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Abstract
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1 Introduction
In [1], Lakshmikantham et al. developed a famous impulsive differential inequality

given as Theorem A below.

Lakshmikantham et al. assume that 0 ≤ t0 <t1 <t2 <..., limk®∞ tk = ∞, R+ = [0, +∞)

and I ⊂ R. They define PC(R+, I) = {u: R+ ® I; u(t) is continuous for t ≠ tk, and u(0+),

u(t−k ) , and u(t+k ) exist, and u(t−k ) = u(tk), k = 1, 2, . . .} and PC1(R+,I) = {u Î PC(R+, I):

u’(t) is continuous everywhere for t ≠ tk, and u’(0+), u′(t+k ) and u′(t−k ) exist, and

u′(t−k ) = u′(tk), k = 1, 2, . . .} .
Theorem A. Assume that

(H0) the sequence {tk} satisfies 0 ≤ t0 <t1 <t2 < ..., limk®∞ tk = ∞;

(H1) m Î PC1[R+, R] and m(t) is left-continuous at tk, k = 1, 2,...;

(H2) for k = 1, 2,..., t ≥ t0,

m′(t) ≤ p(t)m(t) + q(t), t �= tk, (1:1)

m(t+k ) ≤ dkm(tk) + bk, (1:2)

where q, p Î C[R+, R], dk ≥ 0 and bk are constants.

Then,

m(t) ≤ m(t0)
∏

t0<tk<t

dke
∫ t
t0
p(s)ds +

∑
t0<tk<t

⎛
⎝ ∏

tk<tj<t

dje
∫ t
tk
p(s)ds

⎞
⎠bk

+

t∫
t0

∏
s<tk<t

dke
∫ t
s p(σ )dσq(s)ds, t ≥ t0.

(1:3)
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Impulsive differential and impulsive integral inequalities play an important role in the

study of the theory of impulsive differential equations (see [1-4]). In recent years, many

authors have used impulsive (differential or integral) inequalities to investigate proper-

ties of solutions of various impulsive problems, such as existence, uniqueness, bound-

edness, stability, asymptotic behavior, and oscillation etc. (see, for example [5-39]).

There are many good results on the impulsive differential and impulsive integral

inequalities (see for example [40-48]). However, most of these articles deal with jump

conditions at impulse point tk depending on the left-hand limit m(tk) or a time-delay

value, m(tk -τ), τ > 0. Our main goal is to extend the theory of impulsive differential

and impulsive integral inequalities to include integral jump conditions.

In the present article, we will show that Theorem A can be generalized to obtain dif-

ferential inequalities for integral jump conditions by replacing the inequality in (1.2) by

the inequality in (1.4).

m(t+k ) ≤ dkm(tk) + ck

tk−σk∫
tk−τk

m(s)ds + bk, k = 1, 2, . . . , (1:4)

where 0 ≤ sk ≤ τk ≤ tk - tk-1. We note that if ck = 0 for all k = 1, 2,..., then condition

(1.4) reduces to condition (1.2). If dk = 0, ck ≠ 0 and 0 ≤ sk <τk ≤ tk -tk-1, k = 1, 2,...,

then condition (1.4) means that the bound of the jump condition at tk is a functional

of past states on the interval (tk - τk, tk - sk] before the impulse point tk. Moreover, we

establish some new impulsive integral inequalities with integral jump conditions.

At the end of this article, we will show some applications of our results to prove a

maximum principle and the boundedness of solutions for impulsive problems.

2 Main results
Denote l = max{k: t ≥ tk, k = 1, 2,...}. Now we are in the position to state and prove our

results.

Theorem 2.1. Let (H0) and (H1) hold. Suppose that p, q Î C[R+, R] and for k = 1, 2,..., t

≥ t0,

m′(t) ≤ p(t)m(t) + q(t), t �= tk, (2:1)

m(t+k ) ≤ dkm(tk) + ck

tk−σk∫
tk−τk

m(s)ds + bk, (2:2)

where ck, dk ≥ 0, 0 ≤ sk ≤ τk ≤ tk - tk-1 and bk are constants.

Then,

m(t) ≤
⎧⎨
⎩m(t0)

∏
t0<tk<t

⎛
⎝dke∫ tktk−1

p(ξ)dξ
+ ck

tk−σk∫
tk−τk

e
∫ s
tk−1

p(ξ)dξ
ds

⎞
⎠

+
∑

t0<tk<t

⎡
⎢⎣ ∏

tk<tj<t

⎛
⎜⎝dje∫ tjtj−1

p(ξ)dξ + cj

tj−σj∫
tj−τj

e
∫ s
tj−1

p(ξ)dξ
ds

⎞
⎟⎠

×
⎛
⎝dk

tk∫
tk−1

q(s)e
∫ tk
s p(ξ)dξds

+ck

tk−σk∫
tk−τk

s∫
tk−1

q(r)e
∫ s
r p(ξ)dξdrds + bk

⎞
⎠
⎤
⎦
⎫⎬
⎭ e

∫ t
tl
p(ξ)dξ

+

t∫
tl

q(s)e
∫ t
s p(ξ)dξds, t ≥ t0.

(2:3)
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Proof. From (2.1) we have that

d
dt

[
m(t)e−

∫ t
t0
p(ξ)dξ

]
≤ q(t)e−

∫ t
t0
p(ξ)dξ , (2:4)

for t Î [t0, t1]. Integrating (2.4) from t0 to t for t Î [t0, t1], we get

m(t) ≤ m(t0)e
∫ t
t0
p(ξ)dξ +

t∫
t0

q(s)e
∫ t
s p(ξ)dξds. (2:5)

Hence (2.3) is valid on [t0, t1]. Assume that (2.3) holds for t Î [t0, tn] for some inte-

ger n > 1. Then, for t Î [tn, tn+1], it follow from (2.1) and (2.5) that

m(t) ≤ m(t+n)e
∫ t
tn
p(ξ)dξ +

t∫
tn

q(s)e
∫ t
s p(ξ)dξds. (2:6)

Now using (2.2) and (2.6), we have

m(t) ≤
⎛
⎝dnm(tn) + cn

tn−σn∫
tn−τn

m(s)ds + bn

⎞
⎠ e

∫ t
tn
p(ξ)dξ +

t∫
tn

q(s)e
∫ t
s p(ξ)dξds. (2:7)

By the principle of mathematical induction, (2.7) can be expressed as

m(t) ≤
⎧⎨
⎩dn

⎛
⎝
⎧⎨
⎩m(t0)

∏
t0<tk<tn

⎛
⎝dke∫ tktk−1

p(ξ)dξ
+ ck

tk−σk∫
tk−τk

e
∫ s
tk−1

p(ξ)dξ
ds

⎞
⎠

+
∑

t0<tk<tn

⎡
⎢⎣ ∏

tk<tj<tn

⎛
⎜⎝dje∫ tjtj−1

p(ξ)dξ + cj

tj−σj∫
tj−τj

e
∫ s
tj−1

p(ξ)dξ
ds

⎞
⎟⎠

×
⎛
⎝dk

tk∫
tk−1

q(s)e
∫ tk
s p(ξ)dξds

+ck

tk−σk∫
tk−τk

s∫
tk−1

q(r)e
∫ s
r p(ξ)dξdrds + bk

⎞
⎠
⎤
⎦
⎫⎬
⎭ e

∫ tn
tn−1

p(ξ)dξ

+

tn∫
tn−1

q(s)e
∫ tn
s p(ξ)dξds

⎞
⎠ + cn

tn−σn∫
tn−τn

{{
m(t0)

∏
t0<tk<s

(
dke
∫ tk
tk−1

p(ξ)dξ

+ck

tk−σk∫
tk−τk

e
∫ v
tk−1

p(ξ)dξ
dv

⎞
⎠ +

∑
t0<tk<s

⎡
⎣ ∏

tk<tj<s

(
dje
∫ tj
tj−1

p(ξ)dξ

+cj

tj−σj∫
tj−τj

e
∫ v
tj−1

p(ξ)dξ
dv

⎞
⎟⎠
⎛
⎝dk

tk∫
tk−1

q(v)e
∫ tk
v p(ξ)dξdv

+ck

tk−σk∫
tk−τk

v∫
tk−1

q(r)e
∫ v
r p(ξ)dξdrdv + bk

⎞
⎠
⎤
⎦
⎫⎬
⎭ e

∫ s
tn−1

p(ξ)dξ

+

s∫
tn−1

q(v)e
∫ s
v p(ξ)dξdv

⎫⎬
⎭ ds + bn

⎫⎬
⎭ e

∫ t
tn
p(ξ)dξ +

t∫
tn

q(s)e
∫ t
s p(ξ)dξds.

(2:8)
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Set

Ek = dke
∫ tk
tk−1

p(ξ)dξ
+ ck

tk−σk∫
tk−τk

e
∫ s
tk−1

p(ξ)dξ
ds (2:9)

Gk = dk

tk∫
tk−1

q(s)e
∫ tk
s p(ξ)dξds + ck

tk−σk∫
tk−τk

s∫
tk−1

q(r)e
∫ s
r p(ξ)dξdrds + bk. (2:10)

Substituting (2.9), (2.10) into (2.8), we get that for t Î [tn, tn+1]

m(t) ≤
⎧⎨
⎩dn

⎛
⎝
⎧⎨
⎩m(t0)

∏
t0<tk<tn

Ek +
∑

t0<tk<tn

⎡
⎣ ∏

tk<tj<tn

EjGk

⎤
⎦
⎫⎬
⎭ e

∫ tn
tn−1

p(ξ)dξ

+

tn∫
tn−1

q(s)e
∫ tn
s p(ξ)dξds

⎞
⎠ + cn

tn−σn∫
tn−τn

{{
m(t0)

∏
t0<tk<s

Ek

+
∑

t0<tk<s

⎡
⎣ ∏

tk<tj<s

EjGk

⎤
⎦
⎫⎬
⎭ e

∫ s
tn−1

p(ξ)dξ

+

s∫
tn−1

q(v)e
∫ s
v p(ξ)dξdv

⎫⎬
⎭ ds + bn

⎫⎬
⎭ e

∫ t
tn
p(ξ)dξ +

t∫
tn

q(s)e
∫ t
s p(ξ)dξds

=

⎧⎨
⎩
⎛
⎝m(t0)

∏
t0<tk<tn

Ek +
∑

t0<tk<tn

⎡
⎣ ∏

tk<tj<tn

EjGk

⎤
⎦
⎞
⎠ dne

∫ tn
tn−1

p(ξ)dξ

+dn

tn∫
tn−1

q(s)e
∫ tn
s p(ξ)dξds

+

⎛
⎝(m(t0)

) ∏
t0<tk<tn

Ek +
∑

t0<tk<tn

⎡
⎣ ∏

tk<tj<tn

EjGk

⎤
⎦
⎞
⎠ cn

tn−σn∫
tn−τn

e
∫ s
tn−1

p(ξ)dξds

+cn

tn−σn∫
tn−τn

s∫
tn−1

q(v)e
∫ s
v p(ξ)dξdvds + bn

⎫⎬
⎭ e

∫ t
tn
p(ξ)dξ +

t∫
tn

q(s)e
∫ t
s p(ξ)dξds

=

⎧⎨
⎩
⎛
⎝m(t0)

∏
t0<tk<tn

Ek +
∑

t0<tk<tn

⎡
⎣ ∏

tk<tj<tn

EjGk

⎤
⎦
⎞
⎠En + Gn

⎫⎬
⎭ e

∫ t
tn
p(ξ)dξds

+

t∫
tn

q(s)e
∫ t
s p(ξ)dξds

=

⎧⎨
⎩m(t0)

∏
t0<tk<t

Ek +
∑

t0<tk<t

⎡
⎣ ∏

tk<tj<t

EjGk

⎤
⎦
⎫⎬
⎭ e

∫ t
tn
p(ξ)dξds +

t∫
tn

q(s)e
∫ t
s p(ξ)dξds.
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Hence,

m(t) ≤
⎧⎨
⎩m(t0)

∏
t0<tk<t

⎛
⎝dke∫ tktk−1

p(ξ)dξ
+ ck

tk−σk∫
tk−τk

e
∫ s
tk−1

p(ξ)dξ
ds

⎞
⎠

+
∑

t0<tk<t

⎡
⎢⎣ ∏

tk<tj<t

⎛
⎜⎝dje∫ tjtj−1

p(ξ)dξ + cj

tj−σj∫
tj−τj

e
∫ s
tj−1 p(ξ)dξds

⎞
⎟⎠

×
⎛
⎝dk

tk∫
tk−1

q(s)e
∫ tk
s p(ξ)dξds

+ck

tk−σk∫
tk−τk

s∫
tk−1

q(r)e
∫ s
r p(ξ)dξdrds + bk

⎞
⎠
⎤
⎦
⎫⎬
⎭ e

∫ t
tn
p(ξ)dξ

+

t∫
tn

q(s)e
∫ t
s p(ξ)dξds,

for tn ≤ t ≤ tn+1. Therefore, the estimate (2.3) holds for t0 ≤ t ≤ tn+1. This completes

the proof.

Remark 2.2. If ck = 0 for all k = 1, 2,..., then Theorem 2.1 reduces to Theorem A.

Corollary 2.3. Let (H0) and (H1) hold. Suppose that p, q Î C[R+, R] and for k = 1,

2,..., t ≥ t0,

m′(t) ≤ p(t)m(t) + q(t), t �= tk, (2:11)

m(t+k ) ≤ ck

tk−σk∫
tk−τk

m(s)ds + bk, (2:12)

where ck ≥ 0, 0 ≤ sk ≤ τk ≤ tk - tk-1 and bk are constants.

Then,

m(t) ≤
⎧⎨
⎩m(t0)

∏
t0<tk<t

⎛
⎝ck

tk−σk∫
tk−τk

e
∫ s
tk−1

p(ξ)dξ
ds

⎞
⎠

+
∑

t0<tk<t

⎡
⎢⎣ ∏

tk<tj<t

⎛
⎜⎝cj

tj−σj∫
tj−τj

e
∫ s
tj−1

p(ξ)dξ
ds

⎞
⎟⎠

×
⎛
⎝ck

tk−σk∫
tk−τk

s∫
tk−1

q(r)e
∫ s
r p(ξ)dξdrds + bk

⎞
⎠
⎤
⎦
⎫⎬
⎭ e

∫ t
tl
p(ξ)dξ

+

t∫
tl

q(s)e
∫ t
s p(ξ)dξds, t ≥ t0.

(2:13)

The following corollary will be used in our examples. For convenience, we set

Ak =
ck
p
(e−pσk − e−pτk), (2:14)
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Bk =
ck
p

⎛
⎝ep(tk−σk)

tk−σk∫
tk−1

q(r)e−prdr − ep(tk−τk)

tk−τk∫
tk−1

q(r)e−prdr

−
tk−σk∫

tk−τk

q(r)dr

⎞
⎠ + bk.

(2:15)

Corollary 2.4. Let (H0) and (H1) hold. Suppose that q Î C[R+, R], and for k = 1, 2,...,

t ≥ t0,

m′(t) ≤ pm(t) + q(t), t �= tk, (2:16)

m(t+k ) ≤ ck

tk−σk∫
tk−τk

m(s)ds + bk, (2:17)

where p ≠ 0, ck ≥ 0, 0 ≤ sk ≤ τk ≤ tk - tk-1 and bk are constants.

Then,

m(t) ≤ m(t0)

( ∏
t0<tk<t

Ak

)
ep(t−t0) +

∑
t0<tk<t

⎛
⎝ ∏

tk<tj<t

AjBke
p(t−tk)

⎞
⎠ +

t∫
tl

q(s)ep(t−s)ds, (2:18)

for t ≥ t0 where Ak, Bk are defined by (2.14), (2.15), respectively.

Proof. By using Corollary 2.3 and reversing the order of double integration, we have

the required result.

Corollary 2.5. Let (H0) and (H1) hold. Suppose that q Î C[R+, R], and for k = 1, 2,...,t

≥ t0,

m′(t) ≤ q(t), t �= tk, (2:19)

�m(tk) ≤ ck

tk−σk∫
tk−τk

m(s)ds + bk, (2:20)

where �m(tk) = m(t+k ) − m(tk) , ck ≥ 0, 0 ≤ sk ≤ τk ≤ tk - tk-1 and bk are constants.

Then,

m(t) ≤ m(t0)

( ∏
t0<tk<t

[1 + ck(τk − σk)]

)
+
∑

t0<tk<t

⎡
⎣ ∏

tk<tj<t

(
1 + cj(τj − σj)

)

×
⎛
⎝[1 + ck(τk − σk)]

tk−τk∫
tk−1

q(s)ds +

tk−σk∫
tk−τk

[1 + ck(tk − σk − s)]q(s)ds

+

tk∫
tk−σk

q(s)ds + bk

⎞
⎠
⎤
⎦ +

t∫
tl

q(s)ds, t ≥ t0.

(2:21)

Proof. By setting p(t) ≡ 0 and dk = 1(k = 1, 2,...) in Theorem 2.1 and reversing the

order of double integration, we have the required result.
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Next, we give an application of Theorem 2.1 to the determination of a bound for the

solutions of impulsive integral inequalities with integral jump conditions.

Theorem 2.6. Assume that (H0) and (H1) hold. Suppose that p Î C[R+, R+] and for

k = 1, 2,...

m(t) ≤ C +

t∫
t0

p(s)m(s)ds +
∑

t0<tk<t

βkm(tk) +
∑

t0<tk<t

αk

tk−σk∫
tk−τk

m(s)ds, t ≥ t0, (2:22)

where ak, bk ≥ 0, 0 ≤ sk ≤ τk ≤ tk - tk-1 and C are constants. Then

m(t) ≤ C
∏

t0<tk<t

⎡
⎣(1 + βk)e

∫ tk
tk−1

p(ξ)dξ
+ αk

tk−σk∫
tk−τk

e
∫ s
tk−1

p(ξ)dξ
ds

⎤
⎦e∫ ttl p(ξ)dξ , t ≥ t0.(2:23)

Proof. Defining a function v(t) by the right side of (2.22), we have

v′(t) = p(t)m(t), t �= tk, v(t0) = C,

v(t+k ) = v(tk) + βkm(tk) + αk

tk−σk∫
tk−τk

m(s)ds.

Since m(t) ≤ v(t), we get

v′(t) ≤ p(t)v(t), t �= tk, v(t0) = C,

v(t+k ) ≤ (1 + βk)v(tk) + αk

tk−σk∫
tk−τk

v(s)ds.

Applying Theorem 2.1, we obtain

v(t) ≤ C
∏

t0<tk<t

⎡
⎣(1 + βk)e

∫ tk
tk−1

p(ξ)dξ
+ αk

tk−σk∫
tk−τk

e
∫ s
tk−1

p(ξ)dξ
ds

⎤
⎦e∫ ttl p(ξ)dξ , t ≥ t0,

which results in (2.23).

Theorem 2.7. Assume that (H0) and (H1) hold. Suppose that p Î C[R+, R+], h Î PC

[R+, R] and for k = 1, 2,...

m(t) ≤ h(t) +

t∫
t0

p(s)m(s)ds +
∑

t0<tk<t

βkm(tk) +
∑

t0<tk<t

αk

tk−σk∫
tk−τk

m(s)ds, t ≥ t0, (2:24)

where ak, bk ≥ 0 and 0 ≤ sk ≤ τk ≤ tk - tk-1 are constants.

Then,

m(t) ≤ h(t) +

⎧⎪⎨
⎪⎩
∑

t0<tk<t

⎡
⎢⎣ ∏

tk<tj<t

⎛
⎜⎝(1 + βj)e

∫ tj
tj−1

p(ξ)dξ + αj

tj−σj∫
tj−τj

e
∫ s
tj−1

p(ξ)dξ
ds

⎞
⎟⎠

×
⎛
⎝(1 + βk)

tk∫
tk−1

p(s)h(s)e
∫ tk
s p(ξ)dξds + αk

tk−σk∫
tk−τk

s∫
tk−1

p(r)h(r)e
∫ s
r p(ξ)dξdrds

+βkh(tk) + αk

tk−σk∫
tk−τk

h(s)ds

⎞
⎠
⎤
⎦
⎫⎬
⎭ e

∫ t
tl
p(ξ)dξ +

t∫
tl

p(s)h(s)e
∫ t
s p(ξ)dξds, t ≥ t0.

(2:25)
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Proof. Setting

v(t) =

t∫
t0

p(s)m(s)ds +
∑

t0<tk<t

βkm(tk) +
∑

t0<tk<t

αk

tk−σk∫
tk−τk

m(s)ds,

and from the fact that m(t) ≤ h(t) + v(t), we obtain

v′(t) ≤ p(t)v(t) + p(t)h(t), t �= tk, v(t0) = 0,

v(t+k ) ≤ (1 + βk)v(tk) + αk

tk−σk∫
tk−τk

v(s)ds + βkh(tk) + αk

tk−σk∫
tk−τk

h(s)ds.

Using Theorem 2.1 together with m(t) ≤ h(t) + v(t), we then obtain the estimate

(2.25).

Remark 2.8. If ak = 0 for all k = 1, 2,..., then Theorem 2.6 and Theorem 2.7 are

reduced to the Theorems 1.5.1 and 1.5.2 in [1], respectively.

3 Some examples
In this section, two applications of impulsive differential and impulsive integral

inequalities with integral jump conditions are given.

Corollary 3.1. Assume that u Î PC1[J, R] satisfies⎧⎨
⎩
u′(t) − Mu(t) + a(t) ≤ 0, t �= tk, t ∈ J = [0,T],
u(t+k ) ≤ ck

∫ tk−σk

tk−τk
u(s)ds, k = 1, . . . ,n,

u(0) = u(T) + λ,
(3:1)

where M > 0, a Î C[R+, R+], 0 <t1 <t2 < ... <tn <T. ck ≥ 0, 0 ≤ sk ≤ τk ≤ tk - tk-1, k =

1, 2,..., n.

Suppose in addition that

(D1)
∏n

k=1
ck
M

(e−σkM − e−τkM) < e−MT ,

(D2)

e(tk−τk)M

tk−τk∫
tk−1

a(r)e−Mrdr +

tk−σk∫
tk−τk

a(r)dr

≤ e(tk−σk)M

tk−σk∫
tk−1

a(r)e−Mrdr, k = 1, 2, . . . ,n,

(D3) λ ≤ ∫ Ttn a(s)eM(T−s)ds .

Then u(t) ≤ 0 for t Î [0, T].

Proof. By Corollary 2.4 for t Î [0, T] we can write that

u(t) ≤ u(0)

( ∏
t0<tk<t

Ak

)
eMt +

∑
t0<tk<t

⎛
⎝ ∏

tk<tj<t

Aj

⎞
⎠Bke

M(t−tk) −
t∫

tl

a(s)eM(t−s)ds,

where

Ak =
ck
M

(e−σkM − e−τkM) ≥ 0,
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and

Bk =
ck
M

⎛
⎝e(tk−τk)M

tk−τk∫
tk−1

a(r)e−Mrdr +

tk−σk∫
tk−τk

a(r)dr

−e(tk−σk)M

tk−σk∫
tk−1

a(r)e−Mrdr

⎞
⎠ , k = 1, 2, . . . ,n.

Condition (D2) implies that Bk ≤ 0 for k = 1, 2,..., n. Then, it is sufficient to show

that u(0) ≤ 0. For t = T we have

u(T) ≤ u(0)

(
n∏

k=1

Ak

)
eMT +

∑
t0<tk<T

⎛
⎝ ∏

tk<tj<T

Aj

⎞
⎠Bke

M(T−tk) −
T∫

tn

a(s)eM(T−s)ds.

By the conditions (D1) and (D3), we see that

u(0)

[
1 −
(

n∏
k=1

Ak

)
eMT

]
≤ λ +

∑
t0<tk<T

⎛
⎝ ∏

tk<tj<T

Aj

⎞
⎠Bke

M(T−tk) −
T∫

tn

a(s)eM(T−s)ds

≤ 0,

which implies that u(0) ≤ 0.

Corollary 3.2. Let v Î PC1[R+, R] such that⎧⎪⎨
⎪⎩
v′(t) = f (t, v(t)), t �= tk, t ∈ [t0,∞),

�v(tk) = Ik
(∫ tk−σk

tk−τk
v(s)ds

)
, k = 1, 2, . . . ,

v(t0) = v0,

(3:2)

where f Î C(R × R, R), Ik ÎC(R, R), 0 ≤ t0 <t1 <t2 < ..., limk®∞ tk = ∞, 0 ≤ sk ≤ τk ≤

tk- tk-1, k = 1, 2,.... Assume that

(D4) there exists a constant N > 0, such that∣∣f (t, v(t))∣∣ ≤ N
∣∣v(t)∣∣ for t ≥ t0,

(D5) there exist constants Lk ≥ 0 such that∣∣Ik(x)∣∣ ≤ Lk |x| , x ∈ R, k = 1, 2, . . . .

Then the following inequality is valid

∣∣v(t)∣∣ ≤ |v0|
∏

t0<tk<t

[
1 +

Lk
N
(e−σkN − e−τkN)

]
e(t−t0)N, t ≥ t0. (3:3)

Proof. The solution v(t) of problem (3.2) satisfies the equation

v(t) = v(t0) +

t∫
t0

f (s, v(s))ds +
∑

t0<tk<t

Ik

⎛
⎝ tk−σk∫
tk−τk

v(s)ds

⎞
⎠ .
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From the hypothesis (D4), (D5) it follows for t ≥ t0 that

∣∣v(t)∣∣ ≤ |v0| +
t∫

t0

∣∣f (s, v(s))∣∣ ds + ∑
t0<tk<t

∣∣∣∣∣∣Ik
⎛
⎝ tk−σk∫
tk−τk

v(s)ds

⎞
⎠
∣∣∣∣∣∣

≤ |v0| +
t∫

t0

N
∣∣v(s)∣∣ ds + ∑

t0<tk<t

Lk

tk−σk∫
tk−τk

∣∣v(s)∣∣ ds.
Hence Theorem 2.6 yields the estimate

∣∣v(t)∣∣ ≤ |v0|
∏

t0<tk<t

⎡
⎣e(tk−tk−1)N + Lk

tk−σk∫
tk−τk

e(s−tk−1)Nds

⎤
⎦e(t−tl)N.

Therefore, the inequality (3.3) holds for t ≥ t0 and the proof is complete.
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