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In this study, the relations between of the Bishop curvatures of involute-evolute curve couple were
examined in E2. Also, the relation between of the Bishop frames of these curves was given. Moreover,

the relations between of curvature radii of these curves were investigated. Lastly, in the case of these
curves were planar curves, some corollaries were obtained.
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INTRODUCTION

The idea of a string involute is due to Christian Huygens
(1658), who is also known for his work in optics. He
discovered involutes while trying to build a more accurate
clock (Boyer, 1968). The involute-evolute curve couple is

a well-known concept in E? (Hacisalihoglu, 1995). The
specific curve pairs are the most popular subjects in
curve and surface theory and involute-evolute curve
couple is one of them. We can see in most textbooks
various applications not only in curve theory but also in
surface theory and mechanics.

An evolute and its involute, are defined in mutual pairs.
The evolute of any curve is defined as the locus of the
centers of curvature of the curve. The original curves is
then defined as the involute of the evolute. The simplest
case is that of a circle, which has only one center of
curvature (its center), which is a degenerate evolute. The
circle itself is the involte of this point. There are extensive
literature on this subject, for instance, Mustafa and
Caliskan (2002), Bukcl and Karacan (2007), Mustafa

(2009), Boyer (1968), Hacisalihoglu (1995), and Turgut
and Yilmaz (2008).

It is well-known that, if a curve differentiable in an open
interval, at each point, a set of mutually orthogonal unit
vectors can be constructed. These vectors are called
Frenet frame or moving frame vectors. The rates of these
frame vectors along the curve define curvatures of the
curves. However, the Frenet-Serret frame is not defined
for all points along every curve as curvature may vanish
at some points on the curve; that is, second derivative of
the curve may be zero. In this situation, we need an
alternative frame. Therefore, in 1975, R.L. Bishop defined
a new frame for a curve and he called it ‘relatively parallel
adapted frames’ which is well defined even if the curve
has vanishing second derivative in Euclidean 3-space.
After Bishop’s study, the ralatively parallel adapted frame
have been called Bishop frame in other studies and also
we will use the Bishop frame instead of the relatively
parallel adapted frame. The advantages of Bishop frame
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and comparable Bishop frame with the Frenet frame in
Euclidean 3-space were given by Bishop and by Hanson.
After the invention of the Bishop frame, many studies
were performed in Bikci and Karacan (2008a, b, 2009),
Andrew and Hui (1995), Bishop (1975), Yilmaz and
Turgut (2010), and Yilmaz (2010).

In this paper, Bishop curvatures and curvatures radii of
involute-evolute curve couple were obtained. The
relations between Bishop curvatures and curvatures radii
of these curve were computed and some results were
given.

PRELIMINARIES

Let a:1 = IR — E? pe a differentiable curve with arc
length parameter 5 and {t, 1, b} be the Frenet frame of «
at the point (5). These vectors are expressed by

a'(s)
lla" I

where t, m and b are called tangent vector, principal
normal vector and binormal vector, respectively. The
Frenet formulas of ct are

t' 0 01rt
AR I
b’ 0 ol b

Here ¥ and T are called curvature and torsion of @
(Hacisalihoglu, 1995).

t(s) =a'(s), n(s) = b(s) = t(s) An(s)

Definition 1

Let @ and /5 be two curves given by (I,a) and (I, /)
coordinate neighbourhoods, respectivel_y. Let Frenet
frames of & and 8 be {t,n, b} and {f, 71, b}, respectively.

[ is called the involute of & (53 is called the evolute of @), if

(t,f)y = 0.

Theorem 1

Let (f5,a) be involute-evolute curve couple. Then, the
relation between Frenet frames {t,n, b} and {f, 7, E} of
@ and f5 is given as follows, respectively:

1 0 t
I —| I cos:,ir(s] 0 siny [sjl [n] (2
—sinp (s} 0 cosyg(s)llh

~
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Here, i is angle between vectors t and 7 (Mustafa and
Caliskan, 2002).

Theorem 2

Let (5, a) be involute-evolute curve couple given by

(La) and (Lf)

respectively. Then,

d(a(s),B(s)) = lc s

coordinate  neighbourhoods,

where, Ws &I and ¢ = constant (Hacisalihoglu,
1995).
Theorem 3

Let (3, @) be involute-evolute curve couple and Frenet
frames of @ and f3 be {t,n, b} and {£, 7, b}, respectively.
Then, we have

kt' — k't

N k(c—s)(k* +1%)

KS+T1T°

k2(c—s)%

(2]

-
e —

Here, Kk and T are curvature and torsion of @ and ¥ and T

are curvature and torsion of 5 (Mustafa, 2009).

The Bishop frame (relatively parallel adapted frame) is
an alternative approach to defining a moving frame that is
well defined even when the curve has vanishing second
derivative. We can parallelly transport an orthonormal
frame along a curve by simply transporting each
component of the frame parallelly. The parallel transport
frame is based on the observation that, while t for a given
curve model is unique, we may choose any convenient

arbitrary basis (N,N,) for the remainder of the frame,
so long as it is in the normal plane perpendicular to t at

each point (Yilmaz, 2010). Therefore, the type-1 Bishop
(frame) formulas is expressed as

t’ 0 kg kUt

N, | = I—ki 0 o0 l INll 3)
N,' —k, 0 01N
Here, we shall call the set {t, Nl,NE} as Bishop frame

and k; and k, as Bishop curvatures (Biikcii and

Karacan, 2009; Bishop, 1975). The relation between
Frenet and Bishop frames can be written as

0 t
l [ casﬁ' (5) sinf(s) (4)

—sinf(s) cosf(s)
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Where

f(s) = acrtan (:—f) (5)
7(s) = 6'(s), (6)
k(s) =/ ki+ ki (7)

Here, Bishop curvatures are defined by

k, = g
{1 KCOS @®

k, = ksinf

Definition 2

A regular curve a: I = E? is called a slant helix provided
the unit vector N;(s) of a has constant angle 8 with
some fixed unit vector u; that is, {N,(s),u) = cosf for
alls € I

Theorem 4

Let a:1 = E® be a unit speed curve with nonzero
natural curvatures. Then a is a slant helix if and only if

k1
— = const.
k:

(BuikcU and Karacan, 2009).

ON THE BISHOP CURVATURES OF INVOLUTE-
EVOLUTE CURVE COUPLE IN E?

Let (5, a) be involute-evolute curve couple and Frenet
frames of & and 8 be {t,n, b} and {f, 7, E}, respectively.
Let {t,N;,N,} and {f,N;,N,} be Bishop frames of a
and f3, respectively. Moreover, let ky, k5 and ky, k, be
Bishop curvatures of @ and [, respectively and ¥ and T

be curvature and torsion of c.
The relation between Frenet frame and Bishop frames of

Bis

t 1 0 0
[ﬁ = [D cos@ sind ]
b 0 —sinf cosf

| El L |
=

[*]

Here, & is angle between vectors 7 and N,. By using the
last equation and Equation (2), we obtain

rt 0 cospcos@ + simpsing  cosysinf — cosﬁ_sim{;- _t_ |
ﬂ':l =11 0 0 Nl )
Lh 0 cosﬂ_sim,ir - cos:,ﬂrsinﬂ_ cos:,ﬂcosg + simpsin §_ _2_
-t 0 cos(y— &) —sin(y— &) -E__
n] = |1 a o Ny
L5 0 sirn(y — &) cos(ifr — &) N |
or
t 0 cosg —sing E_
lﬂl =1 0 0 Ny
b 0 sinog coso l|N,
Here, #(t,N,)=oc=y—8 and Z(t7)=1.

Substituting Equation (4) into the last equation, we can

write
t
q: _
N, ﬂ

Then, the relation between Bishop frames of & and f3 is

==
P

1 0 0
0 sing COST

1 0 0
IO cosfB(s) sing (.5':]]
0 —sinf(s) cos@(s)

0 coso —siﬂa]

=

t 0 cosa —sing i
Ni|.=|cosf —singsind —cososing||[N1|. (9
N, sinfd  sinccosf cosacosh _2

From Figure 1,
B(3) = als) + A()t(s) (10)

for some function A(5). By taking the derivative of (10)

with respect to 5 and applying the Bishop formulas, we
have

ds
(£, t) = (1 + ANt t) + Ak, Ny + Ak, N,

Multiplying the last equation with t we get

ds
(£, t) i (1+ )t t) + Aky (N, ) + Ak, (N, t).

From the definition of the involute-evolute curve couple
(£, t), we obtain

A=c—s, c¢= constant (12)
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Figure 1. Involute-Evolute Curve Couple.

Then, from Equation (7) we can write

FZ = [iF +kZ(c—9)n (12)

Then, n and t are linearly dependent. Moreover, from
Equation (2), we have

a5 ——
d—:=¢k{+k§.(c—s]. (13)
Theorem 5

Let (5, &) be involute-evolute curve couple. The relations

between Bishop curvatures of @ and 5 are given as
follows:

= ,
[ _ —cosoy ki+ki+8'sing
1 —
(c— s)Vki+ ki
. T . 1.7
—sing+/ ki + ki + 0'coso

(e — s)/ki+ k3

Fy=

Proof

By taking the derivative of Equation (12) with respect to s,
we have

E(E-Jz = [(c —sh/kI+ kf.]f (14)

ds

-*'. "“. { ﬁ ]

By using the last Equations (1), (3), (6) and (13), we get

(c—5)*(ks +k3)t

(6 £82) (i gkt ems)y

RN+ BN, = —— [T

2772 ':5—3}:I:k::+ki} . (15)

le24x?
LRtk

—(c—s)8'Jki+kib

Multiplying the last equation with ﬁi, we have

_ —cosﬂ‘\:ki+ki+5-’3in§
R, = (16)

(=) |R2+a
LT 3}\! 4 o

Similarly, multiplying Equation (15) with N,, we have

&

—sinax!lki+ki+ Btcoso

k.=

-
&

(c—s}ﬂ:ki+ ke
17)

Thus, the following corollaries can be written.

Corollary 1
From Equations (16) and (17) it can be easily seen that

A I e L
(=502 (k2 +i2)

+k

Ba pa

Ll 1

(18)
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Corollary 2

From Equations (16) and (17), we can write
— —
t=808"=(c —s:]_wfkf + k3(kysino + k,sing),

1

—k,cosc + k;coso

A=(c—35) =

Corollary 3
If (5. ) is a planar curve, then we can write

A=(c—5)=+ L (19)

5.2 ]
SRR

Proof

From theorem 3, Equations (6) and (18) can be easily
seen.

Theorem 6

Let (5, a) be involute-evolute curve couple. If @ is a
slant helix, then ff is a slant helixe @ = constant.

Proof

From theorem 4, Equations (8), (16) and (17), the proof is
clear.

Theorem 7

Let [}9, rx] be involute-evolute curve couple. The relation
between Bishop curvatures of & is

ki + k3 =Z(c—s) (ki + kD). (20)

Proof

Multiplying Equation (15) with £, we have
K2+ k2 = (c — ) gk + Kk

and

ki + k3 =2(c—s) (kI +k3). (1)

Corollary 4

Let (f5,a) be involute-evolute curve couple. If @ is a
planar curve, then the relations between Bishop
curvatures of & and 5 are

};_+1(k§+k§y.
T2 kE4kZ

Proof

From Equation (19) and (21), the proof is clear.

Theorem 8

Let (f,a) be involute-evolute curve couple and
curvature radiuses of @ and ff be  and ¥ at the points
a(s) and 5(5), respectively. Then, the relation between
T and T is given as follows:

1 lc — 5|

r k21 ki+ e

T =

Proof

Let M and M be curvature centers of @ and F at the
points &(5) and [5(5),, respectively. Then, we can write

1 1
r=|laM|| === (22)
" (242
JF:
— — 1 1
F=||fM| == ——. (23)
" JE§+E§

Substituting Equation (18) into Equation (23), we get

le — s| (ki + k3)
— :
M|'s!{,§+k§+a*

T =

From Equation (22), we obtain



- _ 1 |e—sl
r= g7 (24)
" ﬂ|k§+k§+ﬂf

From Equations (6) and (24), the following corollary can
be given.

Corollary 5

Let (5, a) be involute-evolute curve couple. If @ is a
planar curve, then the relation between curvature radii of
e and 5 are

1
F=—|c—s|.
T
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