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Abstract
An uncertain set, as a generalization of the uncertain variable, is a set-valued function
on an uncertainty space. It provides theoretical foundations for uncertain inference
and uncertain logic. This paper aims at providing some inequalities in the framework
of uncertain set theory, including the Markov inequality, the Chebyshev inequality,
the Jensen inequality, the Hölder inequality, and the Minkowski inequality. In
addition, this paper applies these inequalities to the area of incomplete uncertain
knowledge representation.
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1 Introduction
Probability theory, since it was founded by Kolmogorov in  based on normality, non-
negativity, and countable additivity axioms, has been widely used to model the indeter-
minacy phenomena. A premise of applying probability is that the obtained probability
distribution is close enough to the real frequency, which is ignored by many researchers.
Usually, we need many samples to obtain the probability distribution via statistics, but in
real life we sometimes have no sample due to economical or technological reasons. In this
case, we have to invite some experts to evaluate the belief degree that a possible event oc-
curs. For example, the bearing capacity of a bridge generally is obtained not from repeated
trials but from the belief degree of bridge engineers.
The belief degree was once treated as probability distribution of a random variable,

which led to some counterintuitive results. Interested readers may refer to Liu [] for an
example. In order to deal with belief degree, Zadeh [] proposed the concept of a fuzzy set
via the membership function in , and Zadeh [] proposed possibility theory in 
as a theoretical foundation of the fuzzy set. Except for Zadeh’s possibility theory, a theory
of imprecise probability was introduced by Dempster [] in , and further elaborated
by Shafer [] in . Essentially, imprecise probability is a set-valued mapping on a prob-
ability space. In addition, in order to deal with the belief degree, a prospect theory was
proposed by Kahneman and Tversky [] in , and a rough set theory was founded by
Pawlak [] in .
In order to study the belief degree, an uncertainty theory was founded by Liu [] in 

and revised by Liu [] in  based on normality, duality, subadditivity, and product ax-
ioms. In order to indicate the belief degree, concepts of uncertainmeasure and uncertainty
space were proposed. Then Gao [] studied the property of continuous uncertain mea-
sure. Similar to random variable, uncertain variable was defined as a measurable function
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on the uncertainty space. After that, You [] studied the convergence of a sequence of
uncertain variables. Liu and Ha [] proved the linearity of the expected value operator
of uncertain variables, and Chen and Dai [] proposed a maximum entropy principle for
uncertain variables.
In , Liu [] proposed a concept of an uncertain set as a generalization of the un-

certain variable. Meanwhile, he defined a membership function to describe an uncertain
set, and he gave the concept of the expected value to model the size of an uncertain set. In
order to derive consequences from human knowledge, Liu [] proposed uncertain infer-
ence via uncertain set theory. After that, Gao et al. [] extended the inference rule to the
case with multiple antecedents and multiple if-then rules. In addition, Liu [] presented
the concepts of uncertain system and uncertain inference controller. Then Peng and Chen
[] proved that an uncertain system is a universal approximator. As an application, Gao
[] balanced an inverted pendulum by using the uncertain inference control. Except for
uncertain inference, the uncertain set has also been used to uncertain logic (Liu []) as a
tool to calculate the truth value of an uncertain proposition.
In , Liu [] recast uncertain set theory. He redefined the concept of membership

function and provided the operational law of uncertain sets via inverse membership func-
tions. Meanwhile, Liu proposed the concept of entropy to describe the divergence of an
uncertain set. After that, Yao [] proved that the entropy operatormeets the requirement
of positive linearity. As an extension, Wang and Ha [] proposed the quadratic entropy
for an uncertain set. In this paper, we will give some inequalities of uncertain set as well
as their applications. The rest of this paper is structured as follows. The next section is
intended to introduce some concepts in uncertain set theory. Then some inequalities in-
volving a single uncertain set are given in Section , and some inequalities involving mul-
tiple uncertain sets are given in Section . After that, we apply the inequalities to the area
of representing incomplete knowledge in Section . At last, some remarks are made in
Section .

2 Preliminary
Uncertainty theory is a branch of mathematics based on normality, duality, subadditivity,
and product axioms. So far, it has brought about many branches such as uncertain pro-
gramming (Liu []), uncertain risk analysis (Liu []), uncertain process (Liu []), uncer-
tain differential equation (Liu [], Yao []), uncertain logic (Liu []), uncertain finance
(Liu [], Yao []), and uncertain inference control (Liu [], Gao []). In this section,
we will introduce some useful definitions as regards the uncertain set.

Definition  (Liu []) Let � be a nonempty set, and L be a σ -algebra on �. A set function
M is called an uncertain measure if it satisfies the following axioms.

Axiom : (Normality)M{�} = ;
Axiom : (Duality)M{�} +M{�c} =  for any � ∈L;
Axiom : (Subadditivity) For every sequence of {�i} ∈L, we have

M

{ ∞⋃
i=

�i

}
≤

∞∑
i=

M{�i}.

In this case, the triple (�,L,M) is called an uncertainty space.
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Besides, an axiom called product axiom was given by Liu [] for the operation of un-
certain sets in .

Axiom : (Product Axiom) Let (�k ,Lk ,Mk) be uncertainty spaces for k = , , . . . .
Then the product uncertain measureM is an uncertain measure satisfying

M

{ ∞∏
i=

�k

}
=

∞∧
k=

Mk{�k},

where �k are arbitrarily chosen events from Lk for k = , , . . . , respectively.

Definition  (Liu []) An uncertain set is a measurable function ξ from an uncertainty
space (�,L,M) to a collection of sets of real numbers, i.e., for any Borel set B of real num-
bers, the following two sets:

{ξ ⊂ B} = {
γ ∈ � | ξ (γ ) ⊂ B

}
, {B⊂ ξ} = {

γ ∈ � | B ⊂ ξ (γ )
}

are events.

Let ξ and η be two uncertain sets on an uncertainty space (�,L,M). Then the union
ξ ∪ η of uncertain sets ξ and η is defined by

(ξ ∪ η)(γ ) = ξ (γ )∪ η(γ ), ∀γ ∈ �.

The intersection ξ ∩ η of uncertain sets ξ and η is defined by

(ξ ∩ η)(γ ) = ξ (γ )∩ η(γ ), ∀γ ∈ �.

The complement ξ c of the uncertain set ξ is defined by

ξ c(γ ) =
(
ξ (γ )

)c, ∀γ ∈ �.

They are all uncertain sets.

Definition  (Liu []) An uncertain set ξ is said to have a membership function μ if the
equations

M{B⊂ ξ} = inf
x∈Bμ(x), M{ξ ⊂ B} =  – sup

x∈Bc
μ(x)

hold for any Borel set B of real numbers.

If an uncertain set ξ has a membership function μ, then we have μ(x) = M{x ∈ ξ}.
Liu [] proved that a real-valued function μ is a membership function if and only if
≤ μ(x) ≤ .

Example  Take the uncertainty space {�,L,M} to be [, ] with M{[,γ ]} = γ for each
γ ∈ [, ]. Then the uncertain set

ξ (γ ) = [,
√
 – γ ]
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has a membership function

μ(x) =

{
 – x, if x ∈ [, ],
, otherwise.

In order to get the membership function of an uncertain set, Liu [] designed a ques-
tionnaire for collecting expert’s experimental data, and he employed the least square
method to deduce the membership function. First we get an expert’s experimental data

(x,α), (x,α), . . . , (xn,αn)

by asking the expert some questions like

‘How likely does xi belong to ξ?’

Then we calculate

min
θ

n∑
i=

(
μ(x|θ ) – αi

),
where μ(x|θ ) is a membership function with an unknown parameter θ .

Definition  (Liu []) Let ξ be an uncertain set with a membership function μ. Then
the set-valued function

μ–(α) =
{
x ∈ 	 | μ(x)≥ α

}
, ∀α ∈ [, ]

is called the inverse membership function of ξ .

A membership function is said to be regular if there exists a point x such that μ(x) = 
and μ(x) is unimodal about the point x. If μ is a regular membership function, then the
function μ–

l (α) = infμ–(α) is called the left inverse membership function, and the func-
tion μ–

r (α) = supμ–(α) is called the right inverse membership function. Note that μ–
l (α)

is increasing and μ–
r (α) is decreasing with respect to α.

Example  The word ‘young’ may be regarded as an uncertain set ξ with a membership
function

μ(x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(x – )/, if ≤ x ≤ ,
, if  < x < ,
( – x)/, if  ≤ x≤ ,
, otherwise.

In this case, the inverse membership function of ξ is

μ–(α) = [ + α,  – α],

http://www.journalofinequalitiesandapplications.com/content/2014/1/169
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and the left and right inverse membership functions of ξ are

μ–
l (α) =  + α, μ–

r (α) =  – α,

respectively.

The inverse membership function plays an important role in the operation of indepen-
dent uncertain sets.

Definition  (Liu []) The uncertain sets ξ, ξ, . . . , ξn are said to be independent if for
any Borel sets B,B, . . . ,Bn, we have

M

{ n⋂
i=

(
ξ ∗
i ⊂ Bi

)}
=

n∧
i=

M
{
ξ ∗
i ∈ Bi

}
, M

{ n⋃
i=

(
ξ ∗
i ⊂ Bi

)}
=

n∨
i=

M
{
ξ ∗
i ∈ Bi

}
,

where ξ ∗
i are arbitrarily chosen from {ξi, ξ c

i }, i = , , . . . ,n, respectively.

Theorem  (Liu []) Let ξ and η be independent uncertain sets with regular membership
functions μ and ν , respectively. If f (x, y) is monotone increasing with respect to x and y,
then τ = f (ξ ,η) is an uncertain set with a regular membership function λ where

λ–
l (α) = f

(
μ–
l (α),ν–

l (α)
)
, λ–

r (α) = f
(
μ–
r (α),ν–

r (α)
)
.

Definition  (Liu []) Let ξ be a nonempty uncertain set. Then the expected value of ξ

is defined by

E[ξ ] =
∫ +∞


M{ξ ≥ x}dx –

∫ 

–∞
M{ξ ≤ x}dx,

provided that at least one of the two integral is finite.

When the uncertain set ξ has a regular membership function μ(x) with μ(x) = , Liu
[] proved that

E[ξ ] = x +



∫ +∞

x
μ(x) dx –




∫ x

–∞
μ(x) dx =




∫ 



(
μ–
l (α) +μ–

r (α)
)
dα.

In addition, for independent uncertain sets ξ and η, we have

E[aξ + bη] = aE[ξ ] + bE[η]

for any real numbers a and b.

Definition  (Liu []) Let ξ be an uncertain set with finite expected value e. Then the
variance of ξ is defined by

V [ξ ] = E
[
(ξ – e)

]
.

http://www.journalofinequalitiesandapplications.com/content/2014/1/169
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3 Inequalities of single uncertain set
Inequalities play an important role in estimating the range of a variable. The Markov in-
equality, the Chebyshev inequality, and the Jensen inequality have been introduced to
probability theory and uncertainty theory, and they have found many applications. In this
section, we will consider the Markov inequality, the Chebyshev inequality, and the Jensen
inequality in the framework of uncertain set theory.

Theorem  Let ξ be an uncertain set, and f be a nonnegative function. If f is even and
increasing on [, +∞), then for any given number t > , we have

M
{|ξ | ≥ t

} ≤ E[f (ξ )]
f (t)

.

Proof Note that M{|ξ | ≥ f –(r)} is a decreasing function of r on [,+∞). It follows from
the nonnegativity of f that

E
[
f (ξ )

]
=

∫ +∞


M

{
f (ξ )≥ r

}
dr =

∫ +∞


M

{|ξ | ≥ f –(r)
}
dr

≥
∫ f (t)


M

{|ξ | ≥ f –(r)
}
dr ≥M

{|ξ | ≥ f –
(
f (t)

)}∫ f (t)


dr

=M
{|ξ | ≥ t

}
f (t).

The inequality is thus verified. �

Theorem  (Markov inequality) Let ξ be an uncertain set. Then for any given numbers
t >  and p > , we have

M
{|ξ | ≥ t

} ≤ E[|ξ |p]
tp

.

Proof Take f (x) = |x|p in Theorem , and this inequality follows immediately. �

Theorem  (Chebyshev inequality) Let ξ be an uncertain set with a finite expected value
E[ξ ]. Then for any given number t > , we have

M
{∣∣ξ – E[ξ ]

∣∣ ≥ t
} ≤ V [ξ ]

t
.

Proof Replace the uncertain set ξ with ξ – E[ξ ], and take f (x) = |x| in Theorem . Then
the inequality follows immediately. �

Theorem  (Jensen inequality) Let ξ be an uncertain set with regular membership func-
tion, and f :	 → 	 be a convex function. If E[ξ ] and E[f (ξ )] are finite, then

f
(
E[ξ ]

) ≤ E
[
f (ξ )

]
.

Especially, when f (x) = |x|p and p ≥ , we have |E[ξ ]|p ≤ E[|ξ |p].

http://www.journalofinequalitiesandapplications.com/content/2014/1/169
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Proof Since f is a convex function, for each x and y, there exists a number k such that
f (x) – f (y) ≥ k(x – y). Let μ denote the membership function of ξ . Taking x = μ–

l (α) and
y = E[ξ ], we have

f
(
μ–
l (α)

)
– f

(
E[ξ ]

) ≥ k
(
μ–
l (α) – E[ξ ]

)
. ()

Taking x = μ–
r (α) and y = E[ξ ], we have

f
(
μ–
r (α)

)
– f

(
E[ξ ]

) ≥ k
(
μ–
r (α) – E[ξ ]

)
. ()

By the inequalities () and (), we have



(
f
(
μ–
l (α)

)
+ f

(
μ–
r (α)

))
– f

(
E[ξ ]

) ≥ k

(
μ–
l (α) +μ–

r (α)
)
– kE[ξ ].

Taking integration with respect to α on [, ], we have

E
[
f (ξ )

]
– f

(
E[ξ ]

) ≥ kE[ξ ] – kE[ξ ] = .

The inequality is thus verified. �

4 Inequalities of multiple uncertain sets
In this section,wewill propose some inequalitieswithmultiple uncertain sets in the frame-
work of uncertain set theory.

Theorem  (Hölder inequality) Let p and q be positive numbers such that /p + /q = ,
and let ξ and η be independent uncertain sets with regular membership functions. Then
we have

E
[|ξη|] ≤ p

√
E
[|ξ |p] q

√
E
[|η|q].

Proof Note that f (x, y) = p√x q√y is a concave function on {(x, y) | x ≥ , y ≥ }. Thus for
any point (x, y) with x >  and y > , there exist two real numbers a and b such that

f (x, y) – f (x, y) ≤ a(x – x) + b(y – y), ∀x≥ , y ≥ .

Let μ and ν denote the regular membership functions of uncertain sets ξ and η, respec-
tively. Taking x = E[|ξ |p], y = E[|η|q], x = (μ–

l (α))p and y = (ν–
l (α))q, we have

f
((

μ–
l (α)

)p, (ν–
l (α)

)q) – f
(
E
[|ξ |p],E[|η|q])

≤ a
((

μ–
l (α)

)p – E
[|ξ |p]) + b

((
ν–
l (α)

)q – E
[|η|q]) ()

for all α ∈ (, ). Taking x = E[|ξ |p], y = E[|η|q], x = (μ–
r (α))p and y = (ν–

r (α))q, we have

f
((

μ–
r (α)

)p, (ν–
r (α)

)q) – f
(
E
[|ξ |p],E[|η|q])

≤ a
((

μ–
r (α)

)p – E
[|ξ |p]) + b

((
ν–
r (α)

)q – E
[|η|q]) ()

http://www.journalofinequalitiesandapplications.com/content/2014/1/169
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for all α ∈ (, ). By the inequalities () and (), we have



(
f
((

μ–
l (α)

)p, (ν–
l (α)

)q) + f
((

μ–
r (α)

)p, (ν–
r (α)

)q)) – f
(
E
[|ξ |p],E[|η|q])

≤ a

((

μ–
l (α)

)p + (
μ–
r (α)

)p) – aE
[|ξ |p] + b


((

ν–
l (α)

)q + (
ν–
r (α)

)q) – bE
[|η|q].

Taking integration with respect to α on [, ], we have

E
[
f
(|ξ |p, |η|q)] ≤ f

(
E
[|ξ |p],E[|η|q]).

The inequality is thus verified. �

Theorem  (Minkowski inequality) Let p be a real number such that p≥ , and let ξ and
η be independent uncertain sets with regular membership functions. Then we have

p
√
E
[|ξ + η|p] ≤ p

√
E
[|ξ |p] + p

√
E
[|η|p].

Proof Note that f (x, y) = ( p√x + p√y)p is a concave function on {(x, y) | x ≥ , y ≥ }. Thus
for any point (x, y) with x >  and y > , there exist two real numbers a and b such that

f (x, y) – f (x, y) ≤ a(x – x) + b(y – y), ∀x≥ , y ≥ .

Let μ and ν denote the regular membership functions of uncertain sets ξ and η, respec-
tively. Taking x = E[|ξ |p], y = E[|η|p], x = (μ–

l (α))p and y = (ν–
l (α))p, we have

f
((

μ–
l (α)

)p, (ν–
l (α)

)p) – f
(
E
[|ξ |p],E[|η|p])

≤ a
((

μ–
l (α)

)p – E
[|ξ |p]) + b

((
ν–
l (α)

)p – E
[|η|p]) ()

for all α ∈ (, ). Taking x = E[|ξ |p], y = E[|η|p], x = (μ–
r (α))p and y = (ν–

r (α))p, we have

f
((

μ–
r (α)

)p, (ν–
r (α)

)p) – f
(
E
[|ξ |p],E[|η|p])

≤ a
((

μ–
r (α)

)p – E
[|ξ |p]) + b

((
ν–
r (α)

)p – E
[|η|p]) ()

for all α ∈ (, ). By the inequalities () and (), we have



(
f
((

μ–
l (α)

)p, (ν–
l (α)

)p) + f
((

μ–
r (α)

)p, (ν–
r (α)

)p)) – f
(
E
[|ξ |p],E[|η|p])

≤ a

((

μ–
l (α)

)p + (
μ–
r (α)

)p) – aE
[|ξ |p] + b


((

ν–
l (α)

)p + (
ν–
r (α)

)p) – bE
[|η|p].

Taking integration with respect to α on [,], we have

E
[
f
(|ξ |p, |η|p)] ≤ f

(
E
[|ξ |p],E[|η|p]).

The inequality is thus verified. �
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5 Applications to knowledge representation
In risk evaluation problems, representing incomplete knowledge plays a crucial role. So
far, various kinds of knowledge have been considered such as expert opinions and poor
statistical information, and different approaches have been proposed for representing the
knowledge based on probability theory (Walley []), possibility theory (Dubois and Prade
[, ]), or the combination of these two theories (Baudrit and Dubois []). Inspired by
Baudrit and Dubois [], this section will give an application of the inequalities in the area
of representing incomplete uncertain knowledge.
Let (�,L,M) be an uncertainty space, and ξ be an uncertain set on (�,L,M). However,

only partly information of ξ is known due to technological or financial constraints, for
example its expected value E[ξ ] and varianceV [ξ ]. This section aims at providing a nested
family A(ξ ) around ξ , which contains and represents the incomplete knowledge about ξ .
The Chebyshev inequality can be written as

M
{∣∣ξ – E[ξ ]

∣∣ ≤ x
√
V [ξ ]

} ≥  –

x

,

where x >  is a real number. Then

M
{
ξ ⊂ [

E[ξ ] – x
√
V [ξ ],E[ξ ] + x

√
V [ξ ]

]} ≥  –

x

.

Assume ξ has a membership function μ. It follows from the definition of membership
function that

M
{
ξ ⊂ [

E[ξ ] – x
√
V [ξ ],E[ξ ] + x

√
V [ξ ]

]}
=  –μ

(
E[ξ ] – x

√
V [ξ ]

) ∨ μ
(
E[ξ ] + x

√
V [ξ ]

)
.

Then we have

μ
(
E[ξ ] – x

√
V [ξ ]

) ∨ μ
(
E[ξ ] + x

√
V [ξ ]

) ≤ 
x

.

As a result, the nested family A(ξ ) is

A(ξ ) =
{
η

∣∣∣ μη

(
E[ξ ] – x

√
V [ξ ]

) ∨ μη

(
E[ξ ] + x

√
V [ξ ]

) ≤ 
x

}
,

where μη is the membership function of the uncertain set η. Writing in the form of the
inverse membership function, we have

A(ξ ) =
{
η

∣∣∣ μ–
η (α)⊂

[
E[ξ ] –

√
V [ξ ]

α
,E[ξ ] +

√
V [ξ ]

α

]
,α ∈ (, ]

}
.

6 Conclusions
In this paper, we proved some inequalities in the framework of uncertain set theory in-
cluding theMarkov inequality, the Chebyshev inequality, the Jensen inequality, theHölder
inequality, and the Minkowski inequality. These inequalities were applied to the area of
representing incomplete uncertain knowledge.
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