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Abstract

The aim of this paper is to establish the vector-valued inequalities for
Littlewood-Paley operators, including the Lusin area integrals, the Littlewood-Paley
g-functions and gj,-functions, and their commutators on the Herz-Morrey spaces

with variable exponent /\/IK‘“ ,(R"). By applying the properties of LPY(R") spaces and
the vector-valued |nequal|t|es for Littlewood-Paley operators and their commutators
generated by BMO function on LPO(RM), the boundedness of the vector-valued
Littlewood-Paley operators and their commutators is obtained on M/'(m_)(R”).
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1 Introduction
Let ¢ € L1(R") and satisfies
i) [pn¥@®)dx=0,
(ii) [Y@)| < CA+ |x)™"*,
(i) [ (x +) - ¥ @) < Clyl” L+ Jal) ™72, x| = 2]y,
where C, ¢, y are all positive constants. Denote ;(x) = ¢ v (x/t) with £ > 0 and x € R”.
Given a function f € L] (R"), the Lusin area integral of f is defined by

dyd
Spalf)) = ( /F eS| t{f)

where I',,(x) denote the usual cone of aperture one
Tax) ={(ty) eRI™ t |y —x| <at,a>1}.

As a =1, we denote Sy 4(f) as Sy (f).

Now let us turn to introduce the other two Littlewood-Paley operators. It is well known
that the Littlewood-Paley operators include also the Littlewood-Paley g-functions and
the Littlewood-Paley g, -functions besides the Lusin area integrals. The Littlewood-Paley
g-functions, which can be viewed as a ‘zero-aperture’ version of Sy, and g;,-functions,
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which can be viewed as a ‘infinite-aperture’ version of Sy, are defined, respectively, by

¢ = ( [l *f(y>|2””)

* _ t zdydt
g"(f)(x)_</m+1(t+lx—yl> M f(y)| t"+1> p>0.

If we take ¥ to be the poisson kernel, then the functions defined above are the classical

Littlewood-Paley operators.
Let b e L}

loc(R™), m > 1, the corresponding m-order commutators of Littlewood-Paley

operators above generated by a function b are defined by

oo 2 1/2
[0, 60 (1)) = (/ / [6) ~ b»)] " Ye(x ~ )f ) dy %) :
0 R”
2 1/2
" — m dydt
[b ,Sw,a](f)(x)—( /F . /R [be) - @] ity - 2 d tm)
and
a m 2 dydt\?
[bm'gZ](f)(x):</Rn+1<t+|;—y|> [ [oeo-b@] w02 az tij) :

u>0.

The Littlewood-Paley operators are very important objects in the study of harmonic
analysis. They play very important roles in harmonic analysis and PDE (see [1-3]), so
it is natural and meaningful to consider the boundedness of Littlewood-Paley operators
and their commutators. Lu and Yang investigated the behavior of Littlewood-Paley op-
erators in the space CBMO,(R") in [4]. In 2005, Zhang and Liu proved the commutator
[b,gy]is bounded on L”(w) (see [5]). In 2009, Xue and Ding gave the weighted estimate for
Littlewood-Paley operators and their commutators (see [6]). There are some other results
about Littlewood-Paley operators in [7-9].

On the other hand, Lebesgue spaces with variable exponent L*)(R”) become one of the
important function spaces due to the fundamental paper [10] by Kovac¢ik and Rékosnik.
In the past 20 years, the theory of these spaces has made progress rapidly, and the study of
it has many applications in fluid dynamics, elasticity, calculus of variations and differen-
tial equations with non-standard growth conditions (see [11-15]). In [16], Cruz-Uribe et
al. proved the extrapolation theorem which leads the boundedness of some classical op-
erators including the commutator on L”")(R"). Karlovich and Lerner also independently
obtained the boundedness of the singular integral commutators in [17]. Recently, Izuki
considered the boundedness of vector-valued sub-linear operators and fractional integrals
on Herz-Morrey spaces with variable exponent in [18] and [19], respectively.

Inspired by the above works, in this paper we will consider the vector-valued inequalities
of the Littlewood-Paley operators and their m-order commutators on Herz-Morrey spaces
with variable exponent. To do this, we need recall some definitions about the spaces with
variable exponent.

Let E be a Lebesgue measurable set in R” with measure |E| > 0.
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Definition 1.1 [10] Let p(-) : E — [1, 00) be a measurable function.
The Lebesgue space with variable exponent L”*)(E) is defined by

) . If(x)| pe)
LPY(E) = {f is measurable : — dx < oo for some constant >0 ¢.
E

n

The space Lp(')(E) is defined by

loc

Lp(')(E) = {f is measurable : f € L”")(K) for all compact subsets K C E}.

loc

The Lebesgue space L”)(E) is a Banach space with the norm defined by

)
|lf||m<->(5)=inf{n>0:/;<@> dxfl}.

We denote
p-:= essinf{p(x):er}, Ppii= esssup{p(x):er}.

Then P(E) consists of all p(-) satisfying p_ > 1 and p, < co.

Let M be the Hardy-Littlewood maximal operator. We denote B(E) to be the set of all
functions p(-) € P(E) satisfying the condition that M is bounded on L*V)(E).

Let By = {x € R" : |x| < 2%}, Cx = Bi\Bror, k € Z, xx = Xc-

Definition 1.2 [18] Let « € R”, 0 <X < 00, 0 < p < 00, and ¢(-) € P(R"). The homoge-
neous Herz-Morrey spaces with variable exponent MK;’;(')(R”) is defined by

M () = {f € LR 100y gy <0},

where

ko 1/p
W lygico oy = sup 275044 Y 2PN gy oy |-
2q() ko€Z koo

Remark 1.1 Comparing the homogeneous Herz-Morrey spaces with variable exponent
M[(;&A)(R”) with the homogeneous Herz spaces with variable exponent K;(f (R") (see
[20]), where K;’((’)’(R”) is defined by

00 1/p
O, () ak,
Kb (RY) = {f e LT (R"\ {0}) : |[f||,~<%(Rn> = ( Z 2 p|[ka||lzq(_)(w)) < oo}.

k=—00
. c-ot,0 ny _ %P mn
Obviously, MK (R") = K/ (R").

We now make some conventions. Throughout this paper, given a function f, we denote
the mean value of f on E by fr =: é Jef(®) dx. p'(-) means the conjugate exponent of p(-),
namely 1/p(x) + 1/p'(x) = 1 holds. C always means a positive constant independent of the
main parameters and may change from one occurrence to another.
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2 Preliminary lemmas
In this section, we need some conclusions which will be used in the proofs of our main
results.

Lemma 2.1 [10] (Generalized Holder’s Inequality) Let p(-), p1(-), p2(-) € P(R").
(1) Foranyf € LPYO(R"), g € LP O(R"),

| V] s < Gl o el

where C, =1+ 1/p_ - 1/p,.
(2) Forany f € I""OR"), g € LP>(R"), when 1/p(x) = 1/p1(x) + 1/pa(x), we have

|V(x)g(x)”y7(-)(Rn) =< Coum ”fHLPl(‘)(R”)”g”L”Z(')(R”)’
where Cp, », = (1+1/p1_—1/py,)VP-.

Lemma 2.2 [17] If p(-) € B(R"), then there exist constants 81,83, C > 0, such that for all
balls B C R" and all measurable subsets S C B,

||XB||[p(~)(Rn) - C@ ”XS”lp’(J(]Rn) <C(ﬂ>61 ”XS”Lp(«)(]Rn) <C<ﬂ)a2

Ixslpogn — 18 Ixslpogs — \IB] sl pon — \IBI

Lemma 2.3 [18] If p(-) € B(R"), then there exist constants C > 0, such that for all balls
BCR”,

1
57180 160y < C.

Lemma 2.4 [20] Let b € BMO(R"), m is a positive integer, there exist constants C > 0, such
that for any k,j € Z with k > j,
(1) CYb|I™ < supy m (6 = bB)" x5l L)y < ClIDIT

(2) 16 = bg)" B |l o)y < Clk = )™ DI X8y 120 ey -

Lemma 2.5 [21] Given an open set Q C R”, suppose that p(-) € P(Q2) satisfies

xy€Qx-y <1/2, (2.1)

-C
’p(x) —]9()/)| = m,

C
Ip(x) - p(y)| < e AYEQl =l (2.2)
n(e + |x|)

Then p(-) € B(RQ), that is, the Hardy-Littlewood maximal operator is bounded on L*V) ().
Let A, be the classical Muckenhoupt weighted class.

Lemma 2.6 [16]
(1) Given a family F and open set Q@ C R”", assume that for some py : 1 < pg < 00, and for
every @ € Ap,

/f(x)p"a)(x) dx < C/ g w(x)dx, (f,g) € F.
Q Q
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Let p(-) € P(R2) be such that there exists 1 < py < p_, with (p(-)/p1) € B(Q). Then for
every 1 < g < 0o and sequence {(f;,g)}; € F,

|(559r)”

(2"

170)(Q)

(2) Ifp(-) € B(R"), then for all1 < q < oo,

(0. =l ()’

Lemma 2.7 [6] Let ¥ € L(R") satisfies (i)-(iii), u > 2, 0 < ¥ < min{(u — 2)n/2,¢}, there
exists a constant C and for all bounded functions f with compact support:
(1) f0<p<00,we Ax, then

PO (R

/R” [g;:(f)(x)]pa)(x) dx < C[w]ioC /]R” [M(f)(x)]pa)(x) dx.

2) Ifl<p<oo,weAy, beBMO, then

/n([bm,g;](f)(x))pw(x) dx<C ’(f |p dx.

Remark 2.1
(1) If we replace gj; with Sy 4, then the results of Lemma 2.7 also hold. That is due to for
any x € R”, u > 1, the inequalities Sy ,(f)(x) < Cg;, (f)(x) and
[67,5,.2)() @) < Clb™,g:1(f)() hold.
(2) According to the argument in [6], we may deduce that Lemma 2.7 is also suit to gy.

Combining Lemmas 2.6-2.7 and Remark 2.1, we get the following conclusions.

Lemma 2.8 Let € L'(R") satisfies (i)-(iii). If p(-) € B(R"), 1 < q < o0, then for all bounded
compactly support functions f; such that {f;} € LPO(19), that is | (Z/([ﬁ|)‘1)1/’1||m.>(w) <00,
the below vector-valued inequalities hold:

@ 1Syl 1ot eny < CHCZUFDDMN o6 ey

@) 1 (gv/(f);)q Y4 ey oy < CHCZ AN 10 ey

3 Z g ONDY ot Ry = C||(Z (ENDY ot )(R)
where ;1 > 2,0 <y <min{(u — 2)n/2,¢}.

Lemma 2.9 Let b € BMO, v € LY(R") satisfies (i)-(iii), m € N\{0}. If p(-) € B(R"),
1< g <00, then for all bounded compactly support functions f; such that {f;}% € P9 (19),
that is ||(Zj([)§|)q)1/q||m.)(Rn) < 00, the following vector-valued inequalities hold:

@) 15" S DN 0y = CIHC DD 0 ey

@) 18"y )OI sy < CIC DDV 1 ey

(3) 1S, (5", €D 0 gy < CICS LNt gy
where ;L > 2,0 <y <min{(u — 2)n/2,€}.
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3 Main results and their proofs
In this section, we will establish the vector-valued inequalities of the Littlewood-Paley op-
erators, Sy.4, &y, £,» and their m-order commutators on Herz-Morrey spaces with variable
exponent, respectively.

We begin with the study of the vector-valued inequalities of the Littlewood-Paley oper-
ators on MI'(;’;(')(R”).

Theorem 3.1 Suppose that y € LY (R") satisfies (i)-(iii), g(-) € B(R"). Let 0 < p < oo,
1<r<oo, A —ndy <o <A+ ndy, where 81, 8, is the constant in Lemma 2.2. Then for all
Sfunction sequences {f,}52, : I{D_, [ﬂ,|’}“’||M1~<Z;;(.)(Rn) < 00, the following vector-valued in-
equalities hold:

1) ”{Zh |Slll u(ﬁﬂ l/r”MK"‘)L() R7) = C” Zh Iﬁ4 l/r”MK"}“ ]er)

(2) ”{Zh |gl//(ﬁ’l)| l/r”MK;"qu(_) R") = C“ Zh lﬁl' }NVHMK;"'qA(_) (R")?

(3) ”{Zh |g;(ﬂ)|r}l/r||M1%;;>)(Rn) = C”{Zh Vil'r}l/r||M1'<;¥'q)h(_)(Rn)r
where >3 +2(e + y)/n, 0 <y <min{(u — 2)n/2, ¢}, and the constant C is independent of
kit

Proof Firstly, we consider the inequality (1). For any function sequence {f}}; satisfies

” ” {fh}h”lr ”MI'(‘X‘)“( )(R”) <00, we write
JZULS

o]

Sul@) =D~ fulw)xjx) £ th(x-

j=—o0

Thus

s

o,
MK (>(R"’)

)

h

sta(fh

r}l/r
]_

] o [ Ssninr|

kQEZ

ko

ko€Z k=—00

r 1p
q(-)(Rn)}
Ir pyVp
k
Lq(d(w)) }
1r pylp
7\ |”
D] xf,, )]
" LaO(®R?)
pylp
Lq(~)(]Rn)) }
pyUp
Lq(-)(Rn)> }

ko k-3
<Csup2-” ko'\: Z 2"“”(2

koeZ k=-00 j=—00

ko k+2 ) 1/r
+ C sup 2"‘“{ 2’“”’(2 {Z|S¢,,a (f;[)|r} Xk
00 h

ko€Z Je=— j=k—2

k() €7

S bl

3

£ D, +Dy +Ds.
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For the term D, noting that supp fé C Cj, we can easily obtain, by Lemma 2.8,

pylp
LQ()R")> ]

» 1/p
L4} (Rm)

[z’

k+2
Dy <Csup2” kok{ > 2’<°‘P(Z
J

kQEZ k=—00 i—k—2

{Zm } X

ko€Z

{gurf

<Csup2” ko’\{ Z okap

. ,A :
MIH R

We now turn to estimate D;. Let IV = {y e R" : |y —x| <at,y <2*1}, T = {y e R": |y — x| <
at,y > 2*}. We write

st ([, o5 22
(/ /F/ Ant w(}’ Z)f() Zi{it>1/z
(/ /;// /Rnt I/I(J’ Z)/()d Zi)n/ﬁt)m

27+11

For I, observe thatasa > 1, x € G, j < k-3,z€ C, thenwehavet>|xﬂ;ylzlxlaﬂ>

k1ol oj#l 2=yl lx=yl+ly=zl o |xl=lel < 3l ;
———>"—,andf+|y-z| > == +|y-z| > —— > === > 7~ Hence, it follows
from the condition (ii) that

ly — 2| Zdydt"?
SC{/””/ ( ]R”Vh Al ( = Z) dz) ;:Zﬂ }
d_)/dt 1/2
S C{/2/+1 / ( an (lf+ |y Z|)n+£ > tn+1 }
SC(3|x|> { i} _n_ldt/ydjﬂ dy} [T v

Ca™"|x| ™" Hfh/ ”LI(]R")'

For the estimate of I, denote

2 1/2
o i\ len y-z y dydt
wel [7 [ (Ll () v (D)) ) G
2 1/2
o ; . y dydt
el [ L(Lmero (D) ae)

211 + I,
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Noting that y > 2/*1 > 2|z|, by the condition (iii), we have

o0 ) » |Z| y || -n-y-—¢ 2d dt 1/2
HISC{/ f( i) <7> (1+%> az) 24
0 r R~”
t28 n-1 1/2
Y
<C{/ /r (& + |yl)20mer+e) i t} /lfh(z el
|| t2a n-1
<Cor dydt
NG (t+ |y| (n+y +e)

26 n-1 1/2 '
]
L]

Since £ + |y| > %= y' +y] > Ix—ylﬂy\ 'xl , then we obtain

[x] 2e-n-1
[ @+ o DU
a (n+y+e)  plx|
c(_> / / 211 gy diy
|x| 0 |ly—x|<at
2(n+y+e) ]
C(i) / 2-n=1 gnn g,
x| 0

< Ca3n+2y+2£ |x|—2(n+y)

IA

IA

and

28 —n-1
dydt
./|x| ./r/’ (t + [y])2emr+d)
<C / / 321 dy dt
el ly-ax|<at

o0
< Ca"/ 22V dy dt < Ca|x| 207,
[

Thus, we have
II < Ca3n/2+y+8|x|—(n+y)2/y Hfhj”Ll(Rn) < Ca3n/2+y+8|x|—n Hfhj”Ll(Rn)'

On the other hand, by the condition (ii) and ¢ + |y| > 'xl , we deduce

B |y| Zdydt 1/2
1125(7/ /F( R”lfh 2)|t (1+— dz prw
26 —n-1 j
e[ [ dt} il e
x| t2£ n-1
<C dydt
. f /r e+ e @

[oo] 28 -n-1 1/2 ;
/ /1_,/ (£ + [y])20n+e) dydt} 15 ||L1(]R”)'
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Thus, similar to 15, we get
3n/2 —n|| ¢
I < Ca™"*" || n”fh ”LI(]R
Combining the estimates of /, II, we obtain
Sy.a(fi)@) < Ca®> 712 | ] 1 oy

Therefore, by using the above inequality and Minkowski’s inequality, we have

ko
D, < Csup ko Z okep
k()EZ k=—00

pylp
Lq(-)(Rn)> }

) 1\ 2 VP
<Csup2 kO)\[ Zza nkp“XkHLq()(Rn (Z{Z mt”zl(Rn)} ) }
h

k() [/ k=—00 ji=—00
pylp
R”>> }

k-3 ) Ur
(Sl ey}
= h

k-3

<Csup2 ko)»[ Z 2” nkaXkHLq () (R7) (Z

s}

ko€Z

It follows from Holder’s inequality and Lemmas 2.2-2.3 that

ko
Dy <Csup2” kol{ > ol nkp”Xk”Lq()(Rn

ker f=—00

Ir

k-3 py1lUp
(Z ”XB]- ”L‘l/(‘)(]R”)) }
j=—00

[z} ],
ko
<Csup2” kok{ Z 2=k
pylp
Lq(l)(Rn)} }

k() €7 k=—00
r rylp
LaO)(R")

Noting that 2| (3, /"1 ll a0 n < (1o a0 2P 1 112 g /75 thus, when
o < A+ ndy, we get

”XB ”Lq ]R”)
| k|
Jj==

||XBk||Lq

[}

h

ko k-3 |B| 81
koX ak ]
< Csup 270 {Zz piz(_wk')
j=—00

k()EZ k=—00

jarf

ko k-3
D <C sup{ Z oM(k=ko)p { Z 2~k (131 +1-c)

ko€Z
» )l/p}p}l/p
R™)

k=—00 j=—00

o (Z ] T,
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ko k-3 py1p
<C sup{ Z Zk(k—kO)P ( Z 2(1'—k)(m$1+)» o ) }
v

ko€Z k=00

Az

Ir

]

= R")

SOLA
MK, 40)

SO A ’
MKp,q(J (R”)

Finally, let us to estimate Ds. By using Minkowski’s inequality, we obtain

el = ([ ][ (255 oae
L] () o)

= [l([" Lo ()]
L] Lo ()]

Leta>1,x€ Cy,j>k+3,z€ C;C Bj. Thenwehavet+|y—z| > ‘xﬂ;y‘+|y—z| > W >

'Z‘;ﬂ > %. Hence, it follows from the condition (ii) that

[ L)
l"/
28}’11
dydt
/ /r t+ly—zpmo @
o+l tZs n-1 t25 n-1
dt —d dt
/ /r ez P +/y/r (+ fy—zpea

2(n+e) PAL
T / f 2V dyde + / ’ 3V dydt
|Z| lx—y|<at 2+l Jy<ojtl

< C013n+282—21n .

2dydt)1/2

tn+1

1/2
dy dt) dz

172
dy dt) dz.

dydt

If y > 2/*1, then £ > @ > @ Q/H‘Zk > 21 . Applying the condition (ii), we obtain

/ / —Sn 1
r” t
00 _ —2(n+e)
< C/, / =31 (1 + u) dydt
2 Jrr t

t25 n—-1
= Cf / dydt
lx—y|<at (E+|y—zl) (£ + |y — z|)20m+e)

< Ca*27",

ddt

Thus

Sya (fhj)(x) < /R Wl‘(z)‘ (Ca3n+282—2jn + Ca3”2_2j")1/2 dz < CaB"2+eQin HfthLl(R”)'
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Therefore, similar to Dy, as A — nd; < «, by applying Minkowski’s inequality, Lemmas 2.1-
2.3, and 27|1{3_, lﬂﬂr}l/rllm(«)(w) < (X 2PI{Y, lfhl|r}1/r||i ]R,,)}I/p we have

pyUp
Lq(-)(Rn)> }

1 ARYZ
Ll(R”> }

]

pylp
L4 (RM) } }

3n/2+£2 —jn vi v
Z( “f ”Ll ]R”)) Xk

h

D3 < C sup 27%0* Z Qkap ( Z

koeZ ji=k+3

Ir

|surf

< C sup 27%0* Z 2°’kp||Xk||Lq<>(Rn (Z 27

/(()EZ ji= k+3

< C sup 2’k0)L Z 20lkp{ Z 2 /nlB | ||XBk||Lq ]Rn

koeZ faree! ll x5 1l La¢) (e

(i) Tzt

Scsup{ﬁ Mk—ko)p {Zz(jk -1y +A-a)

ko€Z | k=—co j=k+3

ww;wﬁyrwuwa

ez,

ko
< C sup 27%o* Z 2"‘kp{
k=—00

/(QEZ

j=k+3

Adding up the results of Dy, D5, D3, we have

(I )

That is, the inequality (1) in Theorem 3.1 holds.
Next we show the other two vector-valued inequalities also hold.

Ir

MK, -

ak
MK )

R")

We consider g first. Similar to Sy 4, via calculation, we shall get the following conclu-
sions (also see [22]):

(1) UfxeCy,j<k-3, suppﬂ c G, theng,,,(f,j)(x) < C|x|’”|[fh]||L1(Rn);

(2) IfxeCy,j>k+3, suppfhj C Cj, then gw(}‘,lj)(x) < C2‘7”|[}Z||L1(Rn)‘

Thus, with a similar argument in the proof of the inequality (1) in Theorem 3.1, by
Lemma 2.8 and the above two conclusions, we shall get the following inequality imme-
diately:

H{Xhilgw(ﬁqﬂr}m

el {zurf”

oA A )
Mprq(_) (R™) MKIMI(') (R")

For g, by the definition of Sy , and g7;, we have

* _ * t mr 2dydt 1/2
g#(f)(x)— (/0 /ﬂ;n <m) |1ﬁt *f(y)| prs )
” ot A\ zalyalt)”2
= </0 </xy<t(t + | _y|> ‘wl *f()’)| il
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+

gk

(/00/ < ¢ )MW’ *f(y)|2dydt>l/2
0 Joli<ppoyale \E+ [X =] ! trl

o]

<Sya (fhj)(x) + Z(l + 2”1)7””251,,,21& (ﬂ{)(x).

=1

l

L
—_

By the above estimate of Sy, ,, we know that, asx € C, j < k-3, suppfhj c G,

Sl//ﬂ (fZ) (x) < CaBVI/2+8+V |x|—n Hfz ”Ll(Rn)‘

Thus, when © > 3 + 2(e + y)/n, we have

o0
g; (f;) () < CaBn/2+£+y (1 + Z 2(3n/2+8+y—;m/2)) |x|—n Hfh] HLI(R")

=1

< Ca3n/2+s+y |x|—n ”f]«]l ”Ll(Rn)'
On the other hand, asx € Cy, j > k + 3, suppfhj C Cj, we have

Sya (flj)(x) < Ca™re27" M HLl(]R”)'

Furthermore, when > 3 + 2(e + y)/n, we obtain

oo
gZ (f;i)(x) < Cari2+e (1 " Z 2(3n/2+£—pm/2)) 9in Mj HLl(]R”)

=1

< Ca3n2+eg-in Mi HLl(]R”)'

Hence, similar to the proof of the inequality (1) too, by Lemma 2.8 and the above two
conclusions about g;, we get the following inequality immediately:

[{Seor}

elfzurt

MK (Rm)

O A
MKp,q(-) (R ()

This completes the proof of Theorem 3.1. O

Now, let us to establish the vector-valued inequalities of the commutators generated by
the Littlewood-Paley operators with BMO functions on MK Z ’;(_)(]R”).
Theorem 3.2 Suppose that € L}(R") satisfies (i)-(iii), b € BMO(R"), q(-) € B(R"), m €
N\{0}. Let 0 < p< 00,1 <r <00, A —néy < <A+ ndy, where 8, 8, is the constant in

Lemma 2.2. Then for all function sequence {fi}7°, : I{>_, [th’}l/’HMka,x ® < 00, the fol-
12218

")
lowing vector-valued inequalities hold:

(1) ”{Zh |[bmsx//,u](ﬂl)|r}1/r”M1'<;‘v;~(')(Rn) = C”b”TH{Zh lﬂl'r}ur”M[(;‘;}')(Rn)J

@) I 1™ gy IV Wi, oy < BT Uil Vi oy

(3) ”{Zh |[bm)g;;](fil)|r}l/r”Mj<a')‘ (R") S C”b”TH{Zh |_ﬁ’l|r}1/r||Mj<Of')~ (R™)?
() ()
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where >3 +2(e + y)/n, 0 <y <min{(u — 2)n/2, ¢}, and the constant C is independent of
Uindis-

Proof Firstly, we consider the inequality (1). Let b € BMO(R"). For any function sequence
{fu}n satisfies || ”{fiq}h”l’””Mka,k()(Rn) < 00. We write
JZ2UN

fulw) =Y filx thoc
]=—oo

Thus,

(i s}

oA
h MEpa0) (R)

{Z| (67, Sy.a) ()| }l/er

= sup 2~ ko}‘{ Z pkep

ko€Z

» 1/p
L4 (R7)

) 1/r pyUp
< sup 2—k0A 2](0119 H { bm,S , JJ r} X
ko€Z {k oo Z wa](fh)’ , LIO)(RM)

. 1/r pylp
D] x|, )]
" L90)(R7)
1/r pylp
seanr] x|, )]
ZO1: 0)

pylp
Lq(~)(]Rn)) }

We are now going to estimate each term, respectively. For the term E;, noting that
suppf, C C;, we can easily obtain by Lemma 2.9
- pyUp
Lq(-)(]Rn)> }

» 1/p
LIC)(R")

Jj=—00

ko k-3
< C sup 2_1‘0’\{ Z 2kap< Z

ko€Z k=—00

ko k+2
+Csup2” k‘)*{ Z Qkap (
j

k()EZ k=—00

>
+Csup2- ko*{ i okap (}i H S8 S0 ()] }m Xk

k()EZ k=—00

2 F +E +E;.

ko k+2
E, < Csup 2-’«“{ > 2kap(z

koeZ k=—00 j=k—=2

(sur}

<Csup2” k"’\{ Z okap

koEZ

-<lfsurf”

{Z lfh|r}w)(1<

oA ’
MEpa0) (R

For the term Ej, observe thatas x € Cy, j < k— 3, supp fh’ C C;. With the same argument as
in the estimate of D;, we have

Si//,a (f;) (x) < CaSn/2+8+;/ |x|—n Hfz “Ll(Rn)'
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Thus,

1167, Su.a] (F2) @)] = [Sy.al () - b) "] ()]

< Ca®**% x| (b(-) - b)mﬂ HLI(R")'

Hence, by Minkowski’s inequality, we get

) 1/r
i seamr]
. L40)(Rn)
) 1/r
o |x|”{le(b(-)—b)mﬂllium} Xk
h
) 1/r
[SI60-571r]
P LY(R")
. 1/r
(]
h
) 1/r
(S lo-orr]
h

LIC)(R")

Clllxl™

LIO)(RM)

< C2(b = b)Y x| o

L1(R")

—nk
+ 27" Xkl L) )

LI(R")

Furthermore, by Holder’s inequality and Lemmas 2.2-2.4, we obtain

[t se.16r] o

LIC)(R")

< C2‘”k(k—j)m||b||T||XBk||Lq(->(Rn)

{;W’r}l/r

+ 271 x5, |l a0 @)
L90)(R1)

{Xh:lfﬂf}l/r

[z}

< C2M[(k =)™ + 1B 17 1 x5 a0 @y

‘ X8, 1l ) e "
< Co (k= )" b By | B {Zvl }
13 0 1145
o B
= Clk=" I 5 {Zlfh } "
' ) 1/r
< C20-07 (k- jy b7 {thﬂ } :
. a0) (Rm)

Therefore, as & < A + nd1, noting that

1/r

L1O)(R")

o {Xh:w’}m 5{122“@ {;WI’}

L4 (RM)

) H (b-b)"x ”Lq’(-)(Rn)

5 e
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then we have

r pylp
LIO)(R")

ko k-3
Ey < Cb]12' sup 2-”0{ > W(Z 20K (e — jym
ko€Z k=00 ;

j=—00

Vv
{>onr)
h
< Clblly Sup{ Z 9hk—ko)p (Z(k j)mo =Ry +-a)
v

ko€Z k=00
1/p\ py1/p
Lq()Rn)} ) }

A ’
MKp,q(.) (R"7)

X 2—1*{ Z gy {Zlfl }Ur
{Xh:lfhlr}l/r

=Clolly

Now we turn to estimate E3. Observe that as x € Cy, j > k + 3, supp f;l C C;. With the same
argument as in the estimate of D3, then we have

Syalfi) @) = Ca 27" |f1] 1 gy

Thus,

167, S0.a) () @] = Ca2727" | () = )"yl s ey

Hence, by Minkowski’s inequality, we get

. 1/r
ST
h
1/r
=) | SI00 -8l |
) 1/r
(Sieo-oar}|
I LY (Rm)  llzat)(Rm)
) 1/r
(]
h
) 1/r
(¥ ie-e0sir}
h

LaO)(Rn)

140 (RM)

e

< C27"[[(6 = 5" 3k | a0y

L1(R")

+27" ||Xk||Lq(v)(Rn)

! (]R”).

Furthermore, by Holder’s inequality and Lemmas 2.2-2.4, we obtain

l(hesear}”

L4O®N)
{Zh:[flﬂ’}m
{;th’r}m

=< Cz_jn”b”*m”XBk||Lq(-)(Rn)

I Xj ”L”I/(')(]R")
L4 (RM)

2—jn ” XBy ||Lq(')(]RM)

400 (Rn) [ = 20" %] o e
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< C27"[(k = )" + 116117 sy N o) ey

(sur}”

) X3l .0 @

h LIO)(R")
—jn N\ m ”XBk ||L‘I(')(Rn) jir r
< C27(k - jy™ b)) 1B - EE SN ]
” XB]' ||Lq(')(RVI) 7 L) R7)
< Clk- )’”||b||m {Zlfh }
O®")

< C2kDma(j oy p||

[z}

Therefore, similar to E;, as & > A — n8,, noting that

LIO)(R")

1/r

sl

LIO)/(R"

p }l/p
R")

[z}

i
h
then we have

E3 < C||b|2" sup 2° A’m{ > 2“@(2: 26 (j — fey

koeZ =k+3

|z

Ir

ryUp
)(]Rn)) }

00
< C”b” sup{ Z 2A (k—ko)p (Z (j_ k)mz(j—k)(—néﬁ)\—a)
)

ko€Z \ j-—oo j=k+3
P }1/p>p}l/p
R")

oz l{zl T,
{; lfh|r}1/r

=ClpllY

MK" A (]R”)

Adding up the results of E;, Es, E3, we have

(s 0]

o=
MKp’q(_)(R”)

{;lﬂllr}l/r

O A ’
MKp’q(_)(]R”)

That is, the inequality (1) in Theorem 3.2 holds.

For the proofs about the vector-valued inequalities of [b™, g ] and [6™, g;;], with a similar
arguments in the proof of the vector-valued inequality (1) in Theorem 3.2, by Lemma 2.9

and the estimates of gy, and g, in Theorem 3.1, it is not difficult to deduce

H{Xhl[b’”,gw](ﬁq)r}ur * {Zh:lfhl’}l/r

MK;‘,';(.)(R”) MK“ k (R
and, if u >3 +2(¢ + y)/mand 0 < y <min{(u — 2)n/2,¢e},
1/r 1/r
r
H{Zub'",g:](ﬂ,)y} . <Clplly {Z W} , :
P MK;"‘;(')(R”) P MK;’;‘(_)(R”)

We complete the proof of Theorem 3.2.
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Remark 3.1 By Remark 1.1, we can easily to see that the results in Theorems 3.1-3.2 are

also suitable for Herz spaces with variable exponent f(;{,‘;(R”).
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