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1 Introduction
We denote by Z and R the set of integers and real numbers, respectively. Let L,(R) stand
for the classical Lebesgue space

Ly(R) := {f,/R[f(t)‘pdt< +oo}

with the norm |||, = (/5 [f (&) dt)ll’ and L. (R) consisting of all Lebesgue measurable and
bounded functions on R. Similarly, the discrete space €,(Z) := {{a,}, D", |a.|’ < +o0,n €
1

Z} with [{a.}l, = (O_, laal?)?. As usual, given f € L;(R) N Ly(R), its Fourier transform is
defined by

flw):= A;{ Fx)e ™ dx

on R. The Fourier transform of a function in L, (R) is understood as the unitary extension.
We write /1 = f x g for the convolution h(x) = fR fx — t)g(t) dt, defined for any pair of
functions f and g such that the integral exists almost everywhere. Clearly, iz(w) = f (w)g(w)
in the frequency domain, when all the Fourier transforms exist in that formula. Given
g€ L(R), {gx— k), k € Z} is called a Riesz basis of its linearly generating space, if for each
{Ax} € £2(Z) there exist two positive constants A and B such that

AZA,ES

keZ

Y g —k)

keZ

2
<BY i (1.1)
2

keZ

The numbers A, B are called lower Riesz bound and upper Riesz bound, respectively.
Multiresolution analysis provides a classical method to construct wavelets.

Definition 1 A multiresolution analysis of L,(R) means a sequence of closed linear sub-
spaces V; of Ly(R) which satisfies
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(1) ‘/} C ‘/j+17j€ Z,

(ii) f(x) € V; if and only if f(2x) € V}41,

(iii) Uz V) =L2(R) and (5, V; = {0},

(iv) there exists a function ¢ € Ly(R) such that {¢(x — k), k € Z} forms a Riesz basis
of Vo.

The function ¢ in Definition 1 is said to be a scaling function, if it satisfies

$) =Y arp(2x—k) (1.2)
k

for some sequence {ax} € £,(Z). Define the Fourier series ¢ of a sequence {c} € £2(Z) by

o)=Y ce™, EeR.

keZ

Then the refinement equation (1.2) becomes

PE) =aE2)p(E/2), £eR.

The function a is called the refinement mask of ¢. The pseudo-spline of Type [ was first in-
troduced in [1] to construct tight framelets. The pseudo-spline of Type II was first studied
by Dong and Shen in [2]. There have been many developments in the theory of pseudo-
splines over the past ten years [3, 4]. Its applications in image denoising and image in-
painting are also very extensive [5, 6]. The pseudo-spline is defined by its refinement mask.
The refinement mask of a pseudo-spline of Type I with order (m, £) is given by

12
1me )] = cos™(€/2) Y (m; E) sin% (£/2) cos ) (/2) (1.3)

j=0

Lha)| =

and the refinement of a pseudo-spline of Type II with order (m, £) is given by

4
20() 1= 28, (€) := cos™(£/2) Z (m; e> sin?(£/2) cos? 7 (£/2). (1.4)

j=0

The mask of Type I is obtained by taking the square root of the mask of Type II using

the Fejér-Riesz lemma [7], i.e. »a(¢) = [;a@(£)|%. The corresponding pseudo-spline can be

defined in terms of their Fourier transform, i.e.
o0
kP e(€) = [ [ e (278), k=12,
j=1

In order to smoothen the pseudo-spline, one can use the convolution method. Take the
smoothed pseudo-spline

(pn,m,i =¢m,€ *X[, *"'*X[,%’%]v

11
23]

n-m
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where x 11 denotes the characteristic function of interval [—%, %] and n > m. This is
equivalent to

sin(?;‘/Z))"m

¢n,m,£ (‘i:) = ¢m,£ (‘i:) ( 5/2

Thus the symbol of ¢, becomes

&n,m,é (é) = (z)n,m,( (2%')/¢A7n,m,@ ('i:) = &m,ll (E)(COS(E /2))}17”1

Therefore, we define the smoothed pseudo-spline by its refinement mask for Type I:
‘(m+t
1| = cos™(€/2) Y ( , ) sin%(£/2) cos? P (&/2) (1.5)
» J
j=0
and for Type II:
‘L mt
2Prme = cos"(/2) Y ( ’ ) sin%(£/2) cos*“ 7 (£/2),
» J
j=0

where r > 2m. When r = 2m, it is the pseudo-spline. When r # 2m, it can be considered
as an extension of pseudo-spline. Define the translated form of the Type II by

qur,m,ﬁ (S) = e—ir% 2$r,m,£ (g)

Then we get the differential relation

T¢;+1,m,[(x) = T¢r,m,l(x) - T¢r,m,€ (x - 1) (16)

This inherits the property of a B-spline.

Remark 1 One may think that smoothing the pseudo-splines by convolving them with
B-splines seems unnecessary since one can simply increase m of the original pseudo-
splines. However, by increasing m, we cannot get the differential relation (1.6), which is
important for the construction of divergence free wavelets and curl free wavelets in the
analysis of incompressible turbulent flows [8, 9].

Remark 2 Similar to the definition of (1.5), we can define a smoothed dual pseudo-spline
by its refinement mask,

4
b : 1/2
bn,m,@ (5) = 615/2 C052n+1 (E /2) Z (m ' / e

) sin?(£/2) cos>“F (£/2), (L7)
=0

as an extension of dual pseudo-splines in [3] and get the corresponding wavelets.

Remark 3 In addition, one can assume # € R in (1.5) and (1.7), as a generalization of
fractional splines in [10].
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2 Some lemmas
This section gives some lemmas that will be used to prove several results of this paper. We

start with some results from [2].

Lemmal (2] For given nonnegative integers m, j, £,

1 4

£\ 2 L

24<m2 ) < E <m}+ ) forallm=>1and0<{¢<m-1.
j=0

This lemma will be used in Section 4 in order to prove the Riesz basis property of
wavelets. Define P, ¢(y) := Zf:o (m;’l)jlf(l — 0, Rye(y) := 1 = 9)"Pye(y) and R, =
- y)§Pm,g(y) where y = sin*(£/2), r, m, £ are nonnegative integers and r > 2m. Then

one can find that
Rm,[ (SiIl2 (5/2)) = 221m,ﬁ (E) and Rr,m,l (Sinz (%- /2)) = Z&r,m,l (%-)
and the following lemma holds.

Lemma 2 [2] For nonnegative integers m and £ with £ < m -1, let P, and R,,, be the
polynomials defined above. Then

(W) Pme®) = Xpo (")
(2) Ry, ) = =(m + (" )y A=)

With the two lemmas in hand, the basic property of the polynomial R, ¢, which will be

used in Section 4, is given.

Lemma 3 For nonnegative integers r, m and ,
@ define QW) := Ry () + Ry e (1 - y); then

¢
1 r m+ L
min = B ( );
min Q) Q(z) ]ZO ;
(2) define S(y):=R2, ,(y) + R, ,(1-y); then
1 ‘ o\’

min S(y) = [ = | = 2172 ("” ) .

ye[0,1] ) (2) (FZO j
Proof Since Ry ,e(y) = (1 - y)g‘”‘Rm,g (), its derivative is

r

R0 == =) =95 R0) + 1), 0

So the derivative is Q'(y) = R, ,(») + R}, ,(1-y) = I + II, where

r

1= <g - WI>y 2R (- y) <5 - m) (L= Ry (9)
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and
H=(1-y2"R, ,(5)-y> "R, (1-).

Now, we compute them, respectively. For I, by using (1) of Lemma 2, one has

4 .
1= (g —m) > (m _jl +J) [y2 '@ -y -ya-yz71]
j=0

For II, by using (2) of Lemma 2, one has

m+{l-1

11=(m+1z)< )

)[y%‘l(l —y)f = 1-y)27H].

Forj=0,...,¢ sincey2 (1-y) < (1-y) 27y forally € [0, 1] and y2 (1~ y) > (1-y)27ly
forally e [%,1], one has

<0, y€[0,3];

Q(y)=1+11i20’ el

This means Q(y) reaches its minimum value at the point y = 1/2. Furthermore,

4
r r E
Q(U2) = 2R, (1/2) = 275 Py (1/2) = 2570 Y (m i )

0~/
This completes the proof of (1). For (2) of this lemma, since
SO) =R, )+ R, (1=y) = (L =y) "R, () +y "R, (1 - ),
we have S'(y) = IIl + IV, where
I = (r = 2m)[y" R}, (1~ y) = (1= 5) "R}, ()]
and
IV =20 = )" Rt ()R, () = 29" Ry A = 9)R;, (1 = ).

For 111, by (1) of Lemma 2, we have

I = (r-2m)[y'P2, ,(1-y) - 1-y)"'P2, ()]

¢ . 2
= (r—2m) ((Z (m _jl " )yi(’”(l —yy')
j=0

()

j=0
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14 ;
= (r— 2m) (Z (m -1+ ;) (VA -y + (1 —yﬁ“‘”ﬂ))

o~/

€ .
x (Z (’” ‘}1 ”) (2 Da-yy - _y)%uny)).

o~

For IV, by (2) of Lemma 2, we have
v r—2m / r—2m /
— =A=9)"""Pue R, () =y " Pyl =yR,, ,(1~y)

2

Y4 , 4 .
S ('” ‘jl + )y‘u AU (’” ‘].1 * ) (1= y)y -2
- -

. 4 .
=m0 <m _1'1 +]> (Z (m _jl +]> Oa-»"-yra —y)"1)>'

j=0
Since
1
Lir-n) i Loy, j <0, J’G[O,i];
3 1—9Y = (1=1y)2
y2 (1 -y) - (1-y) y]{zo, yelbil
and for every j,
- ; ; 2] =0, yelo,3];
rll_ l+j _ Zﬂl_ r-1 2
Yo A=) =y (1-y) -0, yell1],
we have
<0, 0,3);
SOy =M +1vV]> ye[l 3]
Z ) y€[§>1]~

This means S(y) reaches its minimum at point y = 1/2. Furthermore, we have

4

O\ 2
§(1/2) = 2(2_%1’%13(.7))2 = gl-r-2t (Z <m —‘1 +1>) '

j=0 J
This completes the lemma. O

3 Regularity and stability of scaling function
In this section, we discuss the regularity and stability of a scaling function generated by

the refinement mask of a smoothed pseudo-spline. Let
oo

$(&) = [ a(27%).

j=1

Then the decay of |q3| can be characterized by || as stated in the following theorem.
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Theorem 1 [2] Let a(&) be a refinement mask of the refinable function ¢ of the form

|a(8)] = cos"(§/2)| L(§)

, &el-m,m].

Suppose that

L) < ‘c(%”)‘ fortel <22,

2
2w
fOrFSIEISm

L)L) < 'ﬁ(%”)

Then |p(€)] < CQ + €)™, with Kk = log(L(] 2?”)|)/10g 2, and this decay is optimal.

In order to use this lemma, one needs to consider the polynomial corresponding to £(§).
In fact, Dong and Shen give an important proposition to estimate it in the following propo-
sition.

Proposition1 [2] Let P,,,(y) be defined as in Section 2, where m, £ are nonnegative integers
with £ <m —1. Then

Pue(y) < Pm,l(%) forye [0, 2]

31\ 3
Py ()P (4y(1 - ) < (Pm,é(1)> Jorye [1'1]'

Combing Theorem 1 and Proposition 1, we have the following theorem, which charac-

terizes the regularity of a smoothed pseudo-spline.

Theorem 2 Let y¢ be the smoothed pseudo-spline of Type 11 with order r, m, £, then

L6(E)] < C+E))"™,

where K = log(Pm,g(%))/log 2. Consequently, ,¢p € C*2~€ where ay = r — k — 1. Furthermore,
let 1¢ be the smoothed pseudo-spline of Type 1 with order n, m, £. Then

hpE)] < C1+5)""2.
Consequently, 1¢ € C*' withay =n—5 - 1.

Proof Notice that |£(§)] in Theorem 1 is exactly Pm,[(Sinz(%)) and 4y(1 — y) = sin®(£); one
can easily prove this theorem by Theorem 1 and Proposition 1. O

This theorem shows ¢ € Ly(R) for k = 1,2. Since r > 2m, the regularity of ¢ is bet-
ter than a pseudo-spline but the support is longer. For r = 6, m = 2, £ = 1 the smoothed
pseudo-spline 3¢y, ,,,¢ is shown in Figure 1.

Now, we consider the stability of the smoothed pseudo-spline. When ¢ is compactly
supported in Ly(R), it was shown by Jia and Micchelli [11] that the upper Riesz bound in
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Figure 1 The scaling function 2¢3 1. x10"

(1.1) always exists. Furthermore, they assert that the existence of a lower Riesz bound is
equivalent to

($(¢ +2kn)),_, #0 forall & €R, (3.1)

where 0 denotes the zero sequence in £,(Z). Since a smoothed pseudo-spline is compactly
supported and belongs to L,(R) for k = 1,2, the stability is equivalent to (3.1).

Theorem 3 Smoothed pseudo-splines are stable.

Proof By the definition of refinement mask, for each fixed % >m>1and forany 0 <¢ <
m—1, cos?(£/2) < 2@,,,¢(&) holds for all £ € R. Therefore, we have

’

’E’(g)’ = ‘Qgr,m,e(é)

where B, stands for the B-spline with order r. Since B, is stable, the vector (B.(£ +
2k7r))kez, # 0. Hence (@ m (& +2km))kez # 0.

For a smoothed pseudo-spline of Type 1, since 2d@ume(&) = hanmel* = 13nme(E) -
1a,m,e(—E), one has

202t E) = 100 (E) - 1010 (—E).

Therefore, the set of zeros of 1¢A>,,,m,g (&) is contained in that of zqun,m,g(f ) and this guarantees
the stability of 1¢(&). O

This theorem shows the stability of a smoothed pseudo-spline. From the definition of
a Riesz basis, one can find that the translate of a smoothed pseudo-spline is also linearly
independent.

4 Riesz wavelets

Since all smoothed pseudo-splines are compactly supported, refinable, stable in L, (R), the
sequence of spaces (V,,),cz defined via Definition 1 forms an MRA. The corresponding
wavelets can be constructed by the classical method. Define

) - b(%)qs(%) where b(€) = e 4 +7)
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and X (V) := (Y1 = 2"24 (2" — k), n, k € Z}. Then X(v/) is a Riesz basis. To prove this, the
following theorem is needed.

Theorem 4 [2] Let a(§) be a finitely supported refinement mask of a refinable function
¢ € Lry(R) with a(0) =1 and a(x) = 0, such that a can be factorized into the form

, Eel-mm],

|a(§)| = cos”(£/2)| L(€)

where L is the Fourier series of a finitely supported sequence with L(x) # 0. Suppose that
A2 (A 2
’ﬂ(%‘)’ +|ﬂ($+ﬂ)’ #0’ ée[—ﬂ,ﬂ].

Define yr(2&) := e % a(& + 7)p(€) and L := % Assume that | L&) ®) < 2"

[2+la+m)?

and ||£~Z(“§)||LOQ(R) < 2", Then X() is a Riesz basis for L,(R).

From the above theorem, the key step is to estimate the upper Riesz bound of |£(£)| and
|L(&)|. Notice that

1 E)| = 221 0 (€) = COS (§/2) Py (sin?(£/2)).
One has [; £(&)] = (P (sin2(€/2))) 2, [L£2(€)] = Py (sin®(£/2)) and

(Pone(7))? . Poe(y)

L] = . L) = .
N Romt ) + Rome (1= ) TR, )R, (1-y)

Thus, we have the following theorem.

Theorem 5 Let ¢, k = 1,2 be the smoothed pseudo-spline of Types 1 and 11 with order
(r,n,m, ). The refinement masks ra are given in (1.3) and (1.4). Define

W (28) = e a(E + 1) p(&).
Then X () forms a Riesz basis for L,(R).

Proof By (1) of Lemma 3, one obtains

1
~ (PWHZ(y))7
1Ll Lw®) = sup :
! ® ye[0,1] R mye (Y) + RZn,m,Z 1 _y)
m+l %
("e)

- minye [0,1] (RZn,m,E ()’) + R2n,m,l (1 - J/))
1
-1 (m+)2
ey’
=3¢ o
2o (")
Applying Lemma 1, one obtains || Lo || < 2" < 23, Similarly, one can get

~ _ 1
2Ll <27t <272,
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Figure 2 The corresponding wavelets.

Notice that
k)| + ca(E +7)[> <1 forallt eR.
Hence, [t L(£)] < [L(&)| for k =1,2. By using Theorem 4, one gets the desired result. [

By definition, the wavelets are also in L,(R) and have the same regularity as the scaling
function. Still, the support is longer than for pseudo-spline wavelets. Forr =6, m =2, £ =1,
the smoothed pseudo-spline 362 is shown in Figure 2.
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