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Abstract

This paper is devoted to study interval-valued optimization problems. Sufficient
optimality conditions are established for LU optimal solution concept under
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1 Introduction

Many real world decision-making problems need to accomplish many objectives: mini-
mize cost, maximize reliability, minimize deviations from desire levels, minimize risk, etc.
In these cases optimization problems have a large number of applications. The main goal
of single objective optimization is to find the best solution which corresponds to the min-
imum or maximum value of a single objective function.

In many research fields and real world problems, the methodology for solving optimiza-
tion problems has been used. There are three kinds of methodology that are used for
solving optimization problems, namely deterministic optimization problem, stochastic
optimization problem and interval-valued optimization problem. The optimization prob-
lems with interval coefficients are termed an interval-valued optimization problem. In
this problem, the coefficient is taken as closed intervals. The solution concept imposed
upon the objective function is the main difference between the above said three kinds of
problems.

Interval programming methods have been used to tackle specific issues in multiple ob-
jective linear programming: some deal with uncertainty in the objective functions, others
handle uncertainty both in the objective functions and in the RHS of the constraints and
others deal with uncertainty in all the coefficients of the model. Charnes et al. [1] pro-
posed an idea for solving the linear programming problems in which the constraints were
assumed as closed intervals. Later, Steuer [2] developed an algorithm to solve the linear
programming problem with interval objective functions.

Urli and Nadeau [3] presented a process to solve the multi-objective linear program-
ming problems with interval coefficients. Chanas and Kuchta [4] generalized the solution
concepts of the linear programming problem with interval coefficients in the objective
function based on preference relations between intervals. By imposing a partial ordering
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on the set of all closed intervals, Wu [5] introduced a solution concept in optimization
problems with interval-valued objective functions.

There are several approaches to model uncertainty in optimization problems such as
stochastic optimization and fuzzy optimization. Here we consider an optimization prob-
lem with interval-valued objective function. Stancu-Minasian and Tigan [6, 7] investigated
this kind of optimization problem.

Wu [8] formulated Karush-Kuhn-Tucker optimality conditions for an interval-valued
objective function. Later, Wu [9, 10] formulated a Wolfe-type dual problem related to
the interval-valued optimization problem and established duality theorems by using the
concept of nondominated solution employed in vector optimization problems. Zhou and
Wang [11] established a sufficient optimality condition and discussed mixed-type dual-
ity for a class of nonlinear interval-valued optimization problems. Recently, Bhurjee and
Panda [12] developed a methodology to study the existence of the solutions of an interval
optimization problem. Very recently, Zhang et al. [13] discussed the optimality conditions
and duality results for interval-valued optimization problems under generalized preinvex-
ity.

Convexity plays an important role in proving the existence of a solution of a general
optimization problem. Hence there is a need to study the convex property of interval op-
timization problems. One of the most useful generalizations of convexity was introduced
by Hanson [14]. For details, readers are advised to see [15]. After the concept of p — (n,0)-
invex function and (p, r)-invex function had been introduced by Zalmai [16] and Antczak
[17], respectively, Mandal and Nahak[18] proposed a new concept of (p,r) — p — (1,0)-
invex function and established some symmetric duality results. Recently, Jayswal et al.
[19] derived sufficient optimality conditions and duality theorems for interval-valued op-
timization problems involving generalized convex functions.

In this paper, we consider an interval-valued optimization problem in which the ob-
jective function is an interval-valued function and the constraint functions are real-
valued, and derive sufficient optimality conditions and duality theorems under general-
ized (p,r) — p — (n, 6)-invexity. The organization of the paper is as follows. In Section 2, we
recall some definitions and some basic properties related to interval-valued optimization
problems. In Section 3, some sufficient optimality conditions for a class of interval-valued
programming problems are discussed. Wolfe and Mond-Weir type duality theorems are
obtained in Sections 4 and 5, respectively. Conclusion and future work are proposed in

Section 6.

2 Notation and preliminaries
Let I be a class of all closed and bounded intervals in R. Throughout this paper, when we
say that A is a closed interval, we mean that A is also bounded in R. If A is a closed interval,
we use the notation A = [at,a"], where a* and a mean the lower and upper bounds
of A, respectively. If al = a = a, then A = [a,a] = a is a real number. Let A = [al,aY],
B = [b',bY] € I, we define

(i) A+B={a+b:acAandbe B} =[a" +b',a" + bY],

(ii) —A={-a:acA)=[-a¥, -d"].
Therefore we see that A — B= A + (—B) = [a* — b¥,a" — b']. We also have

() k+A={k+a:aecA)=[k+a" k+a"],
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kat, ka¥] ifk>0,
[ka', ka] ifk<0,
Let R" denote an n-dimensional Euclidean space. The function F : R” — [ is called an

(i) kA={ka:acA}= where k is a real number.

interval-valued function, i.e., F(x) = F(x1, %2, ...,%,) is a closed interval in R for each x € R".
The interval-valued function F can also be written as F(x) = [FX(x), FY(x)], where FL(x),
FY(x) are real-valued functions defined on R" and satisfy the condition F(x) < FY(x) for
each x € R". We note that [F(x)]* = FX(x) and [F(x)]¥ = FY(x).

In interval mathematics, an order relation is often used to rank interval numbers and
it implies that an interval number is better than another but not that one is larger than
another. For A = [al,a"] and B = [b', %], we write A <y B if and only if a’ < b* and
a' < bY. It is easy to see that <; is a partial ordering on I. Also, we can write A <;;; B if
and only if A <;;y Band A # B.

Equivalently, A <y B if and only if

ak < bk, a’<b¥ or
at < bt a’ <b¥ or
ak < bt a’ < bY.

Definition 2.1 [18] Let f : R” — R be a differentiable function and let p, r be arbitrary
real numbers. If there exist n: R” x R” — R", 6 : R" x R" — R" and p € R such that the

relations
’lj(e’(f(x)_f(y)) -1)(>) = I%Vf(y) (e"”("'y) -1)+p ||9(x,y) ||2 forp #0,r #0,
%(erwx)fm)) ~1)(>) = Vf0)n.p) + p6(x)|”  for p=0,r#0,

S =) = ;Vf(y)(ep"("’y) -1) +p|6(x,) ”2 forp #0,r=0,
F&) —fO)>) = V@) + p|6@y)|° forp=0,r=0

hold, then f is said to be (strictly) (p, ) — p — (1,0)-invex at the point y on R” with respect
ton, 6.

Definition 2.2 Let f : R” — R be a differentiable function and let p, r be arbitrary real
numbers. If there exist  : R” x R” — R", 6 : R" x R" — R" and p € R such that the relations

I%Vf(y)(ep”(x’y) -1) +p[0@xy) ||2 >0= %(e’(f(x)’f(y» -1)(>)=0 forp#0,r#0,
VIin(xy) + p||9(x,y) ||2 >0= %(e’(f(x)—f(y)) ~1)(>)>0 forp=0,r#0,
]%Vf(y)(ep"(”’y) - 1) + p||9(x,y) ||2 >0=f(x)-f)(>)=>0 forp#0,r=0,

Vi@ + 0] 0@ )| = 0= f&) -f()(>) =0 forp=0,r=0

hold, then f is said to be (strictly) (p,7) — p — (,0)-pseudo-invex at the point y on R” with
respect to n, 6.
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Definition 2.3 Let f: R” — R be a differentiable function and let p, r be arbitrary real
numbers. If there exist n : R” x R" — R",6 : R" X R" — R" and p € R such that the relations

(e’(f(x)’f(y)) - 1) <0= ;Vf(y)(ep”("’y) - 1) <-p ||9(x,y) ||2 forp #0,r #0,

(e'(f(x)_f(y)) - 1) <0= Vfnxy) <-p ||9(x,y) ||2 forp=0,r#0,

NIl= X

f@-f()<0= ;Vfw(emﬁ ~1) <—p|6@y)|* forp#0,r=0,
@) —f() <0 = VfO)ny) <-p|6@y)|* forp=0r=0

hold, then f is said to be (p,7) — p — (n,6)-quasi-invex at the point y on R” with respect to
n, 6.

Remark 2.1 It should be noted that the exponentials appearing on the right-hand sides
of inequalities above are understood to be taken componentwise and 1 =(1,1,...,1) € R".

Remark 2.2 All theorems in this paper will be proved only in the case when p 70, r #0
(other cases can be dealt with likewise since the only changes arise in a form of inequality).
Moreover, without loss of generality, we shall assume that r > 0, p > 0 (in the case when
r <0, p <0, the direction of some of the inequalities in the proof of the theorems should
be changed to the opposite one).

In this paper, we consider the following primal optimization problem with interval-
valued objective function:

(IVP) minF(x) = [F"(x), FY (x)]

subject to gi(x) <0, j=1,2,...,m,

where F : R” — I is an interval-valued function and g; : R” — R is a real-valued function.
Let Q = {x e R” : gi(x) <0,/ = 1,2,...,m} be the set of all feasible solutions of (IVP). We
also denote by Obj(F, 2) = {F(x) : x € 2} the set of all objective values of primal problem
(IVD).

Definition 2.4 [20] Let x" be a feasible solution of the primal problem (IVP). We say that
x" is a LU optimal solution of problem (IVP) if there exists no xo € € such that F(xo) <11/
F(x").

Theorem 2.1 (Karush-Kuhn-Tucker type conditions [9]) Assume that x is a LU optimal
solution of primal problem (IVP) and F, gj, j = 1,2,...,m, are differentiable at x . Sup-
pose that the constraint function gj, j =1,2,...,m, satisfies the suitable Kuhn-Tucker con-
straint qualification [9] at x". Then there exist multipliers 0 < §-,6¥ € Rand 0 < ju; € R,
j=1,2,...,m, such that

ELVEH(x') + EYVFY (') + ) Vg(x) =0, 6))
j=1

'u/lg](x*) :0, j:1,2,...,m. (2)
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3 Sufficient optimality conditions
In this section, we shall establish the following sufficient optimality conditions for (IVP).

Theorem 3.1 (Sufficiency) Let x* € Q be a feasible solution of (IVP). Suppose that the
objective function F and the constraint function g, j =1,2,...,m, are differentiable at x".
Assume that F* and FY are (p,r) — p1 — (n,0)-invex and (p,r) — p; — (n,0)-invex, respec-
tively, with respect to n, 6 and Z/'Zl g is (p,r) — p3 — (n,0)-invex with respect to 1, 0 at
x with (ELpy + E%py + p3) > 0. If there exist (Lagrange) multipliers 0 < £L,6Y € R and
= (1, fos s i), 0 S wj € R, j=1,2,...,m, such that (x,§-, Y, u) satisfies (1) and (2),
then x" is a LU optimal solution to problem (IVP).

Proof Let x” be not a LU optimal solution of (IVP). Then there exists a feasible solution
%o € Q such that

F(xo) <ru F(x*).
That is,

Fh(xo) < FH(x), Fh(x0) < F-(x), FL(xo) < FL(x),
Fll(xo) < FU(x), Fll(xg) < FU(x), Fll(xo) < FU(x).

Since r > 0, using the property of an exponential function, we obtain

{ LigrF wo)-FH ) _q] < 0, { [e1FF@0)-F )} _ 1] < 0,
r or -

1
p
LrertFe0)-F6) _ 1] < 0 1
r 4 r

[ FYGo-FY6D) 1] < 0,

Her{#(xo)—#(x’)] ~1]<o0,
LertFGo)-F1)) _q] < 0.
, <
Using the above inequalities and the (p, ) — o1 — (17, 8)-invexity of F£ and the (p, ) — p —
(n,0)-invexity of FY at x™ , we get

SIVEL G} ) ~ 1) + p1]10xo, )2 <O,
SIVEY ) ere0%) —1) + ps 160, %) 1” < O,

LIVFL ()} (e?"50%) — 1) + py |0/(xo,2) || <0,

. or
SIVEY ()} (e ) —1) + 016 (x0, %) 1> < O,

LIVFL()}(e?"50%) —1) + py 010, %) 1% < O,
SIVEY ()} (er0) 1) + p3]|6 (x0,4)|> < 0.

Since €L > 0 and £¥ > 0, from the above inequalities, we get

LR ) TP ) @) )

€010 a0, [ + £ |0 50, | <0. ®)
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On the other hand, from the feasibility of xy to (IVP), we have
gx0) <0, j=12,...,m.

Since u; >0,/ =1,2,...,m, the above inequality together with (2) yields
> wigitxo) < wg(x).
j=1 j=1

As r > 0, using the property of an exponential function, we get

}[ &P mge0-Y ) 1] < o,
r

which together with the assumption that Z;Zl wig is (p,r) — ps — (n,0)-invex at x~ gives
1S g e @0 1) gl <O @
j=1

On adding (3) and (4), we get

llg(e””("o"“,) -1) |:§LVFL () +EYVFY (x) + Z ungj(x"):|
j=1

+ (8 01+ &% ps + p3) |0 (x0, %) <0,

Therefore, from the hypothesis that (0, + £, + p3) > 0 and the above inequality, we
get

1 : . " e .
il (epﬂ(x(),x ) _ 1) |:§LVFL(x ) + gUVFU(x ) + Z pL/ng(x ):| <0,
V4 5
j=1
which contradicts (1). Therefore x” is a LU optimal solution of (IVP). This completes the
proof. d

Theorem 3.2 (Sufficiency) Let x € Q be a feasible solution of (IVP). Suppose that the
objective function F and the constraint function g, j =1,2,...,m, are differentiable at x .
Assume that (EFF- + EUFY) is (p,r) — o — (n,0)-pseudo-invex with respect to 1, 0 and
> g is (p,1) = pa — (n,0)-quasi-invex with respect to 1), 0 at x with (p1 + p2) > 0.
If there exist (Lagrange) multipliers 0 < £%,6Y € R and = (w1, 2, ..., i), 0 < uj € R,
j=1,2,...,m, such that (x",&,EY, 1) satisfies (1) and (2), then x” is a LU optimal solution
to problem (IVP).

Proof Let x” be not a LU optimal solution of (IVP). Then there exists a feasible solution
xo €  such that

F(QC()) <Lu F(x*)
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That is,

FE(xo) < FE(x), . FL(xo) < FE(x"), . FL(xo) < FL(x),
FU(x) <FUG), | Flao) < FUGD), 0 | Fro) < FU(X).

Since £- > 0 and €Y > 0, from the above inequalities, we have
ELF (x0) + EYFY (o) < €' FH(x") + EYFY ().

As r > 0, using the property of an exponential function, we get

1

[er{@LFL<xo>+s”F”(xo)>—<sLFL(x*>+,é”P”<x*>>} ~1] <o,
r

which together with the assumption that ELFL + EYFU is (p,r) — p1 — (1,0)-pseudo-invex
at x~ gives

;{ELVFL (x) + EUVFU(x*)}(e””(xO’x*) ~1) + p1]|0 (%0, %) ”2 <0. (5)
On the other hand, from the feasibility of xy to (IVP), we have
gx0) <0, j=12,...,m.

Since u; > 0,/=1,2,...,m, the above inequality together with (2) yields
Z ;g (o) < Z g (x).
j=1 j=1

As r > 0, using the property of an exponential function, we get

l[er[Z}’ll 1igi(x0) =21 g} _ 1] <0,
r

which together with the assumption that Z,m=1 wig; is (p,r) — pa — (n,60)-quasi-invex at x°
gives

1% > Vg () (@) <1) + |0 wo,x) |* < 0. (6)
j=1

On adding (5) and (6), we get

1

. () _1) [gLVFL (x) + eYVFU(x") + ZM;‘V&'(’C#)}
j=1

+ (o1 + ,02)”9(960,96*) ”2 <0.

Since (p; + p2) > 0, we have

;(epn(xo,x’) _ 1) |:§-va'l’ (x*) + SUVFU(X*) + Zﬂjvg](x*):| < O’
j=1
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which contradicts (1). Therefore x” is a LU optimal solution of (IVP). This completes the
proof. O

4 Wolfe-type duality
In this section, we consider the following Wolfe-type dual problem:

(WD) maxF()+ ) 1g()

j=1

subject to

E'VFH) +EYVEY () + Y 1y Vgy) = 0, (7)
j=1

EX>0,6Y>0,;>0,j=1,2,...,m, (8)

where F(y) + 37" 1;gi(y) = [F*(9) + 271 1), FY () + 77 wigi()] is an interval-valued

function.

Definition 4.1 Let (y',& L& ") be a feasible solution of dual problem (WD). We say
that (y,&%, &%, 11") is a LU optimal solution of dual problem (WD) if there exists no
(0,6",5™, 1) such that FO') + Y7 wig(v) <eu FO) + X7 g/ 0).

Theorem 4.1 (Weak duality) Let X, be an open subset of R". Let F and gj,j =1,2,...,m, be
differentiable on Xo. Suppose that x and (y, EL, Y, 1) are the feasible solutions to (IVP) and
(WD), respectively. Further assume that £ > 0, Y > 0 and wj=>0,j=12,...,m,such that
gLPL L gUFU 4 1 g i (p,1) = p — (1, 0)-invex with respect to n, 6 at y with glygd =1
and p > 0. Then

F@x) = FO) + ) mg0).

-1

Proof Suppose contrary to the result that

Fx) <ou FO) + Y 11ig ().
j=1
That is,
FL(x) < FY () + 27 g1 ), o Fhx) < F() + 207 wigi ),
FU(x) <FU() + 7, 11ig1(), FY(x) < FY(y) + 27 1),

FL(x) < FL0) + X g ),
Fi(x) < FU(4) + Y0, g ).

Since £ > 0, £¥ > 0 and £ + £Y =1, the above inequalities together with the feasibility
of x to (IVP) become

EVFM) + EUFY () + ) g < EMFR0) + YY) + D igi(). )

j=1 j=1

Page 8 of 14
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From the assumption that £&"F* + YFY + 37" j1;g; is (p,7) — p — (n,6)-invex at y, we have

1[er{<sLFL<x>+s“F”(x)+ 7 g @)=L FE o)+ FY () + ,’L’lu/g,'(y))}_l]
r

> 1% |:$LVFL()/) +EUVEU(y) + Zu,'Vg;(y)} (¢ 1) + p[[0x ).

j=1

The above inequality together with (7) and p > 0 yields

1 [/ PO P g )L LN PO g 0D) 1] 5 g,
r

Since r > 0, using the property of an exponential function, we get

ELFR ) + EYFY () + ) wigx) = ELFE ) + EYFY () + > wigi(y),

j=1 j=1
which contradicts the inequality (9). This completes the proof. O

Theorem 4.2 (Strong duality) Let x* be a LU optimal solution to (IVP) at which Kuhn-
Tucker constraints qualification are satisfied. Then there exist €™ >0, & >0 and 1/’ > 0
such that (x', €™, &Y, ") is feasible for (WD) and the two objectives have the same value.
Further, if the hypothesis of weak duality Theorem 4.1 holds for all feasible solutions
L& e W), then (7, &€ W) is a LU optimal solution to (WD).

Proof Since x™ is a LU optimal solution to (IVP) and the Kuhn-Tucker constraints qualifi-
cation are satisfied at x”, then by Theorem 2.1, there exist multipliers £ > 0, £ > 0 and
;= 0,j=12,...,m, such that

ETVF () + £ VY (x) + ) wivg(x) = 0,

-1
) =0
which yields that (x”, L&'t 1") is a feasible solution for (WD) and corresponding objec-

tive values are the same. Further, if (x", £, &%, ") is not a LU optimal solution of (WD),
then there exists a feasible solution (y,&"*,&"%, ") for (WD) such that

F&) < PO) + Y migo),

which contradicts weak duality Theorem 4.1. Hence (x",&"", €%, ") is a LU optimal solu-
tion to (WD). O

Theorem 4.3 (Strict converse duality) Let Xo be an open subset of R". Let F and g,
j=1,2,...,m, be differentiable on Xo. Suppose that x" and (y,&"*,&"Y, \*) are the feasi-
ble solutions to (IVP) and (WD), respectively. Assume that € "FL + £ FU + e /L;g/ is
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strictly (p,r) — p — (n,0)-invex with respect to n, 0 aty” with p > 0 and
L .
EPL () + &Y (x Z,ng, <&'FLy) +£YFY(y Zulg] (10)

Thenx =y

Proof Now we assume that x” # ¥ and exhibit a contradiction. From the assumption that
gltpl y g Upu i /L]g, is strictly (p,7) — p — (n,6)-invex at y', we have

}[er{(s’LFH D PG gy ) <s*LPL<y‘)+s*”F”(y*>+z;ﬁlu;gj@*))}_1]
r

>1;[5 VELy) + £ VEY () + D 1V ly )}(‘*’m -1+ ooy

j=1
From the feasibility of (y,&™", &Y, ") to (WD), the above inequality together with the
hypothesis p > 0 yields

}[er{(s’LFH D PG gy ) <s”LFL<y’)+e‘“”F”(y‘“>+z;ﬁlu;gj@”))}_1]>0_
r

Since r > 0, using the property of an exponential function, we get
<L
) ) D)€ ) 1€ )+ 3 el

which contradicts (10). This completes the proof. d

5 Mond-Weir type duality
In this section, we consider the following Mond-Weir type dual problem for (IVP):

(MWD) maxF(y) = [FL()/),FU()/)]

subject to

E'VF () + UVFY () + ) 1 Vg0) = 0, (11)
j=1

wig =0,j=1,2,...,m, (12)

£1>0,Y>0,0;>0,j=1,2,...,m. (13)

Definition 5.1 Let (y,£ £ &Y. 1" be a feasible solution of dual problem (MWD). We say
that (y,&",&"Y, 1*) is a LU optimal solution of dual problem (MWD) if there exists no

(€™, &"Y, 1) such that F(y') <. F(y).

Theorem 5.1 (Weak duality) Let Xy be an open subset of R". Let F and gj, j = 1,2,...,m,
be differentiable on X,. Suppose that x and (y,&L, €Y, 1) are the feasible solutions to (IVP)
and (MWD), respectively. Further assume that there exist & Ls0and &Y > 0 and wj>0,j=
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1,2,...,m,such that (ELFL + EYFY) is (p, r)— p1 — (n,0)-pseudo-invex with respect to n, 6 and
Z;Zl g is (p,r) — p2 — (0, 0)-quasi-invex with respect to n, 6 at y with (p1 + p2) > 0. Then

F(x) >1u F(9).

Proof Suppose contrary to the result that
F(x) <pu F(y).

That is,

FL(x) < FE(y), or FL(x) < FX(y), or FL(x) < FX(y),
FY(x) < FU(y), FUY(x) < FY(y), FY(x) < FY(y).

Since £~ > 0 and £Y > 0, from the above inequalities, we have
EFH(x) + EYFY () < €T FH () + Y FU (). (14)

On the other hand, since u; > 0, =1,2,..., m, from the feasibility of x and (y, LY, 1) to
(IVP) and (MWD), respectively, we obtain

D g <Y wgh)-
j=1 j=1

Since r > 0, using the property of an exponential function, we get

1

[er{Z;Zl u,-g,'(x)*z,”il ﬂjg/'(y)} _ 1] < 0’
r

which together with the assumption that Z;Zl g is (p,r) — pa — (n,0)-quasi-invex at y,
gives

~ 2 Vg -1)+ el ots )| <o
j=1

Therefore, from (11) and the hypothesis that (o, + p2) > 0, the above inequality yields

;(ep'ﬂx'” ~1)[EEVFH(y) + EYVEY ()] + pr |0 (%, %) ||2 >0,

which together with the assumption that ELFL + EYFY is (p,r) — p1 — (1,0)-pseudo-invex
at y gives

1

[er{(sLFL<x>+s“F“(x)>—(eLFL(y>+5“F”<y)>} -1]>o0.
r

Since r > 0, using the property of an exponential function, we get
MM () + E1FY () 2 £ F () + EYFY ),

which contradicts (14). This completes the proof. d
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Theorem 5.2 (Strong duality) Let x” be a LU optimal solution to (IVP) at which Kuhn-
Tucker constraints qualification are satisfied. Then there exist & o, & U0 and wo>
0 such that (x#,S*L,S*u, W) is feasible for (MWD) and the two objectives have the same
value. Further, if the hypothesis of weak duality Theorem 5.1 holds for all feasible solutions
&Y 1), then (', €1, Y, W) is a LU optimal solution to (MWD).

Proof Since x” is a LU optimal solution to (IVP) and the Kuhn-Tucker constraints qual-
ification are satisfied at x”, then by Theorem 2.1, there exist multipliers £ > 0, £ > 0,

,u,} >0,j=1,2,...,m, such that

m
é*LVFL(x*) + E*UVFU(x*) + Z/LIVg,(x) =0,
jo1

wig(x) =0,

which yields that (x',&"",&"Y, ") is a feasible solution for (MWD) and corresponding ob-
jective values are same. Further, if (x, &, &', 1) is not a LU optimal solution of (MWD),
then there exists a feasible solution (y',£"",&"Y, ") for (MWD) such that

F(x) <Ly F(y ),

which contradicts weak duality Theorem 5.1. Hence (x', & L £ " w’) is a LU optimal solu-
tion to (MWD). O

Theorem 5.3 (Strict converse duality) Let X, be an open subset of R". Let F and g,
j=1,2,...,m, be differentiable on Xo. Suppose that x and (y',& ", &Y, 1) are the fea-
sible solutions to (IVP) and (MWD), respectively. Assume that £™"FF + &Y FU is strictly
(p,r) — p1 — (n,0)-pseudo-invex and Z}’Zl ,u,;gj is (p,r) — pa — (n,0)-quasi-invex with respect
ton, 0 aty with (p1 + p2) > 0 and

TP () + £ YFY () <P () + EVFY(Y). (15)
Thenx =y

Proof Now we assume that x” # 5" and exhibit a contradiction. From the assumption that
(v,&", &Y, 1) is a feasible solution for (MWD), we get

m

S*LVFL(y*) + é*uVFu(y*) + Z /A;Vg/(y*) =0. (16)
j=1

Since ,u} >0,j=1,2,...,m, from the feasibility of x" and (y:T,S*L,S*U,M*) to (IVP) and
(MWD), respectively, we obtain

Y wg) <Y wegl).
j=1 J=1
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As r > 0, using the property of an exponential function, we get

1

[/ S-SR 0 1] <,
r

which together with the assumption that Z}mzl /L;gj is (p,7) — p2 — (n,0)-quasi-invex at y’
gives

m

;Z“;V&(y)(e”"(x’”—l)+p2||9(x,y)||250.
1

Therefore, from (16) and the hypothesis that (0, + p2) > 0, the above inequality yields

1 S . « P . PR

S - [ETVEY) + £ TVE)] 4+ iflo () [P = 0,

which together with the assumption that & “F- + £ FU is strictly (p, r) - p, — (1, 6)-pseudo-
invex at y” gives

1 [ P P PO PO ] 5,

r

Since r > 0, using the property of an exponential function, we get
«L * «U N «L N «U N
£ F(x)+& FY(x)>& F(y)+& FY(y),
which contradicts (15). This completes the proof. d

6 Conclusion

In this paper, we have derived sufficient optimality conditions for a class of interval-valued
optimization problems under generalized invex functions. Weak, strong and strict con-
verse duality theorems are discussed for two types of the dual models. It will be interesting
to obtain the optimality and duality theorem for a class of interval-valued programming
under generalized invexity assumptions in which the involved functions are non-smooth.
Moreover, it will also be interesting to see whether the second-order duality results for
a class of interval-valued programming problem hold or not. This will orient the future
research of the authors.
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