F,P), and denote o -algebras

Fl=cXpn<k<m), 1<n<m<oo.

As usual, for a o-algebra F, we denote by L%(F) the class of all F-measurable random
variables with the finite second moment. Given o -algebras A, 3 in F, let

P(AB)
(A,B) = su — 1),
v AeA,BeB,Ple)P(BbO P(A)P(B)
o(A,B) = sup |P(B|A) - P(B)|.
AeA,BeB,P(A)>0
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Define the mixing coefficients by

¥ (n) = sup ¥ (Ff, Fe2,), ¢(n) =supo(Ff, F2,), n=>0.
k=1 k>1
The concepts of ¥ -mixing and ¢-mixing random variables were introduced by Blum ez
al. [2] and Dobrushin [3], respectively.

Definition 1.2 A sequence of random variables {X,,n > 1} is said to be a i -mixing
(¢-mixing) sequence of random variables if ¥ (n) | 0 (¢(n) | 0) as n — oo.

Clearly, from the definition above, we know that the independence implies {-mixture
and ¢-mixture. It is easily seen that the ¢ -mixing condition is stronger than the ¢-mixing.
Therefore, the family of ¥ -mixing is a special case of ¢-mixing. Years after the appearance
of Dobrushin [3], many works of investigation concerning the convergence properties of
¢-mixing random variables have emerged. We refer the reader to Ibragimov [4], Cogburn
[5], Sen [6], Choi and Sung [7], Utev [8], Chen [9], Shao [10], Ridiger [11], Chen et al. [12],
Zhou [13], Wang et al. [14, 15], Guo [16].

However, according to our knowledge, few papers discuss the subjects for sequences or
arrays of ¥ -mixing random variables except Blum et al. [2], Bradley [17], Yang [18], Wu
and Zhu [19], Wang et al. [14, 15], and Yang and Liu [20]. The goal of this paper is to study
a complete convergence for arrays of rowwise 1/ -mixing random variables.

Then we recall that the following concept of stochastic domination is a slight general-
ization of identical distribution.

Definition 1.3 An array of rowwise random variables {X,x,1 < k < n,n > 1} is said to be
stochastically dominated by a nonnegative random variable X (write {X,x} < X) if there
exists a constant C > 0 such that

supP(|X,,k| > x) <CP(X>x), Vx>0.
n,k

Stochastic dominance of {X,x,1 < k < n,n > 1} by the random variable X implies that
E|X,x|? < CEX? if the p-moment of X exists, i.e., if EX? < c0.

Hu et al. [21] obtained the following result in the complete convergence.

Theorem A Let {X,x,1 <k < n,n > 1} be an array of rowwise independent random vari-
ables with EX,x = 0. Suppose that {X,,1 < k < n,n > 1} are uniformly bounded by some
random variable X. If E|\X|% < oo for some 1 < p < 2, then

n
n 1P ZX,,k — 0 completely.
k=1

Taylor et al. [22], Baek et al. [23] extended and generalized Theorem A to rowwise neg-
atively dependent (ND) random variables.

The main purpose of this article is to discuss the complete convergence for weighted
sums of { -mixing random variables. We shall extend Theorem A by considering v -mixing
instead of independent. It is worthy to point out that our main methods differ from those
used by Hu et al. [21].
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Below, C will be used to denote various positive constants, whose value may vary from
one application to another. For a finite set A, the symbol #(A) denotes the number of ele-
ments in the set A. [(4) will indicate the indicator function of A.

2 Main results and some lemmas
Now, we state our main results. The proofs will be given in Section 3.

Theorem 2.1 Let {X,x,1 < k < n,n > 1} be an array of rowwise \-mixing random vari-
ables with Zf::l Y (m) < 00 and EX,x = 0. Suppose that {X,i} < X and EX* < oo for some
p>0.Let{au,1 <k <n,n>1} be areal numbers array satisfying maxi<x<y |ax| = O(n=%)
for some a > 1/(2p). Furthermore, when p > 1, we suppose that there exists a constant 6 > 0
such that Yy ;_ja*, < Cn™. Then

nk

j
Z ﬂnank
k=1

oo

E n??2p| max
1<j<n

n=1

>e><oo, Ve > 0.

Take a,; = n V7 and 1 < p <2 in Theorem 2.1, we can have the following corollary.

Corollary 2.1 Let {X4,1 < k < n,n > 1} be an array of rowwise r-mixing random vari-
ables with )" ¥ (m) < 00 and EX, = 0. Suppose that { X} < X and EX? < 00 for some
1<p<?2,then

J

o0

E P| max E Xk
1<j<n

n=1 k=1

> nl/ps) <00, Ve>O0.

Remark 2.1 Since the independence implies ¥ -mixture, Theorem 2.1 and Corollary 2.1
hold for arrays of rowwise independent random variables. Therefore, Theorem 2.1 and

Corollary 2.1 extend and improve Theorem A.

Theorem 2.2 Let {X,x,1 < k < n,n > 1} be an array of rowwise -mixing random vari-
ables with EX,x = 0. Suppose that { X} < X and EX? < oo for some p > 1. Let {a,1 <
k < n,n > 1} be a real numbers array satisfying maxi<x<u |aux| = O(n™*) for some o > 1/(2p).
Suppose that the following statements hold.

. — A
(i) There exists a positive constant ) < mm{ﬁ, 2022 LY such that Yo YT (n) < 005
(ii) logny y_,a* =o(1) ifﬁ <a < 3. Then

n
Z Ak Xk

k=1

o0
Z n2up—2p<

n=1

>8><OO, Ve > 0.

Remark 2.2 Compared with Theorem 2.1, Theorem 2.2 requires a stronger mixing rate,
but weakens the requirement of Y ;_, a%. In fact, logn ) ;_; a2, = o(1) holds if Y_;_; a?, <
Cn?,0>0.

Now, we state some lemmas which will be used in the proofs of our main results.

Lemma 2.1 (Wang et al. [14,15]) Let {X,,,n > 1} be a sequence of W -mixing random vari-
ables satisfying Y > ¥ (m) < 00, q > 2. Assume that EX, = 0 and E|X,|? < oo for each
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n > 1. Then there exists a constant C depending only on q and (-) such that

q n n q/2
< C{Zﬂka + (ZEX,%) }
k=1 k=1

Lemma 2.2 (Yang [18]) Let {X,,, n > 1} be a sequence of \-mixing random variables with
EXi =0, |Xy|<d<ooas,k=12,...,0<A <1, m=[n]. ThenVe >0,

P( Xn:Xk

k=1
where B, =y ;_ EX?, tmd <1/4, C; = exp{2en' ™y (m)}, C, = 4(1 + 4 S (k).

E max
1<j<mn

j
>
k=1

> 8) <2eCyexp{-te + C3t*B,},

Lemma 2.3 Let {X,,n > 1} be a sequence of V-mixing random variables, and let A; =
{IXjl =%}, x; € R, j=1,2,...,N, then

N
P(A1,As,...,Ay) < (1+ v ()" []P4)
j=1

Proof By the definition of ¥ -mixing, we have

P(A1,As,...,AN) < (1+ Y (1))P(A)P(A,, ..., Ay)

(1+ v (1) P(A)PA,) - - - P(Ay).

IA

The proof is complete. d

3 Proofs
In this section, we state the proofs of our main results.

Proof of Theorem 2.1 Let S,; = 211;:1 anXuk, 1 <j < n. Since a, = a, — a;,, without loss
(2ap-1)(N-1)

N where N is a

of generality, we may assume that 0 < a4 < Cn*. Let 0 < p <
positive integer with N > 1. Let

! 1’
Xk = Xard(a, 1,0 1<n0)» Xk = Xard(a, 1%, 15IN)»

1" ! 1
k= Xk = Xy = Xy = X"kl(”_p<ank|xnk|§€/N)’

J J J
/ /! 1" " 1"
= E anank, Snj: E dy,ank, Snj = E a,,ank.
k=1 k=1

k=1

Firstly, we prove Y >, n**P~2P(max;<j<y |S,, ;| > €) < 00. By {X,} < X, we know that
E|Xx|® < EX% < 00.1f 0 < p <1/2, we have

max
1<j<n

Z anEX.,

= Zﬂnk|E k| = ZﬂnkElxnk|1ank\Xnk\<n —P)
k=1

n 2w
< Z "kEE(p’;kl n P < CpPlrD-Cep-) g 4 s o, (1)
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If p>1/2,by EX,x =0 and p < Zap L 220;57 11, we also have

1m5;a§)$1 ZankEX = Zank{E k < ;ﬂnkE|Xnk|1(unk|X,,k\>n r)
2%
Z nkE|Xnk| n P < CpPD-Cer-l) o 4 o
= n-2rp - ’ ’
Therefore, we know that (1) holds for p > 0. Let S = ZI/@ an (X, — EX;). To prove

> oy WP P(maxi <j<, |S),] > €) < 00, it suffices to show that 32, n**P~>P(maxi <<, |S};| >
£) < 00.
If 0 < p <1, by Markov’s inequality and Lemma 2.1, we have

(0]

E - 2P<max|5n | > 8)
1 1<j<m j

n

< Cinzap_2E<max|Sm|> < CZnZ“” ZZankE

) 1<j<n
00 n
< 2ap-2 2p E X/ 2-2p ) 2p
= Z Zank (’a"k nk| | nk‘ )
n=1 k=1
00 00
_ 2, —1- _
EznapZ p22pza };k|PSCZn12p(lp)<oo. (2)
n=1 n=1

If p > 1, take g > max{2p, 2(2ap — 1)/0}. By g > 2 and Lemma 2.1, we have
an""’ 2P(max |S5i] > s)
1<j<n
n ql2
o ;7 \2
<3| bl (S a’) | ®
k=1
By a similar argument as in the proof of (2) (replacing exponent 2 into g), we can get

an ZZankE| |7 < 0. @)

Note that E|X;lk|2 < EX? < 00 and the definition of ¢, we have

oo n ql2
Z n2er? (Z ayE (X;:k)2>
n=1 k=1

[ n q/2 %)
< anw-z (Z a%lk) (EX2)4/2 < Czn—l+(2ap—l)—9q/2 (EXZ)q/Z < 00. (5)
n=1 k=1

n=1
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From (3)-(5), we know that (2) still holds for p > 1. By (1) and (2), we have

oo

E nzap’2P<max|S;.| > s) < 00.
- 1<j<n' "V

=

Secondly, we prove Y °, n**?~2P(max; <j<, Syl > &) < 00. Let 9,(j) = {1l <k < m: au >
e/(jN)} and ¢; = [((CN/e)V*], then

n
P(lrn§]§1§>§1|52j‘ > 8) < P(g{ﬂnHXnH > 8/N})

n

<> P(aw|Xu| > €IN) < C Y PlauX >e/N)

k=1 k=1
o0 n
=CY Y PlawX>elN,j-1<X<))
j=1 k=1
o0
<CY puP(i-1 <X <j). (6)
j=1

By axX > e/N, we know a,; > ¢/(jN). Note a,; < Cn™*, we have n < (jCN/&)V*. Hence, we
have n < ¢;, then

0 R 0
an"‘p‘zP<max S| > 8) <CY AT ()P -1 <X <))
n=1

1=j=n n=1 j=1
[e%e] ¢j
<CY D nP,()P( -1 < X <), 7)
j=1 n=1

Take v € (0, 20’5_1), then )}, a’ > @u()e*/(JN)". From Y ;_; a’, < Cn'™", we have

@n(j) <N"j" /" Za,‘;k < Cn™p. (8)
k=1

Therefore, by (7) and (8), we have

co b

00
Z I’lzap_ZP(lInaX |SZj| > 8) < CZ Z },IZap—ozv—lij(]» -1< X <]) (9)
n=1 == j=1 n=1

By the definition of v, we have 2ap — v — 1> 0, then
%
ZHZap—av—l < ¢;¥(219—V) < Cijp—v' (10)
n=1
From (9), (10) and EX% < oo, then

oo o0
3 nz‘w-zp(g% || > e) <CY PPj-1<X<j)<c0.
n=1 == j=1


http://www.journalofinequalitiesandapplications.com/content/2013/1/393

Wu and Ding Journal of Inequalities and Applications 2013, 2013:393 Page 7 of 9
http://www.journalofinequalitiesandapplications.com/content/2013/1/393

Finally, we prove } 7 n**~2P(max;<j<, |S| > &) < 0o. Obviously, we know that
P(max;<j<py |S’”| >¢e) < PO amcl X0 ] > €). Let M=t{l<k<n:n?* <au|Xux <e/N}.
We must let M be at least N such that Y ;_; au|X/| > . Take W = {@u|Xi| > 17"}, we
have

P(max |S”’| > s) < P(M is at least N, such that a,|X,| > n™")

1<j<n

< D P(WyW,--- W) (11)

1<it<ig<-<in<n
By Lemma 2.3, we have

P(W;y Wi, -+ Wi) < (149 (1) P(W; )P(W,) - P(Wiy,). (12)
From (11) and (12), we have

ner- 2P(max |S'”| > 8)

1<j<n

<@ ryp@) N P(Wi)P(Wy)- - P(Wiy)

1<ii<ip<--<in<n
n
< Cn*P? <N)PN (X >ayn™)

< anap 2 NPN(X>C 1 —p+0£)

< Cp1-Qap-DIN-1)+2ppN ( EXZp)N ) (13)
Noting that 0 < p < % We have

—(2ap-1)(N -1) +2ppN <0,

then

00 00
Z nZap 2P<max ‘S//’ S 8) Czn—l—(Zap—l)(N—l)+2ppN < 00.

1<j<mn
= n=1

The proof is completed. O

Proof of Theorem 2.2 Following the notations of X, X, and X}, but let
n n
= Z ank X T, = Z ank X
k=1 k=1
n n
TN anX  Ti= Y an(Xy—EX).
k=1 k=1

Obviously, by following the methods used in the proof of (1), we have

n—> o0, (14)

n
ZankEX;k -0
k=1
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By similar arguments as in the proofs of

1<j<n 1<j<n
n=1

oo oo
E n2°‘1’_2P<max|SZj| > e) <oo and E nz‘”"2P(max|S;’;| > 8) < 00,
n=1

we can prove

00 oo
> wP2P(|T)| > ) <oo and Y w*PP(|T))|>¢) < oc.

n=1 n=1

Here, we omit the details. Therefore, we need only to show

oo
Z n**P2P(|Tr| > €) < o0.

n=1

2ap-1)(N-1)

Take A < p < ( N by 0 < X< ﬁ and p > 1, we know 0 < ﬁ < 1. Hence, from condi-

tion (i), we have

2m oo _
C2:4<1+4Z1/f(k)> §4<1+421//(k)) <00, Iﬁ(m):o(m%),

k=1 k=1

where m = [#*]. Therefore, C; = exp{2en'*yr(m)} < exp{2e} < co.
Take ¢ = Zap—;og”. Clearly, ¢t < n”~*/8 when 7 is sufficiently large. Note that |a,x(X/; —
EX )| <2n” =d, then tmd < 1/4 when n is sufficiently large. By Lemma 2.2, we have

P(|T;|>¢) < Cexp{—ts + CngtZZzzik}
k-1

(2ap)*log*n <~
= Cexp| —2aplogn + C()ng—2 Zﬂnk , (15)
k=1

where Cy = E(X],)* < EX* < 0c. Note that logn Y ;_, a2, = o(1) holds if a > ;. Therefore,
by condition (ii), we have

(2ap)*logn Zn: )

CoC, 5 Ay — 0, n— o0. (16)
€

k=1

Hence, when # is sufficiently large, by (14) and (15), we have

P(| T:’ > s) < Cexp(-2aplogn + 27 og n) = Cp 2172,

Then
ano‘p—zP(‘Tﬂ > 8) < CZn_% < 00.
n=1 n=1

The proof is completed. O

Page 8 of 9
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